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New minimization method of logical functions in polynomial set-theoretical format.
1. Generalized rules of conjuncterms simplification

PaccmoTpens! 0600meHHbIE TIPaBHIa YIPOIIEHUSI KOHBIOHKTEPMOB B MOJIMHOMUAIBHOM TEOPETHKO-MHOXKECTBEHHOM (popMaTe, OCHO-
BaHHBIC Ha MPEUIOKEHHBIX TeOpEeMax IS PasHBIX HadaldbHBIX yCIOBHH IPeoOpa3oBaHMS Mapbl KOHBIOHKTEPMOB, XEMMHHIOBO pac-
CTOSIHUE MEXTY KOTOPBIMH MOXET OBITh IPOM3BOJIBHBIM. YTOMSHYTHIE IPaBUIa MOTYT OBITH MOJE3HBIMH JISI MUHMMH3AIUN B MO-
JIMHOMHAIEHOM TE€OPETHKO-MHOXKECTBEHHOM (hopMaTe MPOU3BOJIBHBIX JIOTUUECKUX (QYHKIMI OT 7 IepeMeHHbIX. [Ipenmymmectsa npex-
JIOXEHHBIX [IPaBUWJI IIPOUIIIIFOCTPUPOBAHbI IPUMEPAMHU.

A generalized simplify rules of conjuncterms in polynomial set-theoretical format is considered. These rules are based on the proposed
theorems for different initial transform condition of pair conjuncterms where hamming distance between them can be arbitrary. These
rules may be useful to minimize in polynomial set-theoretical format of arbitrary logic functions of n variables. Advantages of the pro-
posed rules are illustrated by the examples.

PosrnstHyTO y3aranpHeHi mpaBuia CIPOIICHHS KOH FOHKTEPMIB y MOTIHOMIATBHOMY TEOPETHKO-MHOKUHHOMY (POpMATi, sIKi IPYHTYIOTECS Ha
3aIPONOHOBAHMX TEOPEMax ISl Pi3HHX ITOYaTKOBHUX YMOB HEPETBOPEHHS ITapy KOH TOHKTEPMIB, TeMMIHI0Ba Bi/ICTAHb MK SKHMH MOXXE OyTH
JIOBiIbHA. 3a3Ha4YeHi NIpaBUiIa MOXKYTh OyTH KOPHCHI IS MiHIMI3alil y ITOJTiHOMIaJIBHOMY T€OPETUKO-MHOXXUHHOMY (hopMaTi TOBUTBHUX JIOTi-
4yHHUX (QYHKIH Big 7 3MiHHUX. [TepeBaru 3arponoHOBaHUX IIPABUJI IPOLTIOCTPOBAHO MPHKIIAIAMU.

Introduction. The problem of minimization of logical functions in polynomial format caused the practical
interest because of many advantages of realization of digital devices and systems in comparison with rea-
lization in disjunctive format. The investigations [1-8] have shown that it is economically profitable to build
such digital devices as arithmetic, communication, coding error detectors as well as devices of programmed
logic and others on logical elements AND-EXOR which realize polynomial basis {&,®, 1}, that is AND, EX-
CLUSIVE OR (EXOR) logical operations and constant 1. It is easier to test and diagnose [9-11] digital de-
vices on AND-EXOR if compared to the devices built on AND-OR. However, inspite of the mentioned ad-
vantages it is more difficult to minimize a function in polynomial format than in disjunctive format.

The precise solutions of a minimization problem in polynomial format generally is based on analytical
transformations of positive pDavio-expansion and/or negative nDavio-expansion [2] or on visual K-map
method [1-3]. Correspondly, such methods are suitable only for functions from not great number of variables
[5, 7, 10-13] and only for special classes of functions with up to 10 variables [14]. Heuristic methods have
comparatively wider practical application [1, 8, 16-23]. Among them two should be singled out. One of
them, a minimization method based on a coefficient of generalized canonical Reed—Muller forms which
makes use of matrix transformations. The second method being more efficient involves iterative carring out
of operations with conjuncterms of different ranks and polynomial forms of the given function. To the last
belongs the algorithm [17], which after transformation of the given function in Zhegalkin polynomial (that is
Positive Polarity Reed—Muller expression) minimizes it on the basis of three operations with conjuncterms.
Better results have been shown by algorithm based on the procedure of so-called linked product terms
[18, 19]. Later, on the basis of this procedure, the algorithms have been worked out which were completed
with more perfect operations (that is primary xlink, secondary xlink, unlink, exorlink), which can be used for
minimization of a system of complete and incomplete functions [20, 21].

However, the mentioned above algorithms have one drawback in common. They involve the procedure of
linking in pairs only conjuncterms of the same rank » € {1,2,...,n}, which differ by binary positions. Cor-

respondingly, this limits the use of such algorithms to functions given in SOP (Sum-Of-Product) or
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ESOP (EXOR Sum-Of-Product), which can have triple values in the different part. In these cases to con-
juncterms that differ in ranks certain procedures of transformation (for example into canonical form) are
applied which lead to an increase of steps and time of procedures. Besides the above mentioned opera-
tions of conjuncterms linking and other rules of simplification [24-26] do not have generalized character
as to Hamming distance between any two conjuncterms of different ranks of a given function that does not
guarantee final minimized result. Because of this, as one can judge from the literature, the search is still
under way of such operations and procedures with conjuncterms which would guarantee precise or at
least close to precise result of solving the problem of minimization of arbitrarily given function in poly-
nomial format.

In this paper we consider a new method of minimization of logical functions with » variables in polyno-
mial set-theoretical format, in the basis of which there is a procedure of splitting of conjuncterms of complete
and incomplete function and also their system [27-29], and generalized set-theoretical rules of conjuncterms
simplification. The suggested rules contrary to the known [21-25], guarantee generally better (as to costs of
realization and number of procedure steps) results of minimization of different forms of given functions what
is proved by the given in the paper numerous examples that are borrowed from publications by other authors
for comparison. The suggested method of minimization on the basis of conjuncterms splitting in polynomial
set-theoretical format has been described in three papers by the author: the first one is focuses on generalized
set-theoretical rules of conjuncterms simplification (this paper), the second one — on minimization of com-
plete and incomplete functions and the third one — on minimization of functions system.

1.1. Formulation of problem

The complexity of minimization problem of logical functions in the polynomial format consists of the
fact that contrary to minimization in disjunctive format based on an operation of adjacency of
neighbouring conjuncterms, here, except for the last one, other operations can be applied which can also
simplify conjuncterms of a given function [1, 2].

