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The new analogs of Wendroff’s type inequalities for discontinuous functions are considered. The
impulse influence on the behaviour of the solutions of hyperbolic equations with nonlinearities
of the Lipschitz and Hoélder types is investigated.

Introduction. In the present article we found new analogs of the Wendroff inequality for dis-
continuous functions with finite jumps on some curves I'; C ]R%_ and discontinuities of the Lipschi-
tz and non-Lipschitz types. New conditions of boundedness for solutions of impulsive nonlinear
hyperbolic equations are obtained.

Our paper is devoted to a generalization of results [1-15], and it is based on new analogs
of a Wendroff type inequality.

We consider some set D* € R?, where D* = D\ T', D = UDj, j=12..;T =Ty,

J

J

L'y ={(z,9): pj(z,y) =0,j =1,2..}, I'h NIy =2, k=1,2,..;

@;(x,y) are real-valued continuously differentiable functions such that grad ¢;(z,y) > 0, for
all j = 1,2..;

D, = {(x’y): r 20,y > 0,@1(£C,y) < 0}?

Dy ={(z,y): 2 =20,y = 0,05_1(x,y) > 0,0(x,y) < 0,Vk > 2,k € N};

Gp = {(w,v): (z,y) € Dp,0 < u < 2,0 < v < y,p € N}; py, is the Lebesgue-Stieltjes
measure concentrated on the curves {I',}.

Let us consider a real-valued nonnegative, discontinuous, nondecreasing function wu(z,y)
in D*, which has finite jumps on the curves {I';}.

Previous results. Lipschitz type discontinuities.

Proposition 1. Let us suppose that a function u(x1,x2) satisfies the following integro-sum
inequality in D*:

u(zy,x2) < q(z1,22) + g(z1, 22) //G (T, 8)Wu(r,s)] drds +

n—1
+3 [ it adn,, 1)

jzll‘jﬂGn

where q(x1,12) is positive and nondecreasing, g(x1,x2) > 1, Bj(w1,m2) = 0, ¥(1,8) = 0; the
function W belongs to the class ®1 of functions such that:

1. W(oy0o2) < W(o1)W(o2) Vop,02 > 0;
2. W:[0,00[— [0, 00], W(0) = 0;

3. W is nondecreasing.
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Moreover, u(x1,z2) is a nonnegative discontinuous function, which has finite jumps on the
curves {I';}, j = 1,2,....
Then for arbitrary {0 < z; < 00,0 < x9 < 0o}, the following estimate is fulfilled:

s, < s, { //
Ve D;: //

D;
\%4
E /
1

q(1,8)g(T, )] des}, (2)

q(1,8)g(7,s)] drds € Dom(\I’i_l),

1%
def do
' [

C

i

i=1,2,

where

V = (V1,Va), o = (01,02)

ci:<1+ / 5j(w1,m2)9(9€1=$2)du%> { //

iNGn Z+1 \G

and

(1,8)g(7, 8)] des}

Proposition 2. Let us suppose that a nonnegative discontinuous function u(xi,x2), which
has finite jumps on the curves {I';}, satisfies inequality (1), where the functions W belongs to
the class ®1 of functions such that:

1. W:[0,00[— [0,00[ is continuous and nondecreasing;
2. Vt>0, u>=0, t'(W(u) Wt tu);
3. W(0)=0.

If all functions q, g, ¥, B; satisfy the conditions of Proposition 1, then, for arbitrary {0 <
< 21 < 27, 0 < 29 < 25} the following inequality is justified:

w(zi,z2) < q(z1,22)g(z1, 22) ¥ {/ »(T,8)g(T, 8) des} 1=0,1,...,

where

r d
— g
= L =1,2,...
V) /W(O’) ? ) 4y )
C,

’ do
N / W (o) |

Ci= <1+ / Bj(x1,22)g(x1, 22) d,u%> {/ W(r,8)g(T, s) des}

I'iNGrn
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(a],25) =a" = sup{ / (T, 8)g(r, s)drds € Dom(¥; (V)), i = 1,2,...}.
z+1\G
Non-Lipschitz type discontinuities. Let us consider the following inequality:

u(z1,z2) < p(z1,22) +/ f(o1,02)u*(01,02) doydog +

n—1
+ Z / Bj(w1, w2)u™ (21, 22) dpt, - (3)
=lr A6
Proposition 3. If the function u(z1,z2) satisfies inequality (3) with f >0, ; >0, a =1,
m > 0, then the following estimates are valid:

