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O 3agave Pumana—I'miabbepTa ajiss aHAJINTUYECKUX
dbyHukIii B KPyroBbIX 00JIACTIX

(IIpedcmasaeno waenom-koppecnorndernmom HAH Yrpaunw B. 5. Dymasncrum)

Jlokasaro cyuecmsosatue 00HO3HAYHDIT AHANUMUNECKUT PEULEHUT 68 EOUHUYWHOM KPY2€ U MHO-
203HAYHBLT AHANUMUYECKUL PeUeHUll 6 00AACNAL, 02PAHUMEHHDIT KOHEUHBIM YUCAOM OKPY-
otcnocmets, 3adawu Pumana—Iuavbepma ¢ xKospduyuenmamu cuemmo-02parusenHot 6apuatut
U 2PAHUNHBMYU OAHHDIMU, USMEPUMBLMU OMHOCUMEALHO A02apUPMuUveckott emrocmu. [loka-
3aH0, MO NPOCMPAHCNGEA PEWEHUT UMEIOM OECKOHEYHYIO PASMEPHOCTD.

Karouesvie caosa: 3amada Pumana—Iunbbepra, ananutudeckue (QyHKIUMH, KPYroBble 00-
JIACTH.

KpaeBbre 3amaan i aHadIuTUIeCKUX (DYHKINH f BOCXOAAT K 3HAMEHUTON IHCCEPTAIINN
B. Pumana (1851), a Takxke ussecrubiM paboram [l. Twibbepra (1904, 1912, 1924) u A. Ily-
aukape (1910) (cMm. Takzke ucropuio Bompoca B |1, 2|).

B 1904 r. /1. Tunsbept chopMmynaupoBas CIEAYONIYIO 3aa1y, KOTOPYIO IIPUHSATO HA3BIBATH
npobsemoit ['mnbbepra wiun npobaemotis Pumarna—lusvbepma. OHa cocTosiia B JI0KA3aTETHCTBE
CyIIECTBOBaHMSA W HAXOXKJEHUHN aHaauTmdeckoit dpyukmun f B obiaactu D C C, orpanmyeHHoit
CIIpAMIIsIEMOl »KopaaHoBoit Kpupoit K ¢ yciioBuem

lmReX(() - f(2) = p(Q)  VCEK. (1)

IJe UM [PEIoJarajaoch, 9To (PyHKIUU \ U © HENPEPBIBHO JuddepeHmpyeMbl OTHOCUTEIHHO
HATYDPaJILHOTO Tapamerpa JUmHbl Ha KpuBoil K u 4ro |A| # 0 na K. ITosroMy MOXKHO CYMTATH,
aro [A(Q)| = L.

1. Onpenesenus u npeaBapuTeabHble 3aMedanusi. Ope/ie/ieHue 1 OCHOBHBIE CBOHCTBA
JorapuMUIECKOil eMKOCTH MPUBEJICHBI B XOPOIIIO U3BECTHBIX paborax [3-6], a Takxe B [2].

Harnommuum (em. [7]), uto obmacts D B C = C|J{oo} nmenyercs xpyz0601, ecim ee rpanuia
COCTOUT U3 KOHEYHOT'O YHCJIa B3aMMHO HEIIEPECEKAIOIINX A OKPYKHOCTE! 1 ToYeK. Ecau rpanuna
9TOi 00JIACTH COCTOUT TOJIBKO U3 OKPYKHOCTEI, TO HA3BIBAEM 3Ty 0DJIACTH HEBBLPOHCIEHHOU.

[Tycts D, — orpanmventast HEBBIPOKIeHHAsT KpyroBast 06acThb B C. Mut HazbiBaem A: 0D, —
— C pynruyuets oepanuvernnotls sapuayuu Ha OTKPLITOl myre v C 0Dy, numem A € BV(7y), ecan

k—1
VA(Y) :=sup Y [A(Gir1) = M) < o0, (2)
j=0
rje cylpeMmyM Gepercs 10 BceM KOHeUHBIM HabopaMm Todek (j € vy, j = 0,1,..., k, Takum, 4To (j
JIEZKUT MeXKIy (j41 ¥ (j—1 Aad Kaxkaoro j = 1,...,k — 1.
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Mpb1 Takzke HazbiBaeM \ ByHkuuel cuemmo-oepanusernols sapuayuu, mem \ € CBYV(0D,),
eCJIN HaliJIeTCsl CYeTHOe YUCJIO TOMAPHO HEIePeCceKarONUXCsl OTKPBITHIX YT Y, C 0D, Ha KOTO-
PBIX OHa siBJsieTcst byHKIMEl orpannyenHoii Bapuanuu, a Muoxkecrso 0D, \ |, cuerHo.

Paccyxas, kak B cayuae Kiaacca BY(0D), rne D = {z € C: |z| < 1}, 10IHOCTHIO AaHAJIOIUIHO
JI0KA3aTeIbCTBY Tpeioxkenust 5.1 B Hareit pabore |2, mosydaem ero anasor.

