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The paper is concerned with the method to derive the inhomogeneous relativistic plasma dielectric tensor on the
base principle of analytic continuation for Cauchy-type integrals and the exact plasma dispersion functions concept.
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1. INTRODUCTION

Deriving of the inhomogeneous fully relativistic
plasma dielectric tensor, taking into account the spatial
dispersion of plasma, is of current importance for the
theoretical study of electromagnetic ~waves in
thermonuclear plasma in the electron cyclotron (EC)
frequency range. An importance of the exact taking into
account relativistic effects follows from the fact that those
effects can even arise in laboratory plasmas with
moderate temperatures and especially in quasi-
perpendicular, in respect to magnetic field, propagation
regime. An importance of accounting the spatial
dispersion is defined by more and more deep development
of idea to use the electron Bernstein waves for plasma
heating and current drive.

The fully relativistic plasma dielectric tensor for
homogeneous plasma [1] in the form, suitable for
analytical and numerical applications, was derived on the
base of principle of analytic continuation and concept of
the exact plasma dispersion functions (PDFs), generating
the weakly relativistic PDFs to the case of arbitrary
plasma temperatures [2, 3].

The main purpose of the present work is an
extension of this method to the case of plasma,
inhomogeneous in transverse to magnetic field direction.

2. INHOMOGENEOUS RELATIVISTIC
PLASMA DIELECTRIC TENSOR

In the relativistic limit the Vlasov kinetic equation,
being the start point for deriving of plasma dielectric
tensor, has the form [1]
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where y :w/l+(p/mc)2 , p= mV/WII—(V/c)Z and m

is momentum and the rest mass of the electron.
Linearization of the equation (1) leads to equation for
small perturbations of electron distribution function

?(r, p,t) with respect to the relativistic Maxwellian
distribution f, (p)

where o, =eB, /mc, f, = Aexp(~e/T)= Aexp(~ wy)-

g=+c’p’+m c* is the energy of the free electron,
A = 47[(mc)3K2 (/u)/lu > K,(u) is the MacDonald
function, 4 =(c /VT)2 is the main relativistic parameter,

V, =T /m is thermal speed of electrons, ¢ is the

azimuth angle in the momentum space with the polar axis
along the base magnetic field B, . It’s worth note that the

equation (2) is true for the case of sharp changing of
magnetic field in comparison with changing of electron
density and temperature, what is typifying for plasma in
the depth of plasma column.

Let us search a decision of the equation (2) for small
perturbations of electron distribution function and electric
field in the form ]Np(r,p,t):f(x,k//,a)) exp[i(k//z—a)l‘)],
E(r,t)= E(x,k,, ) expli(k,z — wt)] by means of the
perturbation method in the finite electron Larmor radius.
In accordance with this technique a decision is looking for
in the form of series

Flok, )= O+ fO4 @4, 3)

where the perturbation " is defined from equations
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Decisions for first three equations (4), using for shortness
symbols /) = £ + £ and E, =E, tiE,, can be

written

. -1
0 = lepLz (,ufMDﬂEéf)eiw’ D, :[7a)_p//k//ia)3j ’
5 2(me) B m

2
o__ P D.E)(D.,e™* + D, )s
fi 4m(mc)2 (:ufM F1 ir)( 72€ 0) (5)
@ _ _ iepi

* [ (/’lfMDilEi) D;r2 (Djrleiiw + Di3ei"3¢7)+

- 8m?* (mc)2

(/UfMDilEt )“ (DoDﬂeiiw + (DIZ +D, )Dilem) + DizDiseiiw) 1

ot mor op op
PROBLEMS OF ATOMIC SCIENCE AND TECHNOLOGY. 2011. Ne 1. 53

Series: Plasma Physics (17), p. 53-55.



