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The presented report summarizes authors' recent results in the analytical investigation of turbulence of the magnetized
plasma shear flows. The emphasis are made on low frequency turbulence of drift type in flows with strongly
inhomogeneous shear with application to improved confinement regimes in toroidal plasma and on ion cyclotron
turbulence in shear flows along the ambient magnetic field with applications to anomalous ions heating in ionosphere.
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1. INTRODUCTION

We present our new results of the analytical investigations
of the temporal evolution of the drift-resistive instability
and of the related anomalous transport under condition of
strong inhomogeneous flow shear with application to the
H-mode regime [1] of tokamak operation (Sec. 2). Also
the results of the investigations of the nonlinear evolution
and saturation of the ion cyclotron turbulence in shear
flows along the ambient magnetic field with applications
to ionosphere conditions are presented (Sec. 3).

2. ANOMALOUS TRANSPORT IN PLASMA
FLOW WITH STRONG INHOMOGENEOUS
VELOCITY SHEAR
Our investigations of the plasma shear flow at the boundary of
tokamaks are based on the simple and extensively studied
model for resistive drift-wave turbulence proposed by
Hasegawa—Wakatani [2]. We consider regions far away from
the X-point and divertor and use a slab geometry with the

mapping (r,0,¢)— (X,y,2), where 1,6, are the radial,

poloidal and toroidal coordinates, respectively, of the toroidal
coordinate system. In this geometry the linearized Hasegawa-
Wakatani system of equations for the dimensionless density

n=1/n,, potential ¢ =e@/T, , (where perturbations n, is the
electron background density, T, is the electron temperature) is
0 o
2l =—+v,(x)-V |Vp=a—(n—-¢),
o[ G300V |Tp=alz(n-9) .
0 0¢ o’
—+v,(X)-V|n+v,—=a—(N-9),
(Lont0v i S-aln-g)
where v, (x) is the drift velocity of the non-uniformly
sheared flow, for which v",(x)#0,a=T,/ne’n , n is

the resistivity parallel to the homogeneous magnetic field,
P, 1s the ion Larmor radius at electron temperature T,,

v, =CT/eBL, is the drift
V, = Ve +Piv"o(€), S=IV.V,, L' =—dInn, (x)/dx,

diamagnetic velocity,

C=ak /p I’y =T.K/p21> v'in,e’n . We use the non-

modal approach that begins with a transformation to the
convective coordinates

§:X9 n:y_vo(x)tn
With these coordinates the system (1) may be combined
into the following equation for the potential ¢(t,§,|,kz)

Z=17.

(Fourier-transformed over coordinate 77):
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In Eq. (2) 7 is the dimensionless time variable, defined by
t=T,r, where T, is the time scale of interest, and
Laplassian A in convective coordinates is equal to

P o8 1 s(¢)oc
5 vie(é) = T
vo(¢)S(¢) — S*(8)

Presence of small parameter (V’O(é)To)fl =5(&)<1 in

Eq. (2) in the case of strong flow shear permits to obtain
the initial value problem solution for the perturbed
potential ¢ in terms of a power series in this parameter:
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o (O)T,

244202V ()T, )7
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X exp {_mtml (Ipsv’o(g)Toz')} +O[r’5j )

It is interesting to note that in convective coordinates
spatial derivatives with respect to & are absent in the
equation for ¢, as well as for ¢ and the spatial variable
& only enters solutions for ¢, and ¢, as a parameter. The
specific spatial & dependence of solution (3) is
determined entirely by the &-dependence of the flow

velocity v, (&) and by the initial condition ¢(&,1,0).
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Therefore, the main effect, which determines the temporal
evolution of the initial disturbances in plasma flow with
strong velocity shear is convective deformation of the
initial perturbation along the shear flow. The solution (3)

shows that in times 7 > (V’O(f)Toj_l the terms reflecting
flow curvature (V"O(f)) decay more rapidly with time

(as O[r’3j). Therefore, the effect of the non-uniformity

of the strong flow shear in Hasegawa-Wakatani system of
equations appears to be subdominant.
The relevant quasi-linear flux I', of electrons (ions)

in the x-direction, resulting from the non-modal drift

perturbations, is I', = <an> =-D, (:ji with
X
D, D—Idl|2| @ ———0t7,. 4)
(v J|l7)

It follows that the anomalous particles flux, resulted from
scattering of ions by non-modal drift perturbations (3),
exhibits a subdiffusive behavior with a diffusion

coefficient reducing with time as t~.