IIpengoxkenne 1. /lasa ao6ot pyrryuu A: 0D, — 0D waacca CBV(9D,) natidemes dyrix-
yua ay: 0Dy, — (—m, 7| xaacca CBY(0Dy) maxasn, wmo A(¢) = exp{iaxr(¢)}, ¢ € ID\.

B nanbHeiiem Mbl HasblBaeM (DYHKIMIO vy PyHKUUet apeymenma .

ITo reopeme 1 B [8], paccyxkiast aHAJIOMMYIHO CEKIMU 5 B [2], morydaeM Tak»Ke aHAJOL TEO-
pembl 5.1.

Jlemma 1. [Tyemov a: 0D — R — oepanuuennas gyrnkyua xaacca CBV(OD) u nycmo f: D —
— C — anaaumuueckan Pynrkyus maras, 4mo

hgé Re f(z) = a(¢) das n. 6. ¢ €dD (3)

OTMHOCUTENDBHO /Loeapugﬁmu%ecnoﬁ EMEOCTNU 800N NMOOBLT HEKACAMEALHBLT nymel’i Tozda

hgé Im f(2) = B(¢) oas n. 6. ¢ € oD (4)

OMHOCUMENDHO NO2APUPMUMECKOT, EMKOCTNUY 800Ab A0OBLT Hexacamesvhux nymet, 2de 5: 0D —
— R — nexomopas Pynruua, USMEPUMAA OMHOCUMEADHO AO2APUPMUMECKOT eMKOCTIL.

2. OcHoBHbIe pe3yibTaTbl. CiieIyomue TeopeMbI JIAI0T pelrenne 3agaun Pumana—I uin-
bepTa B Kpyre M KPYTrOBBIX ODJIACTSIX.

Teopema 1. ITycmov A: 0D — D — dynryusa xaacca CBY(OD) u ¢: D — R — dynryua,
UBMEPUMAS OMHOCUMEADHO Ao2apudmuneckoli emrxocmu. Tozda cyuwecmeyem aHAAUMUYECKA
dynxuusa f: D — C maxas, umo 60oav A10061T HekacamesdbHvlr nymet

lim Re{MQ) - f(2)} =¢(C)  daan.e (€D (5)

OMHOCUMENDHO N02GPUPMUNECKOT eMKOCTNU.
HeiicTBuresnbHO, 10 1pe IozkeHnIo 1 hyHKIWs apryMenTa o) IpuHa iekuT kiaccam L°°(0D)

u CBY(0D). Ilosromy

1 z+¢d¢
o) = g [aOFLE zeD, ()
oD
siByisiercst ananauTndeckoit dynknueit B D ¢ u(z): = Reg(z) — «(¢) npu z — ¢ B1oab 006X

nyTeit B D st Beex Touek ¢ € O, 3a UCKIIIOUEHNEM UX CYETHOIO YHUCIIa (CM., HAIIPUMED, TeOPEMY
IX.1.1 B |7, c. 369] u Teopemy 1.D.2.2 B |9, c. 18]). Ormernm, uro A(2) = exp{ig(z)} Takxke
SIBJISIETCSl AHAJUTUYECKON (DYyHKIIMENt.

[To nmemme 1 cymecrByer dyukiusa 5: 0D — R, KoHeuHas 1. B. U U3MepUMast OTHOCUTETHLHO
sorapudMuIecKoil eMkocTH, Takast, 9o v(z): = Img(z) — B(¢) B1ob T0OBIX HEKACATEIBHBIX
nyTelt pu z — ¢ g m.B. ( € 0D TakyKe OTHOCUTENBHO JIOTAPUPMUIECKOH eMKocTH. Takmm
obpasom, 1o ciezcrsuio 4.1 B [2] cymecrByer anamurudeckast dyukuus B: D — C rakas, aro
U(z): = ReB(z) = ¢(C) - exp{B(¢)} npu z — ¢ Bronb m0OBIX HEKACATEIBHBIX IIyTeil st
. B. ( € 0D orHOCUTENBHO JIorapudMIIecKoii emkocT. Hakomerr, sjeMeHTapHble BHIMUACICHUST
MOKA3BIBAIOT, ITO McKoMas byukius f = A - B.
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Teopema 2. [Tycmo D, — oepanunennas Hesuposrcoernas kpyzosas obaacmsv, X: 0D, —
— 0D — ¢ynryus xaacca CBY(0Dy) u p: 0D, — R — dynxyus, usmepumas omuocumens-
HO snozapudmueckoti emrxocmu. Toeda cywecmeyem mHo203HAUHAA AGHGAUMUYECKAA OYHKUUAL
f: Dy — C maxas, wmo 6doav 400bix HexacamesoHur nymed

Limy Re{A(Q) - f(2)} = ¢(¢)  dann.e  (edD, (7)

OMHOCUMENDHO AO2APUPMUYECKOT, EMKOCTU.