[e.9]

u(zy, z2) < p(x1,22) H / "N @1, 22) B (w1, 22) dptg, X
I=0N G

T T2

X exp [//f(dl,()'g) daldagl, if 0<m<1, (4)
0 0

u(x1, x2) < p(x1, 22 H<1+ / gom_l(ﬁﬂhﬁﬂz)ﬁj(ﬁﬂbxz)d,uga]) X

I ﬁGj+1
1 To
X exp [m /f(al,ag) do, d@] ) if m > 1. (5)
00

Proposition 4. If the function u(x1,x2) satisfies inequality (3) with « =m >0, m # 1 and
the conditions of the above theorem are valid, then the following estimates hold:

u(x1, z2) < p(x1,22) H <1 + / 5j($1,$2)s0m_1(x1,x2) d,u%.) X

j=1

L3NG
T1 T2 1/(1-m)
14+ (1—m) //me_l(al,ag)f(al, 09) dald@] for  0<m<1; (6)
00
u(zy, o) < (1, 22) H<1—|—m ﬁj(xl,xg)gpml(xl,xg)d,u%> X
=! [i0Gj41
oo m—1
X [1— (m—1) [H <1+m / ﬁj(ml,xg)gpml(acl,xg)du@j)] X
B INGj41
T1 T2 1/(1-m)
X //gpm_l(al, o9)f(o1,092) d01d02] for m > 1 (7)
00
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such that
1 X2
1
m?
0 0
(8)

00 ) 1 1/(1—m)
H 1+m / Bi(w1,22)@™ (21, 22) dity; | < <1 + po— 1> .
j=1

LiNGj41

spm_l(o-la 0-2)]0(0-1, 02) dO'ldO'Q <

Proposition 5. Let us suppose that a function u(xy,x2) satisfies the inequality

uw(zy, z2) < P(x1, z2) + g(z1, 22) / (7, s)u™ (7, s) drds +
Gn

n—1
£ [ B wrm) g, (9)
jle]’ﬂGn

where @ is a positive and nondecreasing function, g(x1,w2) > 1, Bj(x1,22) = 0, (7, s) = 0; the
function u(x1,x2) is nonnegative and has finite jumps on the curves I'j, j = 1,2,...; m,n > 0.
With these conditions, the following estimates take place:

u(xy,xe) < ¢($1,$2)g($1,$2)(\1/;1 //D'E(T, s)@m_l(T, $)g" (T, s)drds) (10)

Y (z1,22) € D;: //D'E(T, s)g(t,s)drds € Dom(\Ill._l),

4
\I/Z(V) = /O'_me', C(] = 1,
Ci

C; = (1 + / ﬁi(ﬁvhﬁﬂz)g"(iﬂhxz)@"1($1,€U2)dﬂw> X

inGit1

X \I’;_ll // @(7’, S)Em_l(T, s)g" (7, s)drds |, 1=1,2,...,
Gi+1\G;

where m = 1;

N V) =CiexpV, i=1,2,...;

)

if0<m<1 V(Cﬂl,xQ) € D;:

1

UL V) =(Ci+ (1 —m)V)iom, i=1,2,...;

)

if m > 1,

1

V) =[Ci— (m—1)V] w1, i=1,2,...,

7
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V(z1,72) € D;: // P(r, 8) " (T, 8)g™ (1, s) drds < Cil.
m—