3. RENORMALIZED THEORY OF THE ION
CYCLOTRON TURBULENCE OF THE
MAGNETIC FIELD-ALIGNED SHEAR FLOW

The field-aligned currents, ion beams or relative
streaming between ion species have been proposed to
provide the free energy for the development of ion
cyclotron (IC) instabilities. There are in situ ionospheric
observations that support the development of the classical
current driven electrostatic IC instability [3] in
ionosphere. However, generally [4] the levels of field-
aligned current at which IC waves and transverse ion
heating were observed in ionosphere were subcritical for
the development of this instability, which has the lowest
threshold for current density in the ionospheric plasma
environment [5]. The comprehensive investigation of the
IC instabilities of magnetic-field aligned plasma shear
flow was undertaken in [6]. It was shown analytically that
shear flow along the magnetic field does not only modify
the frequency, growth rate and the threshold of the known
current driven IC instability, but it is a source of the
development of the kinetic and hydrodynamic shear-flow-
driven IC instabilities at the levels of field-aligned current
which are subcritical for the development of the current
driven IC instability. Shear flow along the magnetic field
leads to the splitting of the separate IC mode, existing in
the plasma without shear flow, into two IC modes, which
correspond to different kinds of the IC instabilities with
frequencies @, , (k) =k,V,; (X)+ne,; +dw,, (k). At the

case of weak flow shear, for which
k,V,;
(ne)* Ay (k) > 42 ki (1= A (K1) +2), (5)
two kinetic IC instabilities develop The first IC mode with

oA, (ko))
( Ao(kpl) o)

Redw (k) = dmy, (k) ~ (6)

and

o, (k)
Imé'a)l(k) Rla = _( —Oflzn ) T\/%X
=k, (V) =V
X(nwc. z( 0e 0i )) eXp(—Zez),
| I(z |VTe
is the current driven IC instability[3], modified by flow
shear [6]. Here:

An(Kipz) =1
0,) K -4 ijji

ci

(7

(kipa)efkipg’ , and

Q) =(n kv A (1= A (K207 )+7). (8)

This instability develops due to inverse electron Landau
damping, when k, (V,, -V, )>nay,
|6 ,(K)/k,vy 2 1 of negligible IC damping of the
mode o,(k).
The second IC mode, w, (k) with
! 2,,2
m&um:&%aqm%%%fa ©)

(55002(1())
Q \EX
><(n —k, (Vs V'))exp(—zj)

| kz | VTe
becomes unstable for any values of k, p; due to inverse

under condition

Im5w2(k) RV =
(10)

electron Landau damping, when the velocity of the
relative drift between ions and electrons is below the
critical value V,, [6], roughly estimated as
VD =V, +na,/k, ,

current driven IC instability modified by shear flow does
not developed. Under conditions of strong flow shear, for
which condition opposite to (5) met, two shear flow

driven kinetic IC instabilities may be developed with
frequency

i.e. under conditions at which the

12
kVo  A(Kio7)
(1 - AiO (klpl ) )
and the growth rate (10). Also in this case when Q] <0

the shear flow driven IC instability of the hydrodynamic
(reactive) type is excited with frequency &o(H) and

an

growth rate ]/(H) approximately equal to

1 neyA, (kip7)
S A (ke )

Y ()" R )|
( A (kLP. ) ) .

An important, but still absent, element in the studies of IC
instabilities of plasmas with parallel shear flow is an
understanding of the processes of their nonlinear
evolution and saturation. In this report we have presented
the renormalized theory of the IC turbulence in the
magnetic field-aligned plasma shear flow. The developed
theory extends the earlier studies [7] of the renormalized
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theory of the IC turbulence by including a new combined
effect of plasma turbulence and shear flow, which
consists in turbulent scattering of ions across the shear
flow into the regions with a greater or smaller flow
velocity and their convection by shear flow, enhancing by
this means transport of ions along shear flow.
Analytically it manifests in nonlinear broadening of IC
resonances. Our analysis bases on the renormalized
solution of the Vlasov-Poisson system of equations. We
use leading center coordinates for ions

