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The purpose of this work is to obtain a Liouville comparison principle for entire weak solu-
tions (u,v) of quasilinear singular parabolic second-order partial differential inequalities of
the form uy — A(u) — |u|"tu > vy — A(v) — |v|9" v in the half-space S = Ry x R™, where
n > 1, ¢ > 0 and the differential operator A satisfies the a-monotonicity condition. Model
examples of the operator A are the well-known p-Laplacian operator, defined by the rela-
tion Ap(w) := dCiEV(|Vzw|p_2Vzw), and its well-known modification, defined by A,(w) =
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1. Introduction and definition. The purpose of this work is to obtain a Liouville comparison
principle of elliptic type for entire weak solutions (u,v) of quasilinear singular parabolic second-
order partial differential inequalities of the form

up — Au) — ]u\q_lu > v — A(v) — ]v]q_lv (1)

in the half-space S = (0,+00) x R", where n > 1 is a natural number and ¢ > 0 is a real
number. Typical examples of the differential operator A and the main subjects in our study are
the p-Laplacian operator defined by

Ap(w) = d}:v(|wa|p72Vmw) (2)

and its well-known modification, see, e.g., [1, p. 155], defined by

5 g

Note that the Laplacian operator is a special case of (2) or (3) with p = 2. Also, it is important
to note that if u = u(t,z) and v = v(t, z) satisfy the inequalities

n

~ 0 ow
Ap(w) = Z 63:2 <‘ 8£Cl

i=1

up > Au) + [ul*™ (4)
v < Av) + o], (5)

then the pair (u,v) satisfies inequality (1). Thus, all the results obtained in this work for solutions
of (1) are valid for the corresponding solutions of system (4)-(5).

As the entire solutions of inequalities (1), (4), and (5), we understand the solutions of these
inequalities defined in the whole half-space S. Moreover, as the Liouville results of elliptic type
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for the solutions of inequalities (1), (4), and (5) in the half-space S, we understand Liouville-type
results which, in their formulations, have no restrictions on the behavior of solutions of these
inequalities on the hyper-plane ¢ = 0. We would like to underline that we impose neither growth
conditions on the behavior of solutions of inequalities (1), (4), and (5) or on that of any of their
partial derivatives at infinity.

Let A be a differential operator defined by the formula

Aw) =) diAAi(t,x,wa), (6)
i=1 "

where n > 1 and (t,x) € S. Assume that the functions A;(¢,z,§), i = 1,...,n, satisfy the
Carathéodory conditions in S x R"; namely, they are continuous in £ at almost all (¢,z) € S
and measurable in ¢, x at all £ € R".

Definition 1. Let n > 1 and o > 1. The operator A given by (6) is said to be a-monotone
if A;(t,x,0) =0,7=1,...,n, at almost all (¢,x) € S and the inequalities

n

0< Z(gzl - 522)(Al(t7x7§1) - Ai(t7x7§2))7 (7)
=1

)

n a/2 n a—1
(Z(Ai(t’x’gl) - Ai(t’x’£2))2> < K(Z(gzl - 5@2)(Al(t’x’£1) - Ai(t’x’£2))> ) (8)

i=1 i=1

where K is some positive constant, hold for all ¢!, €2 € R™ and almost all (t,x) €S.

Note that condition (7) is the well-known monotonicity condition in PDE theory, while condi-
tion (8) is the proper a-monotonicity condition for evolution differential operators considered first
in [2], see also [3]. Note also that the a-monotonicity condition (8) in the case where £ = 0 is,
in turn, a special case of the very general growth condition for quasilinear differential operators
considered first in [4].

We now present the algebraic inequalities, from which it follows immediately that the p-Lap-
lacian operator A, and its modification A, satisfy the a-monotonicity condition for o = p and
1<p<2

Lemma 1. Let n > 1 and 1 < a < 2, and let a = (a1,...,ay,) and b = (by,...,by,) be

arbitrary vectors in R"™ of length |a| = /a2 +---+ a2 and |b| = /b3 +---+b2. Then there
exists a positive constant IC such that the inequalities

n a/2 n a—1
(Z(az‘!a\O‘Q - bi!b!a2)2> <K (Z(ai — bi)(aila|*™? — bi\b\O‘Q)) (9)

-1 i=1
and
n /2 n a—1
(Z(GHGHO‘Q - bi|bi|0‘2)2> <K <Z(a@- — bi)(agla;|*~* — bl-|bl-|“2)> (10)
=1 i=1
hold.