Applications. Lipschitz type discontinuities. Let us suppose that the evolution of
some real processes may be described by hyperbolic partial differential equations with impulse
perturbations concentrated on the surfaces

0?u(zy, 12) B

THL) _ feue), (o) €T,

u(z1,0) = ¢1(x1),

u(0, z2) = ¢2(x2), (11)
$1(0) = ¢2(0),

Au ‘ (1,22)€Ts — / Bi(w1, z2)u(z1, 22)dptg)

IinGn

Here Au{(m a)er; ATe the characteristic values of finite jumps u(z)(x = (z1,22)), when the

solution of (11) meets the hypersurfaces T';: u(x) (N T;.
We investigate equation (11) in the domain D* € R%, which was described in Introduction.
Denote, by ¢(z1,x2) the boundary conditions in (11). Every solution of (11), satisfying the
boundary conditions, is also a solution of the Volterra integro-sum equation:

u(zy, x2) = ¢(z1, 22) //H 7,8, u(T, s) des—i—Z / Bj(x1, x2)u xl,xg)d,u% (12)

I=r0Gn
Let us suppose that
[H (7, 5,u(7,5))| < (7, )W [|u(r, 5)]], (13)
where ¢(1,s) > 0, W(o) € ;.
By using the result of Proposition 1, we obtain the following statement:

Proposition 6. If H(z,u(x)) in (11) satisfies condition (13), then, for all solutions of equa-
tion (13), the following inequality is valid for all 1 > 0, x5 > 0

fu(y, 22)] < |61, 22) { / / W) des} (14)

-1
VreD;: // e W(||é(r, s)|] drds € Dom(¥; "),

where

1% d %1 p
o 01 .
\IIO(Vl):/W(O_)7 \I]Z(VI)Z/W(O_l) 7/:1,2,
1 C;
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ci:<1+ / rrmml,mz)\du@) g [ 2= e \w(rs)\]dnzs).

[iNGiy1 i+1\Gi

By using the result of Proposition 2, we obtain:
Proposition 7. If the function H satisfies (13), where W belongs to the class of functions
®1: W € @y, then all solutions of equation (11) satisfy such estimate:

(1, 22)| < ||$(21, 22)[T; </ »(r, s)d7d5>, Vi=01,...,
D;

where
\% p i d
o — o
V)= v,V)=[| —, i =1,2,...,
1 C1
C; = (1 + / Hﬂz(acl,xg)\d,u(b) i/ (T, 3) des>
I'inGiq1 ,+1\G

Ve: O0<z<z®: af=sup x:/ E(T,s)deseDom(Til),i:1,2,...}.
x

Gir1\G;

From Proposition 3, the next result follows:

Proposition 8. Let us suppose that the following conditions take place:

A) ||H (z1, 22, u(z1,22))| < flx1,22)||u(z1,22)|Y, o = const > 0, where f is a continuous
nonnegative function in Ri.

B) 3M = const > 0: ||[¢(x1,22)| < M. Then, for solutions of equations (11), the following
estimates take place:

1. |lu(zy, x2)| H <1 + / \|ﬁj(a:1,x2)|d,u¢i> exp [//f(al,ag) daldagl,
0 0

= NGy
if a=1;
o0
2. u(er, @) < M] | (1 + / \|ﬁj($1,ﬂ?2)|dﬂ¢i> X
J=1 NGy
1 T2 1/(1-a)
x[14(1— 04)]\40‘_1 //f(al,ag)dald@] , if 0<a<l;
0 0

3. |lu(z1,x2)] H<1—|— \|ﬁj(x1,x2)|dp¢i>{1+(a_1)M0f1 x

I'; ﬁGj+1
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a—1 T1 T2

o “1/(a-1)
X [H<1+ / ||5j($1a$2)|dﬂ¢i>] //f(01,02)d01d02}
j=1 00

FiﬂGj+1

for o > 1 and arbitrary (x1,z2) € D* such that

xr1 T2

o a—1y —1
/f(01702)d01d02 < {(04 - Mot [H (1 + / 18 (@1, z2)] dum)] } :
0iNGji1

0 0 j=1

From Proposition 8, we obtain the following statement:

Proposition 9. Let us consider the following conditions for equation (11):
L |[H (@, w2, u(w1, 22))| < (@, 22) [ulzn, 22)[%;

2. 3M = const > 0 : ||p(z1,z2)] < M;

8. 3, n:
1T (1 + / ”5]‘(1'1,1'2)’d,u%> < € < oo
J=1 NGyt
1 T2

Y(o1,09)dordoy < 1 < oo.
0 0

Then all solutions u(x1,xz2) of equation (11) are bounded for 0 < « < 1. If additionally
0 Ml—a
1+ / 5 T1,T2 d,LL i < T,
13( 18,12l | < o
FiﬂGJ:‘»l

all solutions of equation (11) are bounded also for a > 1.
Holder type discontinuities. Let us consider such problem:

TAoLs) _ po (), o= (@m) €Ty
u(wy,0) = i (1),
u(0, x3) = 1a(22), (15)
Y1(0) = v2(0),
Au|ger, = / Bi(x)u™ (x)dpg,, m > 0.
IinGn
In (15) we suppose that the boundary conditions v (z1,x2) are bounded, i.e.
|t(x1,22)| < M = const < oo,
and F(x,u) satisfies the estimate:
[F(z,u)| < f(21, 22)|ulzr, 22)|% (16)

with f > 0, @ = const > 0.
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By using Propositions 3 and estimates A)-D), we obtain the following statement:
Proposition 10. Let us suppose that, for problem (15), the assumptions in Introduction about

curves I';, domains By, Gy and functions ¢y are valid. Moreover, let F' satisfy inequality (16).
1. Then the following estimates take place:

A a=1, m<1l =

= |u(x1,z9)| H(l—i—Mml

’ﬁ;(xlaxQ)’dlu'st> exp [//f(m,az)dmd@],
0

NGy 0

~ x1 o
= |u(x1, z2)| H <1 + Mt / 1857 (21, 22)] d,u%) exp [m//f(al,ag)dald@],
J=1 NGt 0 0
CY 0<a=m<1 = |u(xy,xs)] <M1—[<1—1—]\4m_1 / \5;(m1,x2)\du¢j) X

i=1 iNGj41
T1 T2 1/(1=m)
1+ (1—m)Mm1 //f(al,ag)daldag ,
0 0

D) a=m>1 = |u(z,z)| < MH(l +mM™! / |ﬁ§*)($1,$2)|dﬂ¢j> X

j=1

LiNGj41
. m—1
X [1 —(m—1)M™! [H<1+mMm—1 |ﬁ;(az1,x2)|du¢j>] X
=1 TNGjp1
T1 T3 —1/(m—1)
X f(o1,092) d01d02] ,

0 0

for all 1, x5 > 0:

xr1 T2

//f 01,02) dordoy < Mm — (17)

00 1/(1-m)
H<1+mMm—1 / |ﬁj’»‘(:ﬂ1,x2)|du¢j> <1+%1> . (18)

- LiNGj41

II. All solutions u(xy1,x2) of (15) are bounded in cases A')-C') only if the values

T1 T2

ﬁ<1+ / W?W:“w)a O/O/f(gl,az)dglddz

B LiNGjt1
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are bounded. Referring to case I'), (17), (18) guarantee conditions of boundedness for all solutions

of (15).

10.

Borysenko S. D., Piccirillo A. M. Impulsive integral inequalities: applications. — Caserta: Lunaset, 2011. —
150 p.

Borysenko S. D. On some generalizations of the Bellman—Bihari result for integro-functional inequalities
for discontinuous functions and their applications // The nonlinear Analysis and Applications 2009. —
Materials of the Int. sci. conf. (April 24, 2009, Kyiv). — Kyiv: NTUU “KPI”, 2009. — P. 83.