The simplification of conjuncterms of the rank r € {1,2,...,n} of any logical function f(x,X,,..., X,) in po-
lynomial set-theoretical form (PSTF) is based on analytical axioms of a logical operation of sum for mod 2:

0@a=a,0Pa=a,1®a=a,1®a=a,a®a=0,a®a=1ae{0,1}.

Such sets of PSTF Y® [30] correspond to the below given expressions:

{@,G}® =G, {®96}® = 6’ {(_)70}® = 6’ {(_)36}® =G, {090}® = Q’ {096}® = (_)’
where ¢ € {0,1}, & — an empty set that reflects the function-constant f(x) =0, and symbol dash (—)
reflects absorbed variable x, that is complete set E} ={0,1}, that reflects the function-constant f(x)=1.

On this ground, for example, the function f(x,,x,)=x, ®xx, = (1®x,)x, =X,x, will have PSTF
Y® ={(=1),(11)}® =(01), and the function f = xx, ® X,x, = 0 will have PSTF Y® ={(01),(01)}* =@ .

The suggested generalized set-theoretical rules of simplification of a conjuncterm set of any logical
function f(Xx,X,,...,X,), given in PSTF Y @ are based on iterative process of simplification of two con-
juncterms 6] =(o,0,:--6,) and 0} =(0,0,::-0,), o,€{0,,-} , n,r, e{l2,.,n}, which differ in
(Hamming) difference d =1,2,...,n — number of different in value a,f,7,9,... € {0,1,-} of onename posi-
tions. Here the different part a,f3,7,9,... of these conjuncterms can have a different total number of liter-

11-01 11--1
als k. For example, two pairs of conjuncterms (01 10) and (01 10) have d =3, but the first has

k, =6, and the second — k, =5. In connection with this different initial conditions of transformation are
possible. We will consider the following conditions:
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e when k =2d, here two conjuncterms are of the same rank 0] and 0’ but differ in d onename bi-
nary positions a.,f3,v,0,...€ {0,1};

e when k =2d -1, here one conjuncterm of (r —1)-rank 6;™', and the second of r-rank 07, differ in d
onename positions a.,B,y,d,... € {0,1,—} , where dash (-) belongs to 0/ ;

e when Kk, =2(d —1), here two conjuncterms are of the same r-rank 0; and 0’ differ in d onename posi-
tions a.,3,7,9,... € {0,1,—} each of them has one dash (-).

As a result of transformation of two conjuncterms in polynomial set-theoretical format some set of con-
juncterms of certain ranks will appear that is transformed PSTF Y®. Depending on distance d, as it is fur-
ther shown, different number of transformed PSTF Y*®, will appear which will be designated as k,. The
very fact of creation of different transformed PSTF Y® will have decisive meaning for minimization in
polynomial format of a given function f.

Efficiency of simplification of two different conjuncterms for the mentioned above initial conditions
will be estimated on the basis of comparison of interrelation ke* / k,*, obtained on the ground of data of
transformed PSTF Y*®, with initial interrelation K,/ k, where k, =2.

1.2. Theoretical part

If d =0, then conjuncterms 6; and 0], are the same, that is 0, =0, =0". Then according to the ex-
pression 0" @0 = 0, transformed PSTF Y® ={6",6"}° = &, that corresponds to removal of 0] and 6,
from the given function f. In this case k, =1and k, / k' =0/0.

In the case d >1 conjuncterms are different 0] # 0, . Correspondingly every transformed PSTF Y®
will have different interrelation ks* / k,* and their set will have different power k.

Let us consider the first initial condition (see p. 1.1) when two conjuncterms of r-rank 0; and 0, differ
in values of d onename binary position a,f,y,0,... € {0,1}.

Theorem 1. Two conjuncterms of 7-rank 6; and 6, r € {1,2,...,n}, of the function f (X, X,,..., X,), that
differ in values d of onename binary positions a,p,y,9,...€ {0,1}, in polynomial set-theoretical format
form a set of different PSTF Y® of power k, = d!, each of them consists of k, = d conjuncterms of
(r —1)-rank and has in different part the total number of literals kK = d(d —1).

Proof. To determine K, /k and k, let us consider transformation of conjuncterms 0] and 6} for

d =1,2,3,4. Here it should be mentioned that initial interrelation k,/k, =2/2d.

elet d=1 Then 6] =(o,---@,---5,), 0, =(c,---a,---G,), a, € {0,1}, respectively for analytical ex-
pression a @ a =1 we can write:

Y® ={(0; 0, 0,).(0 a0 0,)}7 = (0, =+ 0,), (D
where the transformed PSTF Y® = {(0,"* =*- ©,)}* =0""' that is a triple conjuncterm of (r —1)-rank.

For (1) interrelation K, /k; =1/0, and as initial interrelation k,/k =2/2, then it is indicative of the
fact that as a result of transformation (1) simplification took place due to replacement of two conjunc-
terms of 7-rank by one conjuncterm of (r —1)-rank; k, =1.

With the aim of simpler writing the conjuncterms of the given and transformed PSTF Y® will be con-
sidered only for their different positions which will be written down in a column. In (1) such position is
a.;, 80, simplified writing down (1) with taking into account o, = o € {0,1} will look like:
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a ®
(a)=(—), 2)
@

where = — operator of the given conjuncterms 0, and 0’ in polynomial format of the function /. In particu-
lar examples of transformation the same in meaning onename positions of conjuncterms will be rewritten
-01

®
) 11)2(1——1) , that in decimal format corresponds to

without any change. For example, (
9,13 ) ° : : .
1L15 =>(9,11,13,15) and in analytical form is x,x,x, @ x,x;X, = x,x,.
elet d=2. Then 0] =(o, -,

1

B, -6,), 0,=(c,a,
ad®b

a®b
way (o, =a, B, =B, a,p e {0,1}) we will get

IS .

For (3) we have kg / k,* =2/2, that are indicative of simplification of the given conjuncterms due to re-
duction of their rank from » no (r —1), as initial interrelation k,/k, =2/4; k, =2.

~B;--0,), o,,B, €{0,1}, and respectively

to analytical expressions ab @ ab ={ (if o; =P, and ab® ab = {Z gz (if o, # B, ), in simplified

The set of conjuncterms PSTF Y for d > 2 can be easily formed visually with the help of a pattern of
a given function f; vertices of which are interpreted by minterms and edges — conjuncterms of (n —1)-rank
[31]. As the degree of each vertex of the pattern is equal to n, then possible ways of passing from initial
vertex to final one will have points of branching the number of which will be directly proportional to dis-
tance d. Here, a change of an edge in the point of branching will determine a change of way of passing
and respectively a position of dash (-) in a formed conjuncterm of (n—1)-rank. So, placement of dash (-)
in certain position of a conjuncterm of (n —1)-rank has combinative character and it is a permutation with-
out any repetition. It will be that what determine number of K, of transformed PSTF Y®. For d =2 one
can be sure about this.

e Let d=3. Then 6 =(Gl'“ai“'gj“'7k -++0,) and 0 = (o, "'ai"'Bj Y 0,), aiaBjaYk €{0.1}.