Remark 1. The statements of Lemma 1 were proved in [2], see also [5].
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It is important to note that there exist a-monotone differential operators with arbitrary
degeneracy. For example, the weighted p-Laplacian operator defined by

Aj(w) = d}sv(d(t,ﬂ:)|vxw|p*2vxw), (11)

see, e. g., [6, p. 55|, where d(¢, x) is an arbitrary function measurable, non-negative, and uniformly
bounded in S, is a-monotone with o = p for any fixed 1 < p < 2.
Below, we consider inequality (1) with the differential operator A, which is a-monotone.
Definition 2. Let n > 1, ¢ > 0 and « > 1, and let the operator A be a-monotone. A pair
(u,v) of functions u = u(t,z) and v = v(t,x) is called an entire weak solution of inequality (1)
in S, if these functions are defined and measurable in S, belong to the function space Lg 1o¢(S),
with w, vy € Ly 10c(S) and |Vyul|®, |Vov|* € Ly 1oc(S), and satisfy the integral inequality

/

S

n
urp + Z 0z, Ai(t,x, Vau) — w\u!q_lu] dtdz >
=1

g

S

v + Z Oz, Ai(t,x, Vyv) — go|v|q_1v] dtdx (12)
i=1

for every non-negative function ¢ € C°°(S) with compact support in S, where C*°(S) is the space
of all functions defined and infinitely differentiable in S.

Analogous definitions of solutions of inequalities (4) and (5), as special cases of inequality (1)
for v = 0 or u = 0, follow immediately from Definition 2.

2. Results.

Theorem 1. Letn > 1,2 > a > 1 and 1 < ¢ < a—1+a/n, let the operator A be a-monotone,
and let (u,v) be an entire weak solution of inequality (1) in S such that w > v. Then u = v in S.

As we have observed above, since any solutions u = u(t, x), v = v(t, z) of inequalities (4), (5)
are a solution (u,v) of inequality (1), then the following statement is a direct corollary of
Theorem 1.

Theorem 2. Letn > 1,2 > a > 1 and 1 < q < a— 1+ a/n, let the operator A be
a-monotone, and let u = u(t,x) be an entire weak solution of inequality (4) and v = v(t,x) be
an entire weak solution of inequality (5) in S such that u > v. Then u = v in S.

We call the results in Theorems 1 and 2, which evidently have a comparison principle
character, a Liouville-type comparison principle, since, in particular cases where either u = 0
or v = 0, it becomes a Liouville-type theorem of elliptic type for the solutions of inequality (5)
or (4), respectively. In addition, since we impose no conditions in Theorems 1 and 2 on the
behavior of the entire solutions of inequality (1) and system (4), (5) on the hyper-plane ¢t = 0, we
can formulate, as direct corollaries of the results in Theorems 1 and 2, the following comparison
principle, which can be called, in turn, a Fujita comparison principle, for the weak solutions of
the Cauchy problem for inequality (1) and system (4), (5).

Theorem 3. Letn > 1,2 > a > 1 and 1 < ¢ < a—1+a/n, let the operator A be a-monotone,
and let (u,v) be an entire weak solution of the Cauchy problem, with arbitrary initial data for
u=u(t,z) and v = v(t,x), for inequality (1) in S such that w > v. Then u = v in S.

Remark 2. The initial data for u = u(t,z) and v = v(¢,z) in Theorem 3 may be different.

Theorem 4. Letn > 1,2 > a > 1 and 1 < ¢ < a— 1+ a/n, let the operator A be
a-monotone, and let uw = u(t,z) be a weak solution of the Cauchy problem, with arbitrary initial
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data, for inequality (4) and v = v(t,x) be a weak solution of the Cauchy problem, with arbitrary
initial data, for inequality (5) in S such that uw > v. Then u = v in S.

