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Hoge npencrasnenns Teopemu Jlarpanxa
y nudepeHIITHOMY YUCIICHH1

It is found a new representation of the mean value Lagrange’s theorem in the differential calculus. Any
function increment can be expressed through the derivatives in the ending points of a given closed interval.
Mean values of the Lagrange derivative and our theory derivative are coincided, but the middle points are
different. Our theory allows easily find the middle point and it is not so easy according to Lagrange’s
theorem. Furthermore, our theory makes it possible to formulate the second mean value theorem in integral
calculus, as it is a consequence of differential theorem.
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B craree copmynrpoBaHO HOBOE TPECTABIEHHE N3BECTHOM TeopeMbl AU hepeHIINaTBLHOT0 HCUNUCICHUS O
cpenreM — TeopeMsl Jlarpamxka. [IpupaiieHue (yHKIIMA BBIPaXCHO Yepe3 MPOU3BOIHBIC B KOHIICBBIX TOUKAX
OTpE3Ka. Ilo Benuuune Cpe€aHCC 3HAYCHHC HpOPI3BOI[HOI>i 1o J'Iarpachy M 110 HaIleu TEOpUH COBHANAAIOT,
OJHAaKO HC COBJIAJalOT CPECAHHUC TOYKHU. Hama TCOpPUA MO3BOJIACT JICTKO ONPCACIUTL CPEAHIOKO TOYKY, YTO
3aTpyJHHUTEIBHO B Teopeme Jlarpamwka. Kpome Toro, Hamia Teopust JaeT BOSMOXKHOCTH C(OPMYIMPOBATH
BTOPYIO TE€OpEMY O CPCAHCM B HHTCIPAJIbHOM MCUHUCICHHH, TdK KaK OHa SABJACTCA CJIICACTBUCM Z[I/I(l)-
(hepeHIaTBHON TeOPEMBI.

KaroueBble ci10Ba: MeTouKa, TeopeMa, cpeiHee 3HaueHne, GyHKIUs, HHTErpall, MpOou3BOIHAs,
Teopema Jlarpanka.

VY crarTi copMyIIbOBaHO HOBE MpEJCTABICHHS BIIOMOi TeOpeMH y AUQEpeHIIHHOMY YHCIIeHHI TIPO CEpeHe —
teopemu Jlarpamka. [IpupomieHHs QyHKINT MPEeICTaBICHO Yepe3 TMOXifHI y KIHIIEBUX TOYKAaX BiJPi3Ky.
CepemHe 3HaYCHHS TOX1IHOT M0 JIarparxky 1 HAIIOI TeOpii CIiBMAAAI0Th, aJic HE CIIBIAAI0Th CEPEIHI TOYKH.
Hama Teopist 103BoMsie 3HAWTH CepeiHIO TOUKY, IO Ba)KKO 3poOMTH Ha mijcraBi Teopemu Jlarpamka. Kpim
TOrO, Hallla TEOpEMa JIa€ MOMJINBICTh CHOPMYIIIOBATH TEOPEMY PO CEPE/IHE Y IHTErpaIbHOMY YHCIIEHHI, 60
BOHA MPOCTO € HACTIAKOM JudepeHIlialbHOI TEOpEMHU.

Karwouosi ciioBa Meronuka, Teopema, cepeiHe 3HaUYeHHS, PYHKILS, iHTerpa, MOXiaHa,

Teopema Jlarpanka.

Introduction

Lagrange’s mean value theorem establishes a relationship between the increment of the
function on the interval and its derivative at some midpoint of a given segment. This relationship
is given by the formula (2) [1-3]. An important feature of this theorem is an analogue in integral
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calculus, which is called the first mean value theorem. In the integral calculus there is a second
mean value theorem, but there is no such analogue in the differential calculus. This "injustice"
can be eliminated, when Lagrange’s theorem is formulated in terms of derivatives at the segment
endpoints.

