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['pannyHa o3Haka MUPOHEHKO /1JIsl YUCIIOBUX Ta CTEIICHEBUX PSiJIIB

The report describes the derivation and application of Mironenko’s test for series with positive terms.
Mironenko’s test has the same limitations that have d'Alembert's ratio test and Cauchy's radical test. But in
practical sense Mironenko’s test has some advantages, moreover, it can be used for power series research.
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B cratbe omuceiBaeTcs BbIBO/] U MPUMCHCHUEC MTPU3HAKA MPIpOHeHKO U1 psAAOB € TTOJIOKUTEIIbHBIMHA YJICHAMM.
HpI/I3HaK MHpOHeHKO HUMECT TC KC OrpaHUYCHUS, UYTO U IMPHU3HAK I[anaM6epa n pa)II/IKaJII)HHﬁ TNpU3HAK Komm.
OZ[HaKO B MPAKTUYCCKOM CMBICIIC IPU3HAK MI/IpOHeHKO HUMECT pAJ NMPEUMYIICCTB U, KPOME TOI'O, OH MOXET OBITE
HCIIOJIB30BaH IPU UCCIICAOBAHUN CTCIICHHBIX PSAJIO0B.

KuroueBsble ciioBa: psiji, npeaeibHbINA MpU3HAK, pu3Hak Jlamamobepa,
paauKansHbI npusHak Komw, mpenen.

VY cTatTi ONMHUCY€ETHCS TOXOMKEHHS 1 3aCTOCYBAHHS 03HAKM MUPOHEHKO VIS PSIIB 3 MO3UTHBHUMU YICHAMHU.
O3Haka MUpPOHEHKO Ma€ Ti )X 00MEKEHHsI, sIKi MalOTh 03Haka JlaimambOepa Ta panukanbpHa o3Haka Komri. Aue
B MPAKTHYHOMY CEHCI TecT MUPOHEHKO Mae jeski nepeBaru. Kpim Toro, BiH Moxe OyTH BUKOPHCTaHHMA JUTSI
JTOCTIPKCHHS CTCTICHEBUX PSIIIB.

KurouoBi ciioBa: psist, rpaHrdHa 03Haka, o3Haka Jlanamoepa, paaukansHa o3Haka Kori, Mexa.

Introduction

Tests of the convergence of series with positive terms such as Cauchy’s and
D’alembert’s tests are usually applied to quickly converging series. In the limit form for

any series z:ozlun , u, >0 these tests can be written down in the forms of inequalities:
lim4/u, <1, u, 20 ,
n—x0
1 u +1
lim %<1, u,>0.
n—>0 un
The first inequality is called Cauchy’s radical test, the second one is D’alembert’s test. For
both tests the sign of equality means uncertainty in a question of convergence of the series.

1 Mironenko’s limit comparison test for series with positive terms

Mironenko’s limit comparison test for series with positive terms is the union of
d'Alembert's ratio test and Cauchy's radical test [1].
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It can be obtained by using arguments similar to d'Alembert's ratio test or Cauchy's
radical test. We will proceed accordingly and show that d'Alembert's ratio test and
Cauchy's radical test are followed from Mironenko’s test.

We consider the series with positive terms Zw_lun and compare it with the

geometric progression series Zw_lq”, which converges when ¢ <1 and diverges when
g >1. Assume that inequality u, <g" is satisfied for all » or starting with some arbitrary
number N, . In consequence of continuous and monotonic increase of the logarithmic

function Inx when x >0 we have the inequality Inu, <Ing" =nlng=np, p=Ing.From
the last inequality we have got

n<p. (1)

Remark. According to the comparison test of convergence for series with positive

. In
terms, if ty

> p=1Ing, g >1, then series Zw_l u, diverges.
When n — oo, then according to the necessary comparison test for series with
positive terms we have u, — 0 or Inu, - —oo. This means that under the limit sign the

uncertainty {OO} takes place and all conditions of L'Hospital’s rule are fulfilled:
o0

tim %) 00 ) = p. @)
n—o0 n n—0
So we have came to the equality
lim(inu, ) = p, 3)

n—0
which expresses Mironenko’s limit test: if p <0, then the series Zw_lun converges, if

p > 0, the series diverges, and finally if p =0, the test can not answer the question of the
series convergence.
Cauchy's radical test follows from the inequalities (1) taking into account the remark
My g = Infu, <ng=1u, <q
n
and applying subsequent transition to the limit at n — .
If there be given the limit [2]

’lii_)rg" u,=q, u,>0

and ¢ <1, then the series Z:O:l u, converges, if g >1, the series diverges, and finally if

g =1, the test can not answer the question of the series convergence.

!