In the Fig. 1 six patterns of the function f(a,pB,y), o,B,y € {0,1}, are shown where marked edges il-
lustrate all possible ways of passing from initial vertex 0 (it is minterm (000)) to final vertex 7 (it is

minterm (111)). As every such way consists of three edges, every transformed PSTF Y® will have three
conjuncterms of 2-rank.

e |(0,1)(0,1})(0,2)(0,2)(0,4)(0,4
From Fig. 1 we get the set (7):> L3|L5]2,6(]2,3/]4,5[]4,6], to which corresponds the set
3,7)\5,7)16,7/\3,7)\5,7) 16,7

a b c d e I

00-)(00-)(0-0)({0-0)(-00)(-00
0-1},| =01} =10 |,| 01—= |,| 10— |,|1-0

of the transformed PSTF Y®: (
—11){1-1){11-=){—=11){1-1){11-

000 i
111
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Fig. 1

To form the conjuncterms of (N —1)-rank of the set of transformed PSTF Y® for any pair of minterms of

the function f, that have d =3, is possible with the help of matrix of disposition of dashes () of the scale
00 1 12 2

3x6:11 2 2 0 0 1|, where in every column the numbers 0, 1, 2 — values of degrees of scales of

2102 10

binary positions (22,21,20> in a cortege of conjuncterms of the transformed PSTF Y®, where a dash (-)

must be. For example, let the generating element of the pair (OLB yj be the minterm (EE?) Then, if the

ofy
first element of the matrix is (o) and this number 0 (for dash in 2°), we will have two variants of dis-
0 ap -
position of dashes: the first one will be represented by the column |1 |, and so PSTF Y® =| o —vy |, the
2 —PBy
0 ap-
second — | 2 |, and so PSTF Y® =| —By |. We will show creation of a set of transformed PSTF Y® on the
1 o—y
examples of two conjuncterms that have d =3 and common part in position 2' and 2
101-0) @ 101—-)(101-—)(10--0)(10—-0)(1-1-0)(1-1-0 .
(110—1)3 10——11],/1-1-1],/1-0-0 || 100—— || 111—= || 11——0 |}, thatis
1-0-1){11--1){110—= ) {1-0-1){ 11——1 ) {110——

2022) @ 20,21,22,23)(20,21,22,23) ( 16,18,20,22 ) (16,18,20,22) ( 20,22,28,30 ( 20,22,28 30
(2 5’27j:> 17,19,21,23 || 21,23,29,31 |,| 16,18,24,26 |,| 16,17,18,19 |,| 28,29,30,31 |,| 24,26,28 30
’ 17,19,25,27 )\ 25,27,29,31) | 24,25,26,27 )\ 17,19,25,27 ) { 25,27,29,31 ) | 24,25,26,27

So, for d =3 in general case one can write:

o (OB (OB (a7 (a-7)(-BY)(-BY
o)

OLB = a_y ’ _BY ) —[37 » aB_ » OLE_ > OL_? : (4)
! =By Jla=v)lap-)\ =By J{oa-v){aB-
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For (4) ke* / k,* =3/6 is indicative of an increase of power of each transformed PSTF Y® and un-
changeability of number of their literals as initial interrelation k,/k, =2/6; k, =6.

The following analytical expressions correspond to the transformed PSTF Y® (4):
ab ®ac® be
ab ®bc®ac
abe ® abc = ;_l; g [572 2 Zi , where the first equation, for example, can be got this way:
bc@®ab ®ac
be ® ac ® ab

abc®abc=ab(1®c)® abc =ab ®abc®abc =

=ab®a(l®b)c®abc =ab ®ac®abc® abc =ab Dac® (1D a)bc® abc = ab ® ac® be.

eLet d=4. Then for 0] =(c,--q, Ej Y, "'S/ ++c,) and 0, =(c,---a; B,y 8, 0,)

where o;,B;,7,,8, € {0,1} , matrix of disposition of dashes will have the scale 4x 24, namely:

oo0o0o0o0o0111111222222333333
1122332233003 3¢001T1TQ0T¢0T1°1 2
233112300223011330122%00 1/
3 21321032¢0321°¢031®0321FU02T1F2®9

where 0, 1, 2, 3 — values of degrees of scales of binary positions (23 ,22,21,20> in the cortege of conjunc-
terms of each transformed PSTF Y®, what is reflected by columns of matrix.
On the ground of the matrix of disposition of dashes for the case d =4 we will get a set from 24
transformed PSTF Y®, each of them consists of 4 conjuncterms of 3-rank:
apy—|(apy—|(apy-)(aBy-) [ By - aBy-
[aﬁvS)g aB-5||ap-8||a-y5||a-y5|| -pyd || —B7S
apys a-y3 | —Byd [| —BYS [|aB-8[|ap-5[|a-7d [
—Byd J\o—yd)\ap-3)\ —Byd Jloa—yd) af—38

ap-3)(ap-3)(ap-8)(ap-3)(ap-3)(ap-5
a—yS || a—yd || —Pvd || —Bvd || aBy— || aPr—| 5)
—PByd || oBy— || aPy— || a-yd || a-78 [| —Byd
apy— )\ =P8 Jla-y3 )L aPy—)\ —Brd ) a—vd

a-70)(0-78)(a-75)(a-75)[a—7d)(a—7d
—BYS || —BYS || aPy— || aBy—||aBp-d || ap-o
lap-8[|ap-3[| —B¥d [| —Byd [| aPy— |
oaf=38)apy— )\ —Brd J\aBp-38) apy— )\ —PBrd
~ P78\ (~B7 | [ ~B78 | [~ P78 | (BT | (- BT
afy— || aBy—||aB-3||ap-5||a-75 || a—7d
af-8[| a—vd[| a—yd [| apy-— H
oa—v3)\op—=06)  afy— )\ a—yd ) \ap—-0) afy—
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For example, let oo =B =7 =0 =1. Then for function f(a,p,y,0) the set (5) will look like:
000—) (000~—) (000—) (000-) (000~ (000—