X =x+(v /a;)sing, Y =y—(v,/o;)cos¢, where x,
y, z are usual local particle coordinates with z-axis
directed along the magnetic field B, and where v, is
velocity and ¢ is gyrophase angle of the gyromotion of

ion. We ﬁnd it suitable to use instead of z and ¢ new
r)dr,¢ =g+aw,t. With
variables the governing Vlasov equation describing the
perturbation f, by the self-consistent electrostatic

of the

F =F,+ f,, where F, is the equilibrium function of the

variables z =7- jv these

ion distribution function F

i

potential @

distribution of ions, is:

o, e (awf @i}i&(@i’i_@ﬁ%J_
o ma,; \OX oY Y X ) m v, \ 6 ov, ov, O¢

e 0P of, e 0boF, e aw;0D0JF, eatbaF

oL o, ey oY OX WV, g ov, T m e ov,

This form of the Vlasov equation we consider as the most
efficient for the deriving the renormalized solution for f;.

Using the system of equations for characteristics for the
above presented Vlasov equation

dt = dx __dy _dv,
e 0D e 0P e w; 0P
mya; oY, may X, aniﬂ
__d4g
e w00 e dd (13)
mov, o ma
_ df,
e 0DOF, e w, 0D, e obF,’
M@, 6767_576751 m, az, ov,
the following nonlinear solution for f, with known F, is
obtained:
fi_I{Laﬁai_”_ai’aF aqu,O}dt (14)
o; OY OX v, O ov, 01, OV

Supposing that the particle orbit disturbance X due to
the electrostatic plasma turbulence is sufficiently small,
we find the solutions for system (13) in the form:

X=X+6X, 6X=-—0 j%((_)dt],

V=Yoo= [,
ma, ¢ oX

(15)

vV, =V +dv,, 5vl=—— 2(;? "
oD

p=9+5p  op e[
1
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vV, =V, +0V ov,

e (0D
; g
where X and Y are the guiding center coordinates
averaged over the turbulent pulsations. In these solutions
the perturbed electrostatlc potential @ is defined in

variables X, Y , v, 4, Vv, and 6X, oY, ov,, o9,
ov, as

Zjko [ s Ljexp[lk X +ik )Y +ik,z +

ii)) t—in(¢ - ot —0)lexp(iksr (t))x (16)
xjdaﬂb(k,w)exp(—iwt),

where the perturbations of the ions orbits due to wave-ion
interactions,

kot (t) =k X (t)+k,6Y (t)+k,6z(t)-
A )

+|kz(

(17)
Dsin(p-0)-
t) = [ov, (t )dt, +Vy(X) [oX (¢ )dt

are included. The Fourier transformed Poisson's equation,

cos(¢ 0)5p(t),

with

——k—Ze on, kw):—4k—72r

a=le

o (k,0) eaj‘fadv,

a=ie

and Eq.(14) in which the potential ®(r,t) is related with
®(k,w) by Eq.(16) with &rdetermined by Eq.(17),
compose the system of nonlinear integral equations for
(D(k,a)) and f,. Assuming the equilibrium distribution

function F,, to be a drifting Maxwellian

—_ —\\2

i0 3
(27rvT2i ) Vi Vi

we obtain from this system the nonlinear dispersion
equation which accounted for the scattering of ions by
turbulence in shear flow

1+, (k.o)+¢, (ko)+e, (ko)=0,.  (18)
In Eq.(18) ¢, (k,®) and &, (k,®)are known [6] linear
permittivities of ion and electron components of parallel
plasma shear flow, andey (k,@) is nonlinear ion

permittivity, which accounted for combined effect of ions
scattering by IC electrostatic turbulence with fluctuating

potential ®(k,) and their convection by shear flow

. c
K - D% p e, 43i |-
(k) = klez =] (&;)3 A‘”( a '&oj

kV,\& ,
LI AN kZVT'4 (e, +4i& )
kA5 k.05 )i (ow) 6w

In Eq.(19) terms
equations:

(19)

C, and C, are determined by nonlinear
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—5<(k15r(7))2>}
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e
;N2
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where X is the guiding center coordinate averaged over
the turbulent pulsations and