The plasma current additions j* (k=0,1,2) can be

found on the ground of expressions (5) in line with
. en(r
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For example, in zero approximation for the perturbation

f© and for the j;o) component of plasma current one

has
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Here it is convenient to utilize the normalization
p=p/mc
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Now we make the change of variables of integration
p, p, Into p, y with transform Jacobian y,p .
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After the new changing of variables 7 ,» into
p,.x=y—+/1+p. onehas
jO = Cff// J‘d exp(—u(x +4/1+ P )x(x + 21+ PiE. ’
(x+1+ 7] -N,p, -0,/ ®)
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Now on the base of the principle of analytic continuation,
one can only leave the anti-Hermitian part of (6) and then
one can evaluate the integral in X analytically.
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where the integration limits 7 follow from the condition
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of pole appearing in the expression (6). Hence from the
anti-Hermitian part, principle of analytic continuation and

definition of exact relativistic PDFs [2], finite expressions

(0)

for components of plasma dielectric tenor ¢’ and gg)

can be obtained:
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where Z. " (a,z, 1) 1s the exact relativistic PDF with index
5/2 which corresponds to the fundamental electron
7z, =(wt wB)/(ﬁk//VT)
longitudinal wave number k,=N,w/c- Integrating the
(0)

cyclotron  resonance, and

perturbation £ in the same manner as /' after more

bulky calculations one can obtain expressions for

components of plasma dielectric tensor mocie 5(2)

(i,k=1,2). Here we give the finite result:
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It can also be demonstrated that present approach to
derive inhomogeneous plasma dielectric tensor leaves in
force and for the general case of taking also into account
in equation (2) the drift terms in background distribution,
i.e. without limitations for gradients of inhomogeneous
plasma parameters.

3. CONCLUSIONS

The next conclusions can be drawn from the previous
text.

1. The present technique, based on principle of analytical
continuation for Cauchy-type integrals and on the exact
plasma dispersion function concept, provides the exact
account of relativistic effects for plasma that is
inhomogeneous across direction of magnetic field.

2. In the case of relativistic plasma, inhomogeneous
across magnetic field direction likely to the case of
homogeneous plasma, instead nonrelativistic PDF 7 (x),

in the plasma dielectric tensor there appeared the exact
relativistic PDFs with coefficient N,2u - Moreover an

index of those PDFs is defined by the order of Larmor



expansion in line with the rule of homogeneous case [2].
Hence a structure of differential operator for this tensor
corresponds exactly to non-relativistic case with the same
type of inhomogeneity.

3. Present results can be used as for development of EC
wave numerical models (for example, of the type [4]),
which take into account the spatial plasma dispersion,
including the strong one, so and of ICR wave models in
the case of hot relativistic plasma.

4. This way can be also used to clarify the exact limits of
the weakly and mild relativistic approximations in the
numerical wave calculations.
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TEH3O0P JUAJIEKTPUYECKOM MPOHULIAEMOCTH
HEOJHOPOJHOM PEJSITUBUCTCKOM IJIA3MbI

C.C. Ilagnos

Ha ocHoBe MpUHIOUIIA AHAIATUYCCKOTO0 MPOAOLKECHHA UM TIOHATUA TOYHBIX PEIATUBUCTCKUX IIJIa3MEHHBIX

JMCNEPCHOHHBIX ~ (QYHKIMH TpeNCcTaBiIseTcs
HEOJHOPOJAHOU PENSTUBUCTCKOM MI1a3MBl.

METOA TIOJYUYCHHSA TEH30pa ﬂHSHGKTpM‘I@CKOﬁ IMPpOHUIIAEMOCTHU

TEH30P I[IEJI_‘EKTPI‘IHOi INPOHUKHOCTI
HEOJHOPIAHOI PEJATUBICTCBKOI IIVIA3MH

C.C. Ilagnos

Ha ocHOBI IpHHIIMITY aHAITUYHOTO MPOJOBKEHH Ta IIOHATTS TOYHUX PEJIATHBICTCHKUX IUIA3MOBHX JHCIICPCIHHUX
GYHKUIH [TPeACTaBIsSETHCS METOM OJIEPXKAHHS TEH30pYy IIeNeKTPHUYHOT MPOHUKHOCTI HEOJHOPITHOT PesIITHBICTCHKOT

IJIa3MHu.
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