(oooo]g> 00—1//00-1{|0-01[|0-01||—-001]|-001 (5"
1111 0—11[|-011[] —101 | 01—-1[]{10-1[]1-01]
—111)(1-11)(11-1) —=111)(1-11)(11-1
00—0)(00—-0)(00-0)(00-0)(00-0)(00-0
0-10||0-10|| =010 || —010 || 001— || 001— 5)
—110 || 011— || 101— [|1-10 [| O—11[| —O11 |
11— ) =111 ){1-11 )L 11— ) =111) 1-11
0—-00)(0-00)(0-00)(0-00)(0-00)(0-00
—~100 || =100 || 010— || 010— || 01-0 || 01—0 5"
110— | 11-0 | 01—-1[| —101 [| =110 [| O11— |
11-1)(111- ) -111){11-1) 111- )\ =111
—000) (—000) (=000 (—000) (—000) (—000
100— || 100—|[10-0 || 10-0 || 1-00 || 1-00 (5"
10-1[|1-01[|1-10 | 101— [[110—- | 11-0
1-11)(11-1)111—=){1=11)\11=1)\ 111-

A

R H

N
N

3

’

; R 1 ) ~.
. | R
R S | .
’ ’ ,’\ ~ N \
N N
I > \
i ' / 7 Y \ \

n,t 1‘1 I} !
e” --®- -~
AY ! \ ", ! 1
[N Sa
sy - AR Vad ’
RN X .
\ \ ~ ' N s (’
\ A S 1 N
3e--

' (s
! P
--7

\\\j 7

Fig. 2

In Fig. 2 we see a pattern of the function f(a.,p,y,8), on which we have one of examples (5') of forma-
tion of a set of edges starting with vertex 0 up to vertex 15, that corresponds to formation of a set of con-
juncterms of 3-rank PSTF Y® in case of transformation of a pair of minterms (0000) and (1111),

0,1 000 —

. . 0)® L9 . (0000) ®| —001
distance between them d =4, i.e. (15]3 911 , that is (1111}3 10-11"

11,15 1-11

So, for (5) kg / k,* =4/12 is indicative of an increase of power of transformed PSTF Y® and the num-
ber of literals, as the initial interrelation k,/k, =2/8; k, =24.

In the case of necessity for any pair of conjuncterms of r-rank of a function f°, that have distance
d > 4, one can in analogical way form a set of d! transformed PSTF Y®; d =1,2,....n.

So, on the ground of the considered above one can state that two conjuncterms of r-rank 6] and 0]
function £, that differ d =1,2,...,n in different by values onename binary positions a,p,Y,9,... € {0,1},
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form in polynomial format a set with 3 k, = d! of transformed PSTF Y, each of them consists of different
conjuncterms of (r —1)-rank with interrelation K, / k = d/d(d —1), that proves truth of theorem 1. O
Efficiency of application of theorem 1 for simplification of a set of conjuncterms and obtaining minimal
PSTF Y® of a given function f'is illustrated by examples given further. Here the cost of realization of
minimized function f'will be estimated by comparison of numeric interrelation ke* / k,* and K,/ K,
Example 1. To apply theorem 1 to the function f(X,X,,X,X,), given by perfect STF
Y' ={0,6,14,15}, which in polynomial format has been minimized by xlinking method [21, p. 28], as the
result of what we have got solution PSTF Y® = {(~11-),(0111),(0000)}®, where k,/k = 3/10.
Solution . For minterms (0111),(0000) we will apply theorem 1 for d =3 rule (4):
0000 @ 000—)(000—)({00-0)(00-0)(0-00)(0-00
(Olllj:) 00-1},{0-01}| 0-10|,| 001— |,| 010— |, 01-0
0-11){01-1){011-){0-11){01-1)|011-

Having changed (0111) and (0000) by marked (underlined) PSTF Y®, we will get two solutions:
@
® ® 1.(00 -0),(0-10),(011-)
Y® ={(-11-),(0111),(0000)}" = ][(—1 1 —),{2. (0~ 00Y,(01 - 0)’(%)}} .

Underlined conjuncterms are simplified by merging operation [30]: {(-11-),(011-)}® =(111-), that
corresponds to the expression x,x, ® X,X,x; = x,X,X;. So the given function f has two solutions of mini-
mization that reflect minimal PSTF:

1. Y® ={(111-),(00-0),(0-10)}°;

2. Y® ={(111-),(01-0),(0—00)}°.

Answer. The cost of realization of minimized function f'is equal to kg / k,*= 3/9 and is better than in [21].

Let us consider the case when one conjuncterm of (r —1)-rank 0/~ differs from another conjuncterm
of r-rank 07 in one dash (-), and other onename positions a.,f,7,9,... € {0,1}.

Theorem 2. Two conjuncterms of the function f(x,X,,..., X,), one of which of (r —1)-rank 0] - dif-
fers from another r-rank 0 in the number of d different in values onename positions o, B,y,9....€ {0,L,—},

r-1
1 b

format create k, = (d —1)! of sets PSTF Y, each of them has power k; = d and the total number of lit-
erals in different part k' = d(d —1)—(d —2), here:

among which the dash (—) belongs to the conjuncterm 0; ", r € {1,2,...,n}, in polynomial set-theoretical

e if d =1, then (&j i(&) : (6)
Vi a-1ef==) (-B)2[——).
if d =2, then (OLE):(OLB]’ (aB]:{aBj’
(7)
oif d =3, then

ap-)e o) (-B- a-7v)e a-—|| -7 _By)© B[

( ~]:> _B_ | OU—— ’( ~ ]j ——Y || == ’(N j: —Y ) _B_ :(8)’(9)’(10)
OLBY = = (XBY = = ~

afy ) \ apy afy ) \afy apy )\ afy
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o if d =4, then

ap-——)(aB-—)(a-y-)(a-y-\(-By-)(-By-
a7\ 2| a-v- || ~Br- || @B || ~B7— || aB | |-1-
[CXBY%]: —BY_— la—y=p| —Br=17 (XB—_—’ a—y—[laB——1|[’ (11)

ap-——\(aBp-—)(a--3)(a--8)(-B-8)(-B-d
ap-5)®||a-=8||-B-8||ap——|| -B-8||ap——]|| a—=3
(aB?S J: —p-37 =5 1 =B8] aB——f| a==3 [l ap—— ||’ (12)

apys )| apyd
a-y-)(a-y-)(a--8)(a--3)( -5 | --¥
a-y8)e||a-=8 || =¥ || ——yd ||a—y—||a-F—||a--8
(aﬁyajj —=8 Pl a==d fla-y-[| —=8 [[a==5[|a—y-|[" (1)
aﬁyﬁ aﬁyﬁ aEyS OLBYS aﬁyﬁ aEyS
~B7-)(~By-)(~B-5)(-B-5) (-5 (-7
—E?SJ@ B8 || =8 || By || =8 || By || -B-3
~ :> —_ 3 > 3 3 > b 14
(asva 55 [ B3 [| —=5 [| =pv—[| B3| —Br- (9
apys )\ apyd )\ apys )\ apys )\ apyd )| apys

where @,B,7,8 — binary positions of any value 0 or 1.