Let us use Mironenko’s limit test in the form lim —* = p to derive d'Alembert's ratio test.

n—o 1y
n

At large value of n the derivative can be represented as u,,, —u, or u, —u, ,. In any
of these embodiments we can get d'Alembert's ratio test.
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Substitute this expression in the previous inequality and we obtain

lim 22 =% = = lim % = 14 p wm lim P = p = fim et =1 p,

n—0 n—0 n—% n—w
u, u, u, u,

We can demonstrate on simple examples the advantages of Mironenko’s test in
comparison with d'Alembert's and Cauchy's tests.

1. The test convenient to use when the general term of the series has a lot of factors.
Due to the properties of the logarithmic function multiplication and division are converted
to the sum and difference, which is convenient to compute the derivative.

Example 1. Need to establish convergence or divergence of the series

zoo (n+2)In(n+1)
=S 4 345

Here Inu, = 1n(n+2)+1nln(n+1)—(n+3)ln2—;ln(n2 +3n+5)

' 1 1 2n+3 . ' .
(Inw,) _n+2+ln(n+l) In2 m, Llig(lnun) =-In2<0. The series
convergence.

2. Test can be used when the general term has the factorial function n!. At large n
possible to use asymptotic formula for the derivative of the function n!: (n!)' =n!lnn. This
formula allows to apply test to Cauchy's series as well as d'Alembert's series which contain
as multipliers factorial function.

: . ) © e
Example 2. Need to establish convergence or divergence of the series E o
n=l p
Here Inu, =Ine" —Inn!=n—Inn!,

nllnn

(Inu, )’ =1- =1-Inn, lim(Inu, )’ =—o0 > (. The series convergence.

3. Test can be used to power series without distinguishing if series refers to
d'Alembert's ratio test or Cauchy's radical test.

Example 3. Need to establish the radius of convergence of the power series.
2n
Y

e 3n3 [p2 3,050
Here Inu, =In x*" —(n+3)1n3—;1n(n2 +3n+5),

2 2
(inw,) =2t ~tn3—— "3 fm(nw) =2l ~In3 = <0= <1 The
20 +3n+5) o 3 3

radius of convergence is —-/3 <x</3.

. x2n71

=t (2n)!

Example 4. Need to establish the radius of convergence of the power series. Z

Here Inu, =Inx*" —In(2n)!= (2n—1)In|x| - In(2n)!,

(In un)’ =2Inlx - (((22’1))!')’ =2Injx—In2n, lim(inu, )’ =—o00< 0 The radius of convergence is
n)! n—0

—0 <X <+00.

98 «/ICKyCCTBEHHBIN MHTEIUIEKT» 2014 Ne 2



Mironenko’s Limit Test for Numerical and Power Series 4K

4. Mironenko’s test has the same limitations that have d'Alembert's ratio test and
Cauchy's radical test.

n

Example 5. Need to establish convergence or divergence of the series z -
=l ple”
!

Here Inu,=nlnn-nlne-Inn!, (lnu) Inn+1-1- (n ')—0 lim(lnun)’:O. Test can

n! n—0

not answer the question of convergence of the series.

Conclusions

1. Mironenko’s limit comparison test for series with positive terms is obtained. The
test has the same opportunities as d'Alembert's ratio test and Cauchy's radical test, but it
has some advantages in comparison with them.

2. d'Alembert's ratio test and Cauchy's radical test are follow from Mironenko’s test.

Appendix. Calculating the derivative of n! we will proceed from the Stirling's formula

1 1 139
n!=~2mnn"e™ + + +o(n™) |,
( 12n  288n*>  51840n° ( )j
which confine only a first approximation. Need to logarithm and differentiate

Inul=In~+27mn +Inn" +Ine™” +ln(l+%].
n

We assume approximatione In(1+1/ 12n) ~1/12n, when

1 1 ! 1 1
nu!=n\V27r +—Inn+nlhn-n+—1, (Inn!) =lhn+—-—,
2 12n (in) 2n  12n°

. ' 1 1
Finally, (n!) =n!|Inn+——-——| ~ n!ln
) ”( ST TIETFE Pelioa
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RESUME
S.V. Kaida, L.V. Petrenko, L.P. Mironenko

Mironenko’s Limit Test For Numerical And Power Series

Background: Mironenko’s limit comparison test for series with positive terms is the union
of d'Alembert's ratio test and Cauchy's radical test.

Materials and methods: Methods of differential calculus, L'Hospital’s rule, arguments
similar to d'Alembert's ratio test and Cauchy's radical test were used in the paper.

Results: One more limit comparison test for series with positive terms is obtained.
Conclusion: Mironenko’s limit comparison test for series with positive terms has the same
opportunities as d'Alembert's ratio test and Cauchy's radical test, but it has also some advantages
in comparison with them.
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