1 I
E<(k-5r)2>0 +k K, (5X52)+

5<(k~5r)2> =
kK, (5Y§z)+%kf ((52)")..
The term

%<(k.5r)2>0:kj<(5x)2>+k§<(5Y)2>+ (22)
(00 )y (v, ) e

accounts for the turbulent scattering of the guiding center
coordinates X and Y , as well as velocity coordinates v

and ¢ of the ion Larmor orbit with [7]

C =7 : 2Rezjolk|c1> O E x

n1 =-0

+2k K, (5XSY )+~

—kk, )1,

Xty

e A [ (kek,, (K2 p2)+

N (T L (7 ))} 23)

jdz'exp[ (a) Nao, sz.o( ))‘[ —%((klér(f))2>}.

The term C, exists in magnetized plasma without shear

flow [7]. The terms C, and C,, which are determined as
k.k, (6X52)+kk, (5Y 5z>+%kf <((Sz)2> =
=Ct’ +C,t’,

t)=[ov, (t)dt, +Vy(X) [oX (t)dt,, (24)

account for the known weak scattering of the ions along
the magnetic field (first term in Eq.(24)) and much more
stronger effect of the ehanced random convection of ions
due to their scattering accross the flow the regions with a
greater or smaller flow velocity (second term in Eq.(24)).
We have derived the approximate solution to Eq. (19) in
the form

with

Ag, (k,0)+é&,, (k,a)o (k))

olk)= oy (k)-iC ——— @
0w,

where  @,(k) is the solution of the equation
1+¢,; (k,®)=0 and

7(k)=Imao(k)=y,(k)-C, +7 (k), (26)
with

ImAz, (k, o, (k)) Ime,, (k,a,(k))
ST Ozy (ko)) T Ogyi (K. 2))
0, 0w,

We use this approximate solution for qualitative analysis
of the role of the discovered effect in nonlinear evolution
of the shear flow modified current driven IC instability
and shear flow driven kinetic IC instabilities. We have
considered the limits of weak and strong flow shear for
short wavelength and long wavelength parts of the
spectrum of IC waves separately and have arrived at the
following conclusions.

4. CONCLUSIONS

1. The shear flow modified current driven IC
instability, which develops under condition of weak flow
shear (5), saturates as the ordinary IC instability driven by
shearless current[6] on the high level of the IC turbulence

in the e@/Te , where

=([1o0

magnitude of the perturbed electrostatic potential

e
w1 7)

in the long wavelength, kp, <<1, part of the spectrum,

steady state,

12
| dk) is the root-mean-square (rms)

and on a very low level
ed 1 v Vo )
— — %O[_TiiJ (28)
Ti (kLpi ) Ve a)ci

in the short wavelength, kp, >>1, part. The effect of the
shear flow, determined by the term y,, (k), is negligible

on the saturation of this instability.

2. The long wavelength part of the spectrum of the
shear flow driven IC instability under condition of weak
flow shear saturates due to combined effect of shear flow
and turbulent scattering of ions, determined by the

nonlinear damping rate y,, (k) in Eq.(26) with

L0 24(r+kipi2)C3 e
sh >

I+7 kKvs, ’
where C, is determined by integral equation
2¢’
Co+ > fdk, [0 (k)] A, (Ko7 )x

i nl =—0

k2k2 [klyvloj C3
z 1z °
klZa)l:I (5@02 )4

This instability saturates on levels
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6@~[@q or 0. ¥n (29)

Ti. Vio T . Ve

depending on @, /V,j <(vy; / vTe)”2 or opposite condition

holds. These levels appear to be much lower then the
corresponding level (27) for current driven IC instability
modified by flow shear.

3. The saturation of the short wavelength spectrum
subrange of the shear flow driven instability under
conditions of weak (5), as well as strong (when condition
opposite to (5) met) flow shear arises from the turbulent
scattering of ions by IC turbulence as in shearless plasma
and determined by term C, in Eq.(26}). It occurs at very

low level in the range

32 5/4
“‘[-QLJ 022 o 0[ ] , (30)
VTe wci Ti VTe a)c
in the case of weak flow shear and on level
ed  (vv, "
— ( Lo J €2))
Ti VTewm

in the case of strong flow shear respectively. As a
demonstration of level (30) we take the data detected in

magnetopause by satellite Prognoz-8 [8], B=2-10"G,
Vy/o; =05, T,: T,=100eV , and obtain the estimate

E€ 0.4-10°V/m
which is in good agreement
E; 05-10°V/m.