HeiicrBuresnbho, mo Teopeme Ilyankape (cMm., Hanpumep, Teopemy 6.1 B [7]) cymecrsyer Jio-
KaJIbHO KOH(OpMHOe oTobpaxkenune g kpyra D ma D,. Ilycts h: D, — D — coorBercrByIomtas
MHOTO3HAUHAS aHAJUTHIECKAs (DYHKITUS, KOTOPAas SIBJISIETCS OOPATHON K ¢.

O6nacts D, 63 KOHEUYHOI0 YKCJIa PA3PE30B sIBJISIETCS OJHOCBI3HON 00JIaCTBHIO U, CJIeI0Ba-
TEJIbHO, h MMeeT TaM OJIHO3HAYHBIE BETBU, MPOJIOJIXKUMbIE Ha TPAHUIly MO TeopemaM Kapareo-
nopu. Coruacuo pasueny VI.2 B [7], 0D, 3a uCK/IIOUEHHEM CYETHOIO MHOXKECTBA CBOMX TOYEK,
COCTOUT U3 CUETHOI COBOKYITHOCTH JIyT, KayKJasi M3 KOTOPbIX B3aMMHO OJIHO3HAYHO (FOMEOMOD-
bHO) oTobGpazkaercst g Ha HEKOTOPYIO OKPYXKHOCTDL u3 0D, ¢ 0jiHOI BBIGPOIIEHHON TOYKOIA.

OTMeTrM, 9TO O TMPUHITAITY OTPaXKEHUsT § KOH(OPMHO MPOTIOIKAMA B OKPECTHOCTH KaK oM
n3 TakKux Ayr u, cjaeaoBaTe/IbHO, HEKacCaTe/IbHbIe ITYyTHU K TOYKaM 39THUX Ay U3 8D nepexonadr
B HEKacaTeJbHBbIE TIYTH K COOTBETCTBYIOMINM TOYKAM Ha OKPYKHOCTAX u3 JD, m HA0OOPOT.

I[Iyctb A = Aogu ® = pog, e g cauraeM yxKe MPOIOKEHHBIM HA yKa3aHHBIE TyTH
eMUHNIHOM OKpykHOCTH OD. 3amMeTnM, 9TO U3 YCJIOBUN TEOPEMBI TI0 TIOCTPOEHUIO CJIETYET, UTO
A € CBY(0D), a dyukius & = ¢ o g usMepuMa OTHOCUTEIBHO JIOrapiuMUIECKON eMKOCTH.

ITo Teopeme 1 cymecrByer ananuTudeckas ¢ynkius F: D — C rakast, 9TO BI0Jb JIIOOBIX
HEeKacaTeTbHBIX MyTel

ilg% Re{A(n) - F(w)} = ®(n) JUIA 11 B. n € oD (8)

OTHOCUTEJILHO JIOTapUMMUIECKON eMKOCTH.

B cumty npuBeneHHBIX BbINIe paccyxkjeHuit, f := F o h sBjisieTcs MCKOMOW MHOTO3HAYTHOIM
aHAJIUTHIeCKON (DbyHKIMeH, yI0BIeTBOpsIoNIeil rpaHnaHoMy ycsoButo (7).

Teopema 3. B ycaosuax meopem 1 u 2 npocmparncmsa pewenudi 3adavy Pumana—Iuivbepma
UMENM OECKOHEYHYIO PASMEPHOCTD.

[Tocmennuit pe3yabTaT ABJISIETCS MPSIMBIM CJIEICTBUEM KOHCTPYKIIWMI pereHuii B Teopemax 1
u 2, a takxke Teopembl 2.1 u3 padorsr [10].
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ITpo 3amauy Pimana—Tinebepra niisi anamiTuaaux (pyHKINil y KpyroBux
obJslactax

Zlosedeno icnysarta 00HOZHAUHUL AHANMUYHUL PO36 A3KIE 6 00UHUNHOMY KOAL Ma 6026MO3HA-
YHUL GHAAIMUYHUL PO36 A3KIE 8 00AACTNAT, OOMEHCEHUL CRIHUEHHUM YUCAOM Kin, 3ada4i Pimana—
Tiavbepma i3 koediuienmamu 3AI4€HHO-00MENHCEHOT 8APIAYLT A 2PAHUNHUMY OGHUMU, ULO € 6U-
MIPIOBAHUMU 810HOCHO N02aPUPGMINHOT emrocmi. [lokasaro, w0 NPocmopu pPo3s’a3kie Marmv He-
CRINYEHNY DO3MIPHICTND.

Karouost caosa: 3amada Pimana—T'innbepra, anamitTuami GyHKINI, Kpyrosi obmacTi.
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On the Riemann—Hilbert problem for analytic functions in circular
domains

The existence of single-valued analytic solutions in a unit disk and multivalent analytic solutions
in domains bounded by a finite collection of circles is proved for the Riemann—Hilbert problem with
coefficients of sigma finite variation and with boundary data that are measurable with respect to
the logarithmic capacity. It is shown that these spaces of solutions have the infinite dimension.

Keywords: Riemann—Hilbert problem, analytic functions, circular domains.
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