Proof. In this case the given PSTF Y has interrelation k,/k, =2/(2d —1).
elet d=1. Then 6" =(5,--—,--+5,), 0,=(c,---d, --G,), &, €{0,1}, and respectively for the
expression 1®a = a,de {a,a}, we can write down such PSTF Y®:

Y@={(01“‘—i“‘Gn)a(Gl“‘ai“‘Gn)}®={(f51"'ai"'0n)}®-

As interrelation k) /k’ =1/1, then compared with k,/k =2/1 we have simplification of the given
PSTF Y® due to removal of one conjuncterm; k, =1.

1--1)® 11,13,15) ©

For example, (1 _01)=>(1 —11) corresponds to (9’ 9’1? 5)=>(1 1,15) and xx, @ x,X,x, = x,X,X,.
elet d=2 . Then for 6" =(c,---&-—;-0,) and 6] =(Gl~~~oc,.~~~§j~~csn) and
0" =(c, -, Bj ---c,)and 0 =(c, -+, ---B;---5,), a,,B, €{0,1}, and respectively to the expres-

sions 7®ab =g ®a(1®b)=1®ab and b ®Gb=b ® (G ®)b=10abh, dela,a), belbb}, we
will get

"ai"'—j"‘Gn)a(cl"'0%"'ﬁj"‘Gn)}®:{(01"'—f"'—j"'Gn)a(Gl"'%"'B,-"'Gn)}@ and

i Ej +0,),(0, 0, B, o N ={(o, re=0006,),(0, -0, B, o ).
Comparing the obtained interrelation k; / k' =2/2 with k,/k =2/3, we see that formed PSTF Y is
simpler than the given PSTF Y for one literal.

For example, having applied the rule (7) of theorem 2 to f (., ), o, B € {0,1}, we will get:
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0- 0- 1- 1-
10 i—— 11 i—— 00 i—— 01 :®>——
-0 1) (-1 10)” (-0 01 )" (-1 00 )’
01 00 11 10
It should be mentioned that a number of transformed PSTF Y is determined by a number of binary

positions in different part 0" and 0}, which conforms to theorem 1. Therefore for d =2 we have k, =1.
elet d=3. Then for 0" =(c, - Q, E/ ~+—pr0,) and 0,=(c,--a, B,y 0,)

ei’*l:(Gl,..a[_...—j...vk...(jn) and 2:((51...ai...Bj...yk...Gn) and

0" =(c, - —, Bj ¥, -+0,) and 0, =(c---a,; -, -y, ---0,), and respectively to the expressions

- ~ —7 = = a®b ~ ~ a

@h ®abé =ab ®ab(1®T)=abe ® " - : ac®abc=abe® | 9¢ and
a®b a®c

I
f_JQ\
~
Q
Ll
i
|
=
Q
=
t./
~—
Q
i
o
~.
|
-
Q
=
\\‘_/
~
Q
=
~.
I =
a Q
=
N~ N~
@

A
Q
1
=
1
.
4
N
~
Q
£
1
i
bl
a
gt
=
Q
=
=

_{(01"'ai"'—,"'—k"'Gn)a(G1"'—i"'—j"‘Yk"'Gn)a(cl"'%"'Ej“'h'“%)}@

(01"'_i"'_j"‘Vk"'Gn)a(Gl"'Oﬂi"'_j"'_k"'0,1)5(51"'%"'E_;"‘Yk"'Gn) ’

Y@:{(01"'—i"'Ej"'7k"'Gn)a(Gl"'ai“'B,-"'Yk"'Gn)}@:
_{(Gl'“i“'Bj'“k“'Gn)’(Gl'“i“.j'“yk“'Gn)’(cl“'gi“'Bj'“yk“'Gn)}@
Bl (O =y T O (0 oy By (0 Gy B ey o) |

The obtained interrelation k) / k; =3/5 is indicative of an increase in one conjuncterm for k,/k, =2/5.
Whereas k, =2 and as a result of the fact that the given conjuncterms (8) have two binary positions in
common which are transformed for d =2 according to the rule (3) of theorem 1. This is illustrated (look

10-—\fl--

\ @ | 1 |
at dotted lines) (??:0) e
o 111\ 111

e Let d =4. Then on the ground of the considered above, taking into account the rule (4) of theorem 1
for d =3 (three binary positions are common), it is not hard to state that for

0" = (o, - ai'”B]‘“.?k“._l'“Gn)ier (o, ai...B]_...yk..g .G,),
91’1:(51...a_...Bj..._k...gl...G)ier (- a,...Bj...7}{...51...0’1),

91’_12(61“'@»“'1'“% §,--6,)i0,=(c,q,- E_/...yk...gl...(,n)’
8 G)ler (Gla‘BJYkSan)>

1
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the interrelation ke* / k,* =4/10, which compared with k,/k, =2/7 is indicative of an increase of num-
ber of conjuncterms as well as their literals; k, = 6.

For example (?D_O_J'_i G:)_l‘i' ~014 :01—15' i—l -
v 111] 1L Pl =1+ ] =11+ [ 11=+]1=1

00—+) (00-+) (0-0r) (0-0r)(~00+) (~00+
0

' |, that corresponds to

1110 J\ 1110 )\ 1110 1110 J\ 1110 J\ 1110

0,1,2,3 0,1,2,3 0,1,4,5 0,1,4,5 0,1,8,9 0,1,8,9
0,1)® |l 23,6,7 2,3,10,11 4,5,6,7 4,5,12,13 8,9,10,11 8,9,12,13
(15] 6,7,14,15 "1 10,11,14,15 | 6,7,14,15 ['| 12,13,14,15 ['| 10,1 114,15 || 12,13,14,15
14 14 14 14 14 14

So, if a conjuncterm of (r —1)-rank 0/ differs from a conjuncterm of r-rank 0} in the number d of
different by value onename positions a.,f3,7,0,... € {0,1,—}, here dash (—) belongs to 9{ 1re{l2,..,n},
then (d-1)! of sets PSTF Y® will be formed, each of which has the interrelation
k,/k =d/(d(d-1)-(d-2)), that proves the truth of theorem 2. O

For example, let the function f(x,X,,X,,X,) has PSTF Y ={(1-1-),(10-0),(000-),(0110)}* ,
where distance between any pair of conjuncterms d =3, a k,/k, =4/12 . If the function that has canoni-
cal STF Y'={0,1,6,8,11,14,15}' , is minimized in disjunctive format, then we get STF
Y' ={(000-),(~000),(~110),(1-11)}', which also has k,/k =4/12. But such interrelation can be im-
proved if theorem 2 is applied to the underlined pair PSTF Y® namely rule (8), that is