1 The Formulation and the Proof
of the Main Mean Value Theorem

The Main Mean Value Theorem. Let a function y = f(x) satisfies the following con-
ditions: 1) it is continuous on a segment[a, b], 2) it is differentiable on the interval (a,b) and has
a finite one-sided derivatives f'(a+0) and f'(b—0), 3) the derivative f'(x) is monotonic on
the interval (a,b) . Then there exists a unique point & € (a,b) for which takes place the equality

f(®)= f(a)= f'(a)—a)+ f(b)(b-E). €]
Proof. Consider the simplest case, when the derivative does not change its sign on the
interval (a,b) (Fig. 1). Figure 1 shows, that by virtue of monotony of the derivative f”(x), the
inequality g4 <tga <tgB takes place. If we multiply it by the difference (b—a)and take
into account zga(b—a)= f(b)— f(a) , we will obtain cg < f(b)— f(a)<cf . By virtue of a
continuity of the function f(x) the sum fk + eh accepts a number of continuous values from
cg up to ¢f , and therefore there is such point &, for which the equality fk +eh= f(b)— f(a)
takes place. As far as fk=tgd-((—a)= f'(a)((—a) and eh=tgB-(b—&)= f'(b)(b-&)
the formula (1) takes place. The third condition of this theorem guarantees uniqueness of
the point & .

Figure 1 — A geometric method for proving the theorem, 4 = ZgAc, B = ZeBh

The second geometrical way of the proof of the theorem is easier than the first one.
We shall divide both parts of equality (1) into the difference (b—a) and we shall enter a

parameter tzi_a,where 0<t<1: W:f’(a)t+f’(b)(l—t), 0<t<l.
—a —a

Taking into account the geometrical meaning of a derivative, we obtain the equality
tga =tgA-t+1tgB-(1—1t). It is necessary to consider an inequality 14 < tgax < tgB, which
is provided with monotony of the derivative f'(x) . Existence of the point £ follows from

Weierstrass theorem [2] according to which continuous function on a segment has a
continuous number of values between f(a) and f(b).
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2 The Formulation of Lagrange’s Theorem
and Compare it With the Main Mean Value Theorem
Lagrange's Theorem. Let a function y = f(x) satisfies the following conditions: 1) it is

continuous on a segment[a,b], 2) it is differentiable on the interval (a,b) . Then there is a point
& e(a,b), for which there is the following equality

f(®)=fa)=f'(E)b-a). ()
When comparing equations (1) and (2) we obtain
fl@)é—a)+ f'(b)(b-&)= f'(u)b-a). 3)

Note that these two theorems midpoints are different, i.e. &# y . Let's find a
function for which the points & and u will coincide. If in the formula (3) to take & =
you will get a simple differential equation

fl@)é—a)+ f(b)(b—-&)= f'(E)b—-a)
After integrating it with the variable £ we obtain
1) = f(@)=f'(b) & f(a)a~f'(b)b )
b—a 2 b—a

This is parabola, whose derivative is a linear function. From our theorem easily there

is the point & :
£= f) =@+ f(@a-fB)b
(@)= f'(b)

Note that by Lagrange's theorem it to make much harder.

From here the important application of our theorem follows. In the discrete
mathematics nodes, values of functions and its derivatives are set discretely. By Lagrange's
theorem discrete function needs to be approximated by a smooth function, as a rule, a
polynomial [4]. According to our theorem midpoints are calculated by the formula (4) and
it does not run any questionable approximations in the form of polynomials.

Example: y=4x"+3x-5, xe(1,3).

Find the point u by Lagrange’s theorem: y(1)=2, y(3)=40, y'=8x+3,

(4)

¥3)—y(1)=38, y“g‘ly(”:m, V) =80 +3, 8 43=19 = =2 .
By our theorem it is calculated by formula (4): y'(1)=11, y'(3)=27.
é:_f(3)—f(l)+f'(l)—f'(3)3:40—2+11—81 _5
S M=-1'03) 11-27 '

This example demonstrates the coincidence of midpoints for the parabola by Lagrange and
by our theory.