Borysenko S. D., Piccirillo A. M. Impulsive differential models: stability. — Caserta: Lunaset, 2013. — 130 p.

. Gallo A., Piccirillo A. M. New Wendroff type inequalities for discontinuous functions and its applications //

Nonlinear Studies. — 2012. — 19, No 1. — P. 1-11.

Borysenko S. D., Ciarletta M., Iovane G. Integro-sum inequalities and motion stability of systems with
impulse perturbations // Nonlinear Analysis. — 62. — P. 417-428.

Borysenko S. D., lovane G. Integro-sum inequalities and qualitative analysis of dynamical systems with
perturbations. — S. Severino: Elda., 2006. — 180 p.

Borysenko S. D., Tovane G. About some integral inequalities of Wendroff type for discontinuous functions //
Nonlinear Analysis. — 2007. — 66. — P. 2190-2203.

Borysenko S. D., Iovane G. Differential models: dynamical systems with perturbations. — Rome: Aracne,
2009. — 280 p.
Borysenko S. D., Iovane G., Giordano P. Investigations of the properties of motion for essential nonlinear

systems perturbed by impulses on some hypersufaces // Nonlinear Analysis. — 2005. — 62. — P. 345-363.

Piccirillo A. M., Gallo A. About new analogies of Gronwall-Bellman—Bihari type inequalities for disconti-
nuous functions and estimated solution for impulsive differential systems // Ibid. — 2007. — 67, No 5. —
P. 1550-1559.

11. Gallo A., Piccirillo A. M. About some new generalizations of Bellman—Bihari results for integro-functional
inequalities for discontinuous functions and their applications // Ibid. — 2009. — 71. — P. 2276-2288.

12. JTovane G. Some new integral inequalities of Bellman—Bihari type with delay for discontinuous functions //
Ibid. — 2007. — 66. — P. 498-508.

13. ITovane G., Borysenko S.D. Boundedness, stability, practical stability of motion of impulsive systems //
Proc. DE&CAS. — Brest, 2005. — P. 15-21.

14. Mitropolsky Yu. A., Borysenko S. D., Toscano S. Investigations of the properties of solutions of impulsive
differential systems in the linear approximation // Reports of the NAS of Ukraine. — 2007. — No 7. —
P. 36-42.

15. Mitropolsky Yu. A., Iovane G., Borysenko S. D. About a generalization of Bellman—Bihari type inequalities
for discontinuous functions and their applications // Nonlinear Analysis. — 2007. — 66. — P. 2140-2165.

NTU of Ukraine “Kiev Polytechnical Institute” Received 12.06.2012

Second University of Naples, Italy
University of Salerno, Italy

C. 1. Bopuceuko, M. HapJaerra, 2K. IoBane, A. M. Iliuipinmo, B. Sammoosri

IMmnynbcHI yrrpaB/iiHHS TinepOOJiYHUMU PiBHIAHHAMU

Poszeasrymo wosi ananoeu wepienocmets Bendpoga oas pospuenux dyrruit. ocaidoceno enaiug
IMNYABCHO20 30YpeHHA Ha MOBEAIMKY PO36 A3KIE 2INePOONIUHUT DIBHAHD 3 HEATHITHOCTAMY AK
NMNWUUCB020 MAK 1 2eA50€P0B020 TAPAKMEDY.
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C. . Bopucenko, M. Hapaerra, 2K. UoBaue, A. M. Iluuyupusio, B. 3amnosnu

NMmnynbcHoOe ynpaBiieHUE TAepOoIMYecKNMI yPaBHEHUSIMU

Pacemompenwv, nosvie ananozu nepasencmes Bendpoga dan paspusnvix gynrkuyuti. Hceaedosarno 603-
deticmeue UMNYALCHOLT GO3MYWEHUT Ha NoGedeHue PeweHull 2unepbosuNeckur ypashenutl ¢ re-
AUHETHOCAMU KAK AUNUULEBO20 MAK U 2eADIEPOBO20 TAPAKMEDQ.
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