4. Nonlinear evolution of the long wavelength part of

the IC turbulence spectrum developed by the shear flow
driven instability under conditions of strong flow shear is

determined by they,, (k) term in Eq.(26). In this case

at fundamental cyclotron mode,
with  measured

value[8]

combined effect of shear flow and turbulent scattering of
ions introduces a principally new effect into the nonlinear
development of the IC turbulence, which is absent in
shearless plasma flows. It is the shear flow driven
nonlinear instability with growth rate

24 K2v7
Vsh (k) 5 I_CSAH (ki Z)W

where C3 is determined by the integral equation

K Vi

kz a)ci

N € 2))

2e°°

Cy+5 D [dk, (@ (k) x
i nl——oo
kV'Y C
k k 1y “io0 3 —
XAn(lJ.pI)Z [12 CI] (5&))
2
:3m. nl,_Jdk @ (k) A, (k27 )

(33)

ksz{kWVmJ _Jo
z Mz k]za)ci (é'a)+)2
Above level eCDT %oz AV

. growth rate (32) becomes

greater than the corresponding linear growth rate
7y (K) determined by Eq.(10). It contrasts dramatically

with effect of ion scattering by IC turbulence in shearless
plasma flows [7], where it leads only to saturation of IC
instability.
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TYPBYJIEHTHOCTbH CABUI'OBbIX TEUEHHU IIJIA3BMbI B MATHUTHOM IOJIE
B.C. Muxaiinenko, K.H. Cmenanos, B.B. Muxaiinenko, H.A. A3apenxos, /I.B. Yubucos

JlaH 0030p HOBBIX PE3YIBTATOB ABTOPOB MO AHAIUTUYIECKOMY HCCIIEIOBAHUIO TypOyJIEHTHOCTU CIABHIOBBIX TEUCHHUH
IUIa3Mbl B MarHUTHOM 11oJie. PaccMoTtpena apetidoBast TypOyIeHTHOCTh B TEUEHHAX IIa3Mbl C CHIIBHO HEOJHOPOAHBIM
IPaAMEHTOM CKOPOCTH TEUEHHUS C MPUJIOKEHUSAMH K peXHMaM YIy4LICHHOTO yAep>KaHWs TOPOUIATIBHON IIa3Mbl U
WOHHAs IIMKJIOTPOHHAs TYpOYJICHTHOCTh CIIBUTOBBIX TEUEHHMH IUIa3Mbl BJIOJIb MarHUTHOTO MOJISI C MPUIIOKEHUSIMH K
AQHOMAJIbHOMY HarpeBy HOHOB B HOHOCheEpe.

TYPBYJEHTHICTb 3CYBHUX TEYIN IJIA3SMU Y MATHITHOMY TOJII

B.C. Muxaiinenxo, K.M. Cmenanos, B.B. Muxaiinenko, M.O. Azapeuxos, /I.B. Yuoucos

JlaHO Ornsig HOBHX Pe3yNbTATIiB aBTOPIB 3 aHANITUYHOTO AOCHTIIKEHHS TypOYJIEHTHOCTI 3CYBHHX TEUill IIa3Mu y
MarHiTHoMy moJi. PosrmsHyTo npeiidoBy TypOyIeHTHICTh TUTa3MH Yy TEUisIX 3 CHJIBHO HEOTHOPIIHUM TPami€HTOM
HIBUAKOCTI Tewil 3 3acTOCYBaHHSAMH JO PEXKUMIB THOJIMIIEHOTO yTPUMAaHHSA TOPOINANBHOI IUIa3MH Ta I1OHHY
IUKIOTPOHHY TYpOYJIEHTHICTh 3CYBHHX TEWil IJIa3MH B3IOBXX MAarHiTHOTO IIOJA i3 3aCTOCYBaHHSAM JI0 aHOMAJIbHOTO
HarpiBaHHA 10HIB y i0HOC(EDI.
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