3 Roll’s And Cauchy’s Theorems in the New Edition

Roll’s Theorem. Let a function y = f(x) satisfies the following conditions: 1) it is

continuous on a segment[a,b], 2) it is differentiable on the interval (a,b), 3) the derivative
/f'(x) is monotonic on the interval (a,b), 4) f(b)= f(a). Then there exists a unique point
& e(a,b) for which takes place the equality

f(@(E-a)+ f(b)(b-&)=0. )

«IITyyHuii iHTENEKT» 2014 Ne 2 131



Mironenko L.P., Petrenko L.V.
5M
If to take into account f(b)= f(a), then the formula (5) follows from formula (1).
The expression for the pointé = f JE'CE)C; _; ,Ez;b is followed from the formula (5). The same
a)—

expression can be obtained from the formula (4), provided that f(b) = f(a).
Cauchy’s Theorem. Let functions y = f(x) and g(x)satisfy the following condi-
tions: 1) they are continuous on a segment[a,b], 2) they are differentiable on the interval (a,b),
3) the derivatives f'(x) and g'(x)# 0are monotonic on the interval (a,b). Then there exists a
unique point & € (a,b) for which takes place the equality
f()=1(@) _ fla)E-a)+ [ (B)b-E) ©
gb)-gla) g'a)é-a)+g'(b)b-$)
Proof. In the proof we use the method of undetermined Lagrange’s multiplier [1]. Let
us introduce an auxiliary function F(x)= f(x)—Ag(x)and find the uncertain factor A to

run the condition of Roll’s theorem: F(b) = F(a). We will get

F(b)-2g(b) = f(a) - Agla) = A=T D =S (@)
g(b)—g(a)

According to Roll's theorem there is a point £, for which takes place

Fl(a)(§-a)+F'(b)(b-£)=0

(7

or
(f'(@)-2g @)E—a)+(/'(b) - 2g' () (b~ &) =0.

Taking into account the expression A (7), after simple transformations we obtain the

formula (6).

4 Simple Application of our Theory
is the Second Integral Mean Value Theorem

If we apply the formula (1) to the case when the function f(x) acts as its antiderivative,
ie. F'(x)= f(x) ,then we immediately get the integral analogue of our theorem

f f(x)dx=f(a)E—a)+ f(b)b-E).

This is so-called the second mean value theorem of integral calculus. Its generic
equivalent is obtained by presenting this formula in the form

[ " F(x)dx = £(a) f dx+ £ (b) L " dx

and replacing the integral measure dx — dG(x) = g(x)dx [5]. Thus, finally, we obtain
b & b
[ F@z@d= 1@ g@de+ £ )], gl
Conclusions

The formula (2) is not the unique form of representation of Lagrange's theorem. The
variant of representation of an increment of a function through its derivatives at the endpoints of
a segment in the form of the formula (1) is possible still. Such formulation of Lagrange’s
theorem does not replace it, but even more expanding its capabilities. For example, the article
provides an example of application of the formula (1) in the integral calculus - it is a relatively
simple formulation of the second mean value theorem.
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RESUME
L.P. Mironenko, LV. Petrenko

A New Representation of Lagrange’s Theorem
in Differential Calculus

Background: in the integral calculus there is a second mean value theorem, but there is no
such analogue in the differential calculus. This "injustice" can be eliminated, when
Lagrange’s theorem is formulated in terms of derivatives at the segments endpoints.
Materials and methods: we used methods of differential calculus, derivative geometric
meaning, the notion of arithmetic mean value and weighted mean value, uncertain
Lagrange’s multipliers.

Results: the main result of the paper is the wording of the new mean value theorem in
differential calculus, which in turn gives rise to a number of theorems analogues of Rolle
and Cauchy. Classical Rolle's, Lagrange’s and Cauchy’s theorems are based on the concept
of'a usual mean and arithmetic mean values. The new theorems are based on the concept of
the weighted mean value.

Conclusion: it is found a new representation of the mean value Lagrange’s theorem in the
differential calculus. The change of any functions is expressed in the terms of the
derivatives at the end points of a given closed interval. Mean values of the function are
coincided for both theories, but the midpoints are different. Our theory allows find the
midpoint easily. Such possibility is absent in Lagrange’s theorem. Besides our theory is
fundamental for the second mean value integral theorem.
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