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[TapameTpryHi piBHSHHS IJIOIIMHU 1 3aBAAHHS OTIUCY

3
IJIOCKUX KPUBUX Y npocTopi R

The aim of this article is the application of the parametric equations of the plane for the description of plane curves in
3
space R . It is found a simple way of parameterization of the plane, which allows you to enter a local coordinate

3
system on the plane in space R . In this local coordinate system of equations of plane curves look easy. In the paper
we consider the parameterization of the plane lines on the example of second-order curves. This view may be useful
for analytical geometry and mechanics.
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Hem:ro CTaTbU SBJIACTCA MPUMCHCHUEC MTapaMETPUICCKHUX ypaBHeHI/Iﬁ TUTOCKOCTH IJIs1 OMUCAaHMA TUIOCKUX KPUBBIX B

3
npoctpanctee R . Haiien mnpocToif croco0 MapamMeTpu3ali IUIOCKOCTH, KOTOPBIA MO3BONSET BBECTH
JIOKAIBHYIO CHCTEMY KOOpPJMHAT Ha IUIOCKOCTH. B Takoil JIOKaIbHOM cHCTeMe KOOPAMHAT YPAaBHEHHS TUIOCKHX
KPUBBIX BBINISIIAT MPOcTo. B nanHON pabote paccMOTpeHa napaMeTpH3anus IUIOCKUX JIMHUHA Ha ImpuMepe
KPUBBIX BTOPOTO IMOPSJKA. JTO IPEICTaBIeHHE MOXKET OBITh IMOJIE3HBIM IPIsl PEelleHus 3a/ia4 aHATMTHYECKON
T€OMETPHUH, MEXAaHUKH.
KiroueBsble cj10Ba: MI0CKOCTh, KPUBAsl, TAPAMETPUUECKUI, HOPMAJIIBHBII BEKTOD,

IJIOCKad JIMHUA, CHCTEMAa KOOPpAUHAT.

3

MeTor0 CTaTTi € 3aCTOCYBaHHS MApaMETPHUYHKX PiBHAHB IUIOUTMHH JUTS OMHCY IUIOCKMX KPHBHX y TIpocTopi K .
3HalifeHo pocTHi crocid nmapaMeTpu3antii TIOMIMHY, SIKUH T03BOJISIE BBECTH JIOKAJIBHY CHCTEMY KOOPJIMHAT Ha
TUTOLIMHI. Y IiH JIOKANBHIM cHCTeM] KOOPAWHAT PIBHSHHS IUIOCKMX KPUBHX MAlOTh MPOCTHI BUTIISA. Y poOoTi
PO3IVIAHYyTa MapaMeTpU3allis IUIOCKHX JiHII Ha NpUKIaAl KpUBUX APYyroro nopaaky. Lle nmomaHHs Moxe OyTu
KOPHMCHUM JIJIsl BUPIILICHHS 3aBJJaHb aHAIITHYHOI T€OMeTpil Ta MEXaHIKH.

Karouosi cjioBa: miomuHa, KpuBa, NapaMeTpUIHUN, HOPMAJIBHUHI BEKTOp, IJIOCKA JIiHIS,
CUCTCMaA KOOpAWHAT.

ISSN 1561-5359 «IITyyHuii iHTENEKT» 2013 Ne 4 75



Petrenko 1.V., Mironenko L.P.
2P -

Introduction

The parametric equations of the plane are practically not used in the course of analytic
geometry, but are one of the important methods of analytical description of the plane. The
matter is that in analytical geometry exists, at least, five various representations of a plane,
each of which solves the certain problems [1-4].

Using the equation of a plane passing through three given points make it easy to formu-
late and solve the problem of the parameterization of arbitrary plane. This problem is a particular
case of the parameterization of a smooth surface of arbitrary shape in space R " In general,
this problem is discussed in the section of differential geometry involving apparatus of differen-
tial calculus [5-6].

In turn, not involving such complex concepts as the first, second quadratic forms, the
description of plane curves in Cartesian coordinates can be solved by means of vector algebra.
This approach is made available to a wider audience, not only for specialists in differential
geometry.

The aim is a simple way of introducing the parametric equations of the plane and the

parametric method of describing plane curves in space R . This paper gives examples of
second-order curves. Their description in the local coordinate system is very simple. Their
equations have the canonical form.

1 Parametric representation of the equation of a plane

The parametric equations of the plane are most easily obtained from the equation of
the plane through three given points that do not lie on a straight line

M, (x%,,Y01,2,), M (%, 1,2,), M3(X5,5,23).
Let the point M (x,),z) be an arbitrary point in the plane. Then three vectors are coplanar (Fig.1).
MaM = {x _xaﬂy _yoﬂZ _Zr)}

M()Ml = {xl_xaﬂyl_yaﬂzl_za}
M,M, = {xz X2 V2T Vo2 _Z()}

X

Fig.1 — Derivation of parametric equations of the plane

The mixed product of any coplanar vectors is zero, ie. M,M-M M, xM M, =0.
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Using the coordinates this condition can be written as the determinant
X=X, y=y, z—z,
X=X, »w-y, z-z|=0-

[

x2_'xn yZ_yn ZZ_ZU

Let us denotes, (/,,m;,n) = (X, =X,, 1 = Y5521 = 2,) 5 $,(L,my,1)) = (%, = X551, = ¥,,2, = Z,) -
According to the notation, we write the determinant

X-x, Y-y, Z—2Z

o

A m, n |=0 (1

o

Equality to zero of a determinant means, that its lines (or columns), and in this case
lines, are proportional. This fact means, that, for example, the first line of a determinant (1)
is a linear combination of the other two with some coefficients « and S

x —x,=al+pl, x =x,+al + pl,,
y _yozaml+ﬁm27:> y :y0+aml+ﬁm27 (2)
z —z,=an + Bn,. z =z, +an + PBn,.