&)
000 ©[ %0~ X--
(0110): 0-1-|, and having got Y® =<(1-1-),(10—0),| 0—1— |+ , one should apply to the under-
0111 0111

0-1- 00 - - 10-1
minimal PSTF Y® = {(--1-),(-0 - -),(10 -1),(0111)}*, which if compared with the previous result has
better interrelation k,/k, =4/9.
Application of rules of theorems 1 and 2 is further illustrated by the examples.
Example 2. To apply the rules of theorems 1 and 2 to the function given by f(Xx,X,, X, X,,X;),
PSTF Y (distances d between all pairs of conjuncterms are shown on the right of Y®)

. . . 1-1-)° 10-0)®(-0--
lined pairs of this set the rule (2) =(—--1-) and the rule (7) = . Then we get

'0——00’@] N
0-0-0 2} N
ye ]! 11(1) B J JJ , where ky/k, =6/22.
00000 | 3| Y| 9 ‘JJ ,,
110 ] Y 43 S‘J
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Solution. We apply theorem 1 for d =4 to the minterms (00000) and (11110) having chosen from
0-000

OOOOOJ ©101-00

(5""") the six transformed PSTF Y®: ( 11110 = 011-0|° Then after corresponding change we apply the

—1110

rule (6) of theorem 2 to the pairs of elements of the formed set that have d =1, namely:

0—-00)® 0-0-0)° ——110)© .
(OI—OOJ:(OO_OO)’ (0_000 j:>(0—010), ( J:(—OIIO). As a result of this we get PSTF

—1110
00-00)°
0-010
y®=J1-—11% ,where K, /k =5/19 is better than the initial k,/k, =6/22.
-0110
011-0

Example 3. To apply the rules of theorems 1 and 2 to the function (X, X,, X;, X,), given by PSTF
Y® ={(0-00),(1011),(=—11),(=00-),(011-)}*, that has k,/k, =5/14.

Solution. All pairs of conjuncterms in given PSTF Y® have d >3, except (1011),(-—11), for d=2,

transformation of which does not simplify the given set. Let us apply, for example, to the pair
(0—00),(1011), that has d =4, theorem 2, having chosen from the rule (13) the fifth set:

@

—-00 ——00
0-00) @ 1-0— 1-0- ——00) ®(——0—
. N = —— - fter the rul
(1011) 1 | Now Ye 1 ,(==11),(-00-),(011-); and after the rule (3) (__1 J:{___J we
1111 1111
®
——0-—
have =1 I=0= | (1), (00,011 = (0-0-),(0~~1).(1111,(=00-),(011)}° . Further.
1111
—1-=
— -\ @ —0=\@ ]
according to the rules (10) 00 = ——0—| and (7) 0-0 =(1-0-) and I =(1110) we will
on-J7 ~—0- 11~

get a minimal PSTF Y® = {(1-0-),(0—-1),(-1—--),(1110)}®.

Answer. Cost of realization of the minimized function K, /K = 4/9 is better than k,/k, =5/14.

Let us consider now the situation when two conjuncterms of 7-rank 0; and 0, differ in 4 onename bi-
nary positions a,f,v,9,... € {0,1,—}, here each of them has one dash ().

Theorem 3. Two conjuncterms of r-rank 0/ and 0/, r € {,2,...,n}, of the function f(x, X,,...,X,) dif-
fer in d onename binary positions a,p,Y,9,...€ {0,1,—}, where each conjuncterm has one (-), in polyno-
mial set-theoretical format starting with d=2, create k, = (d—2)! of sets PSTF Y®, each of which has
power k, =d and the total number of literals in the different part k = d(d—1)—2(d-2), here:
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a-)e(a-
o if d:2,than[ Nj:{ :J, (15)
_B _B

o where d =3, than (aB:Ji aB-|, [aB:ji ap-|, (a:ng -7, (16), (17). (18)
By - -y = - By =
—By o=y - By
~B-——\(-B-- a-——)(a——-
| a7\ )| === || = || (aBv-\ef || -
oif d=4,th - = || ==_ , - = = , 19), (20
1 " (—Byﬁj: apy- [l aBY- (a—ysj: oafy—[| apy- (1920
—Bys )\ -PByd a—y3 )\ a—y3
T (o ——— B\ (-B--
ap7-|g ) P mPom | (@B-8)s f ——=8 ) =8| (1), (22)
(X.B—S O(,B’Y: OLBY: —Byﬁ O(.B—S O(,B—S
ap-3 ) ap-s —Bys )\ —Byd
G\ (o= —— G\ (——y
o o llc==8 || —==5 || (5_58)e || ——=5||---5
CEl V| | Rl O At e | Dl | Dl (23),(24)
o—7y0 af-d8||ap-9o —Byo oc:yé‘) Ot:YS
a-75 )| a—75 ~Bv3 ) -Byd

where &,[,7,5 — binary positions of any value 0 or 1.
Proof. Given PSTF Y has the initial interrelation k, / k =2/2(d-1).

~ ~

oLet d=2. Then ] =(c,---&, -~ --0,) and 0; =(c,---— B, -0,), &P, € {0,1} . For f(a,b)

i J n

respectively to (15) we have a @ b= @ene (Z ®)=a® b: , that corresponds to PSTF

Y® ={(c, om0, "'—i"'E_, 6 ) ={(c,- = 06,),(0, = B o )%,
Here the interrelation k,/k, =k, /k, =2/2 that is indicative of unchangeability of parameters of the

transformed PSTF Y®, in which only inversion of different positions took place; k, =1.

elet d=3 . Then elr:(Gl...ai...Bi..._k...Gn) and  0,=(c,— B,V 0,)
ef=(01"'al-"'B_;"'—k"'Gn) and 0 =(c,--o, -+~ -, -c,) and O] =(c, -+ &, -+, ¥, ---G,) and
6;:(01---—,.---Bj---yk---csn), ai,ﬁj,ike{o,l}. For f(ab,c) respectively to (16-18) we have:

b DI = (DD ®HED®)=ab DD, b ®ac=abh ®ac®1 and Ge®hc=-ac®bcd®1,
aefa,a}, be {b,b}, ¢ efc,c}. So, corresponding PSTF Y® will look like:
Y®:{(01"'af“'Bj'“—k"'Gn),(Gl"'—i"'Bj"'Vk"'Gn)}@:
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Y®:{(Gl"'ai'”_j”'7]("'Gn)’(Gl"'_i"'Bj"'Yk"'cn)}(B:

={(o, ..._i..._j..._k...Gn),(Gl...gi..._j...yk...c (0, =By, 0, )L
Compared with k, / k =2 /4 here the interrelation k; /k,* =3/4 means that the transformed PSTF Y®

has one more conjuncterm, here its rank is (r—3); k, =1. For example, for some values of variables
a,B,y € {0,1} of the function f(a,p,y) we will get such PSTF Y®:

—\ @ T — ® T ® T _ D T
(16) (gonj: 0- ,(Hofj: o1 |; (17)(1 1] 01- Gl_oj: 0-1|;
~10 01— 0

1- 10—
Ry

(18) (O Oj 1-0 ,(lf(l)j: ~10
~01 0—

—_—

e Let d=4.Then 0] =(o, ;B Y= 0,) and 0, = (o By g, G,),
:(Gl...—i...ﬁj. Veoo—e0,) and 0 = (0, o= ey, 5,-0,),
:(51"'_;'“Bj' 7. --—-0,) and 0, = (o, - q, B/..._k...gl ),
=(c, - q, ..Ej..._k...gl c,) and 0, =(c,---— B, ¥, -+, -G,),

ef:(01"'ai"'Bj"'—k"'81 ,) and 0} = (o, al..._j...yk 8,-0,),
:(01"‘ai"‘—j"'7k"'gz"'Gn)and9;:(01"'—i"‘ﬁj"‘Yk"‘51"'Gn)-

The transformations (19-24) are formed on the ground of respective expressions for f(a,b,c,d):

@c’
a®c a
a®c’

a

Gbe®bed = (@ ®1)he ®be(d ®1)=abe Dbed Dbz ® be = abc@bcd@{b®c
o~ ~ = = o R = b
abc@acd=abc@acd®{ abc@abd:abc@abd@{ —

a

Gbd ®bcd =abd ®bcd @ b®6_i,abd@acd Gbd ®acd ® a@d,
b®d a®d

- ~ - - = ®d ~ — ~ —
ded ®bed = acd @bcd@{c(%7 and, Gefa,a), beibb}, celect, deld,d}.
C

Not giving general expressions of the formed PSTF Y ®, that are evident from the considered above,
we will illustrate the transformations (19-24) for some values o,f,y,0€{0,1} of the function

f(a,B,v,9):

0% (13- 0———)(1-—— 0———)(1-——
000—) @ || +=1— || +=0—|| (000-\® || ——1— || ——0—|| (000-)e || -1——||-0—-

(19-21) | & v A e |5 ' ; = \ ;
4111 100— [| 00— |[* \1-11 010- [| 010— |[* | 11-1 001- [| 001-
1110 ) +110 1-10 ){ 1-10 11-0 ){ 11-0
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—0——\(—-1-- 0——\(1-——- ——0-\(——1-
00-0\® || =——=1|| =—=01{ (00-0)® || ——=1||=—=0]| (0-00\® || ——=1||——=0
—-111 10-0 [| 10-0 1-11 01-0 | 01-0 || | —111 1-00 | 1-00

—-101 ){ —-101 1-01 )\ 1-01 -011){ -011
Dotted lines in (19) show general tendency of the formed PSTF Y, which consists in formation of two

subsets: one respectively to theorem 1 (for d =4 according to the rule (3)), and another one that repeats
given conjuncterms with certain inverse positions. This is illustrated by the example of formation of

PSTF Y® for d=5:

b

(22-24) (

0 —— 0,1,2,3,16,17,18,19
01~ ol \o| 230718192223
—11i— |, that corresponds to [ ’ j: 6,7,14,15,22,23.30,31 |.
<o 15,31
! 16,17
+1110 14,30

Here, for d =4 the interrelation k; / K =4 /8 is greater than the initial one k,/k =2/6; k, =2.

So, if two conjuncterms of r-rank 67 i 07, r € {1,2,...,n}, of the function f(X, X,,...,X,) differ in d dif-
ferent by values onename positions a,p,v,9,...€ {0,1,—}, among which each of these conjuncterms has
one dash (), then in polynomial set-theoretical format, starting with d =2, they form k, =(d-2)! of
the sets PSTF Y®, each of them has k, /k, = d /(d(d —1)—2(d —2)), and this is proved by theorem 3. [

Application of the rules of theorems 1, 2 and 3 will be illustrated by the examples.

Let PSTF of the function f(X,X,, X;,X,) Y ={(111-),(0-00),(01—-),(——1-)}?, the cost of reali-
zation of which k,/k, =4/9. If the given PSTF Y® is simplified only according to the rules for d <3,
for example, to the pair (111-) i (01—-), that hasd=2, the rule (7) of theorem 2, is applied, namely

&)
—_\D /([ 1 —— N [
(111 ):{ : ), we will get PSTF Y© = {(0—00),(——1—),[ ! )} with k, / k, = 4/8. However,

01—- 110- 110-
if to the pair (111-) and (0—00), that has d=4, the second set of the rule (20) of theorem 3 is applied
0———
= 2 =17 hen aft tive transformati ill get
0-00 101 |- then after respective transformation we will ge
0-01
0———
@l ——1— ®
Y® ={(111),(0=00),(01--), (== 1)}"=1| T5= | (01=),(z=12) ;={(00=),(101-),(0-0D}".
0-01

Here, having applied to the pair (00——) and (101-), that has d =3, the rule (7) of theorem 2, namely

_ No/_0__
((i(())l B j:{ 18 0 ] , we will get the final minimal PSTF of the given function f

Y® = {(-0--),(100-),(0—-01)}°,
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The cost of realization of which k, / k; = 3/7 is better than the previous one.

Example 4. To apply the theorems 1, 2 and 3 to the function (X, X,, X;, X,), that is given by perfect
STF Y'=1{0,3,5,6,7,8,9,10,12,15}', which is minimized in polynomial format by K-maps method to the
expression f =x, @ x,x; ® x,x, @ x,x, ® x,x,x,x, ® X, X,X,%, [32, c. 97].

Solution. This function has PSTF Y® = {(1 - —),(=11-),(=1-1),(==11),(1111),(0000)}®. To the pair
(1111) 1 (0000), that has d =4, we will apply, for example the fourth PSTF from the rule (5'):

]

000 —
Y®=4( 11 1-1 i, 0~
- ( - __)a (_ _)a (;)a (;)7 01-1
—111
. . . -1-1\°
Applying to the underlined pairs that have d =1, the rule (6) of theorem 2, namely 0l—1 =(11-1),
——11\® . -011\®(—-1- .
111 =(-011), and the rule (7), in the formed set namely 11 o010’ we will get PSTF
Y® ={(1-—),(——1-),(=010),(000 -),(11-1),(0 = 01)}®. Doing further transformations according to the
—0—— —0-
-010)® 100\ ® .
rules (16) and (17) of theorems 3, namely (OO j:> 100 — | and ( 0-0 1j:> 0-00 |, we will get the fi-
-0 - 110

nal minimal PSTF Y® = {(1-—), (= —1-),(=0— =), (= = 0-),(=011),(0 - 00),(110-),(11-1)}®° =

= (1-—),(-1=-),(=011),(0 - 00),(110-),(11-1)}°.

Now the cost of realization of the minimized function f =x, @ x, ® X,x,x, @ X, x,X, ® x,x,Xx; ® x,x,x, is
equal to k, / k, = 6/14 that is a better result if compared to [32], where k,/k, = 6/15.

1.3. Estimate of efficiency of application of the suggested rules

Let us estimate efficiency of application of theorems 1, 2 i 3 for simplification of the sets of conjunc-
terms of the function fin polynomial set-theoretical format. On the ground of the considered above one
can draw such a conclusion:

e the number of the conjuncterms composing the transformed k;, PSTF Y® of the function £, is di-
rectly proportional to distance d between the pair of the given conjuncterms which in the different part
have the total number of the literals &, = {2d,(2d —1),2(d —1)}, that is kg =d,

e the power K, of the set of the transformed PSTF Y in the combinative way depends on distance d,
here if k =2d, then k,=d!; if k =2d-1, then k, =(d—-1)!; starting with d =2, if k =2(d-1), then
k,=(d-2)!;

¢ the quantitative estimation of efficiency of application of theorem 1 (7'1), theorem 2 (72) and theo-
rem 3 (T3) is shown in the table of dependence of the interrelation of k,/k, / k, on distance d:

d

71

12

T3

DN AW —

2/0/1
4/2/2
6/6/6
8/12/24
10/20/120
12/30/720

1/1/1
3/2/1
5/5/2
7/10/6
9/17/24
11/26/120

2/2/1
4/4/1
6/8/2
8/14/6
10/22/24

54
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From the data of the table it is seen that starting with d =3, simplification of two conjuncterms of the
function f does not take place. This is eventually stated by the authors [7,14,15,21,24], who on this
ground draw a conclusion that it is not expedient to do further minimization in polynomial format of the
function £, if between any pair of its conjuncterms distance d > 3. However, it is evident from the con-
sidered above that this statement is false. The given examples in this and next papers on this theme are
indicative of the fact that application of the suggested theorems to the function f, which is not given by
two but greater number of conjuncterms of different ranks between any pairs of which distance d is dif-
ferent it is quite possible to do further simplification. The explanation is set that the set of the trans-
formed PSTF Y®, by which the chosen pair with distance d >3 is replaced, can have elements which
together with other elements of the given function f will form pairs with distance d < 3. Here, in spite of
an increase of power of the newformed set, one can get a minimal PSTF Y® after application of respec-
tive rules of the suggested theorems to the pairs with little d. Besides with an increase of d the probabil-
ity of simplifications is greater as it is seen from the table here the power of k, formed PSTF Y© in-
creases, so there is a better choice of useful for simplification elements. The procedure of search of such
elements has a combinative character — after each replacement of a chosen pair of conjuncterms of the

given PSTF Y® for certain set of the transformed PSTF Y® we get a new set in which it is necessary to
determine distance d between new pairs and having chosen from them the elements with minimal d, to
apply the rules of respective theorem and build again a new set and so on and so forth (algorithm de-
scription of suggested minimization method in the next paper 2).

It should also be noted that application of the suggested rules of simplification of a set of conjuncterms
of the given PSTF Y to the pairs with distance d >3 makes it possible to get the searched result with
fewer number of steps of simplification procedure. Let us illustrate this by the examples.

Example 5. To apply the suggested theorems to the function f(x,X,,X;,X,), given by PSTF

Y® ={(000-),(0—-11),(~11-),(1010)}®, on the example of which [20, example 8, p. 388] the authors
show efficiency of exorlink method.

Solution. Let the difference d=3 between any pair of conjuncterms of the given PSTF Y®. The
minimal PSTF Y® = {(00 - -),(-—10),(1111)}® is got within five procedure steps with the help of exor-
link method. We will show that the same result can be got within 4 steps

000 — (100: 00-=) (00==) 0o _
o |0-11] ol ——1-|2| —-1-|°
Y® = =| 1011 |= = = —-10 |,
—H= T T ] e T e T
tot0) | ° ) Lo-11) (1111

where in bold font the elements are highlited which are formed according to certain rule of one from the sug-

gested theorems. For example, for the first step the chosen pair (??)10) is transformed according to the

00—-—

—\ 9
rule (8) of theorem 2 so: (?(())?Oj: —01- |. After respective change in the second step we apply the
1011

— —_\ @
rule (2) of theorem 1 to the pair ( ?11 j:(——l—) , in the third step the rule (7) of theorem 2 to the pair

1011 ®(—-11 . -
( j:{ j and in the fourth step the rule (2) of theorem 1 to (

®
0-11) 7\ 1111 ——11)3("10)'
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Example 6. To apply the suggested theorems to the function f(a,b,c,d)=ac ® abed ® ab® acd , on

the example of which the authors [15, p. 6] show on the K-maps efficiency of their suggested procedure
(look-ahead strategiesof the improved exorlink method.

Solution. The given function fhas PSTF Y® = {(0—0-),(0100),(11--),(1—-01)}®. If we apply in the

first step the rule (9) of theorem 2 to the elements (102))(3 , that have d=3 , namely
o100) @ |[170~] (070~ .
1—01 =4| ——00 |,| ——01 [, then we get two variants:
0000 0000
0-0- 0-0-
0=0=) 1| (M=) 11— 0-0=) 1| (11—
o 0100 (© Ol ——0-1° ® 0100 | © ®
1) Y = 1 = 1-0- |= 00 = ——01|and 2) Y~ = 1 ={0-0-|=| —-01|, out
——00 0000 ——01 0000
1-01 0000 0000 1-01 0000

of which the second solution, as we see it, is simpler and shorter. So, the given function has the minimal
PSTF Y® ={(11--),(-—01),(0000)}*, to which corresponds f(a,b,c,d)=abcd ® ab@®cd . In [15]
the same result is got in a more complicated way and within a greater number of steps.

Conclusions

The generalized set-theoretical rules of simplification in the polynomial format of a set of conjunc-
terms of different ranks of a logic function with »n variables have been suggested. These rules are based
on three theorems for certain initial conditions of transformation of a pair of conjuncterms with any
Hamming distance between them. Efficiency of the suggested rules is proved by given in the paper exam-
ples which have been borrowed from the papers by well-known authors with the aim of comparison and
which give the ground to confirm their expediency in application for minimization of any logic function
from n variables in polynomial format.
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