In the vector form we have the simple equality

r=r,+oas,+pfs,. 3)
Here o and S are parameters of the plane, and the equations (2) and (3) are called the para-
metric equations of the plane.

2 The geometric meaning of the parametric equations
of the plane

Explain the geometric meaning of the parametric equations of the plane. For this we
construct vectors s, and s, in the plane P and take into account that the point M, corresponds

to the value of parametersar = S =0.If a = f =1 the point M, is at the top of the parallelogram
formed by the vectors s, and s, (Fig. 2). The further scenario consists in that, at the any fixed
values of parameters @ and 3 vectors 8, and §, are “extended” accordingly in « and B ti-
mes (ifa >1, f >1) or “shortened” ina and [ times (ifa <1, B <1), and directed opposite
at negative values of parameters o <0 u £ <0. Since the values of the parameters —oo < @ <

and —o < f# <o are independent from each other, then the vectorr runs through all points
of the plane P .

£S5 =81+ 58,
M

S, 45,

M, %1 M, s 1

Fig. 2 — Geometrical meaning of the parametrical equations of a plane
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From the above arguments follows, if parametersa and  will be connected among
themselves by functional dependence the vectorr will describe some flat line Z on the plane P .
Let's consider the simplest case when parameters are equala = f =t . The equation (3)

will become
r=r,+st, S=§,+8,. 4)
These are the parametrical equations of the straight line which is passing through the
point M with the directed vectors =s, +s,. Let's pay attention to the vectorss, ands,, which

allow you to orient any straight line in a plane in any desired direction.

. . . 3
3. Parametric representation of plane curves in space R

A choice of the vectors s, and s, is simple. They should not be collinear.

It is convenient to choose vectors s, and s, perpendicular each others, L s, . In that case,
2 2 2 2
for example, the ellipse equation x_z + ;;—2 =1 willbe X+ __1. Let’s consider a parametrical
a

2 2
s s
form x = |s1|cost, y= |s1|sin t, 0<¢t<2rx . Using (3), we find representation of an ellipse

centered at the point M, and semi axes |s1| =a,

s2| =b and the normal vector n=s, xs, in the

spaceR’.
r=r,+eacost+e,bsint, (5)

where e, =s,/|s,| - e, =s,/|s,| are mutual perpendicular unit vectors.
1 1 1 2 2 2

n Ss

< P

, M,

2]

X

Fig. 3 — Presentation of an ellipse in space

Here are more examples of other second order curves. Parameterize the equation of
2 2

the hyperbola x_2 —% =1 believing a = |s1
a

, b:|s2| and x:|s1|cht, y:|s1|sht, —00<f<00.

As a result we have
r =r, +eacht +e,bsht, (6)

In the case of a parabola y2 =2 px suppose X = gtz,y = pt.

r:ro+e1§t2+e2pt. (7)
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In the polar coordinate system x = p cos ¢, y = psin ¢, therefore

r=r, +p(¢)(e,cosp+e,sing) @®)

Put the point M | in the right focus curve of the second order (ellipse, hyperbole or parabola).

Then the equations of curves of the second order in the polar coordinate system will be

of the form
r=r, +L(e1 cos @ +e,sin @), 9)
I—gcose
where ¢ is the eccentricity of a second order curve. At & <1 we have an ellipse, at & >1 -
the right branch a hyperbole (for the left branch of a hyperbole in the general equation (8)

-p

), at € =1 we have a parabola, p is the parameter of the curve
I+ecosep

should be put p =

of the second order (9). In particular, the equation of a circle of radius R is obtained from
the general equation (8) if weset p=R.

r=r, +R(e,cosp+e,sing).

4 Other representations of parametric equations of the plane

Let's build a local basis of mutually perpendicular unit vectors e, and e, on a given plane.
Then equation (3) takes the form

r=r, +ae, + fe,. (10)

The scalar multiplication of the vectors e,,e, is satisfied to the equalities e, -e, =0
ande, -e, =e,-e, = 1. Then the scalar multiplication of the vectors e e, by the equation (10)
gives the system of the equations

e-(r-r)=«a
e, (r-r,)=p.

We summarize both equalities and denotecr + 8 =¢. Then we get a one-parameter
vector equation of a plane(e, +e,)-(r—r,)=¢, which corresponds to a family of the
parametrical equations of straight lines in the perpendicular direction to the vectore, +e, .

Vector multiplication of the vectors e,,e, is satisfied to the equalities e, xe, =e, =n

ande, xe, =e, xe, =0. Then the vector multiplication of the vectors e,,e, by the equation
(10) gives the next vector system of the equations

e x(r-r)=-om
e,x(r-r,)=/n

We summarize both the last equalities and denote—a + 8 =¢. Then we get another
one-parameter vector equation of a plane (e, +e,)x(r—r,)=m.
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We can exclude the parameter ¢ using the triple vector multiplication of the
vectorsnx (e, +e,)x(r—r,). According to the formula axbxc=b(a-c)—c(a-b) we

obtainnx(e +€,) x(r—r,) =mxn=0=x(e, +¢,)(n-(r—r,)))—(r—r,)(m- (¢, +e,))=0.
Nown L (e, +e,), therefore n-(e,+e,)=0 ande +e, #0. As a result we have the

equationn-(r—r,)=0. This is well-known equation of a plane. In the coordinate
representation the equality looks like

A(x=x,)+B(y=y,)+C(z=z2,)=0.
Findings

1.  The simple way of introduction of the parametrical equations of a plane is offered.
2. The effective way of the description of plane curves in space is offered.
3. Results of the work are approved on curves of the second order.
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