Note that the results in Theorems 1—4 are sharp, and that the hypotheses on the parameter «
in these theorems in fact force « to be greater than 2n/(n + 1). The sharpness of the results for
n>1,2>a>1and ¢ >a—1+a/n > 1 follows, for example, from the existence of non-trivial
non-negative self-similar entire solutions of the equation

wi = Ap(w) = [l w (13)

forp = ain§, see, e. g., [7]. One can find a Fujita-type theorem on the non-existence of non-trivial
non-negative entire solutions of the Cauchy problem for Eq. (13), which was obtained as a very
interesting generalization of the famous blow-up result in [8] to quasilinear parabolic equations.
The sharpness of the results forn > 1, 2 > a > 1, and 0 < ¢ < 1 follows, for example, from the
fact that the function u(t,z) = €' is a positive entire classical super-solution of (13) in S.

In addition to Theorem 1, we obtain an a priori estimate for solutions of (1). So, in what
follows, for ¢ > 1 and 2 > «a > 1, let

Sy "

and
P(R) = {(t,z) € S: t¥* + |z|® < R¥*}

for all R > 0. It is clear that 0 < w < 2.
Theorem 5. Letn > 1,2 > a > 1, ¢ > max{l,a — 1+ a/n}, anda—1 > v >0, and let
the operator A be a-monotone. Then there exists a constant C such that the inequality

+w g—v

(u—v)TVdtdr < CR& ~at (15)

P(R)

holds for every entire weak solution (u,v) of (1) in' S such that v > v, for all R > 0.

The following statement is a simple corollary of Theorem 5.

Corollary 1. Letn > 1,2 > o > 1, and ¢ > max{l,a — 1 + a/n}, and let the operator A
be a-monotone. Then there exists no entire weak solution (u,v) of (1) in S such that u — v is
bounded below by a positive constant.

As we have noted above, since any solutions u = u(t,z), v = v(t,z) of inequalities (4), (5)
are a solution (u,v) of inequality (1), similar results for solutions v = u(t,z), v = v(t,x) of
inequalities (4), (5) follow directly from Theorem 5 and Corollary 1. We note that all the results
obtained are new. To prove them, we essentially use the concept of a-monotonicity for differential
operators and continue to develop an approach in [9], [10], the elliptic analog of which was
proposed in [2].
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B.B. Kypra

IIpuanun nopiBHioBanHs JliyBijis 1iist po3B’s3KiB KBa3iMiHIHNX,
CUHTYJIIPHUX, ITapaboJIiYHNX HEPIBHOCTEH APYroro IopsijaKy
B YaCTUHHUX MOXiTHUX

Bemamnosaroemves npunyun nopishiosanns Jliysisis das yiauz, caabkur pose’sskic (u,v) xea-
SIMHITHUL, CUHSYAADPHUL, NAPAOOATUHULT HEPIBHOCTEL 0pY2020 NOPAIKY 6 YACMUHHUL NOTIOHUL
eudy uy — A(u) — [u|Tru = v, — A(v) — [v|T" v 6 manienpocmopi S = Ry x R™, de n >
> 1, ¢ > 0 i dupepenuyiarvruii onepamop A 3sadososvrae ymosy a-monomonrocmi. Modeao-
HUMU Npuksadamy onepamopa A € dobpe 6idomuti P-AaANAACIaH, BUSHAYERUT CNIBBIOHOULEHHAM
Ap(w) = d:ibv(|Vzw|p72Vzw), ma oeo dobpe 6idoma MOJUPIKAULA, SUSHAYEHA CNIBEIOHOWEHHAM

~ "9 [low|P 2 ow
S =Y o (|58 55):

i=1

B. B. Kypra

IIpuanun cpaBuenus JInyBusijis JJjis perieHuii KBa3MJINHENHBIX,
CUHTYJIAPHBIX, ITApabOJIMIeCKNX HEPABEHCTB BTOPOTO MOPSAIKA
B YAaCTHBIX ITPOU3BOJHBIX

Yemanasausaemes npurnyun cpasnenus Juysuais oas yeavx, caabvixr pewenud (u,v) K6a3usu-
HETUHVLL, CUHRYAAPHUIT, NAPAOOAUNECKUT HEPGBEHCME BMOPO20 NOPAIKE 6 YACTHBIT NPOUIEBOOHVIT
suda u; — A(u) — |u|9™ u = v — A(v) — [v|7" v 6 noaynpocmpancmee S = Ry xR", eden > 1, ¢ > 0
u Juddeperyuaronuil onepamop A ydosaemeopsem ycaosuro a-monomornnocmu. ModeavHoimu
NPUMEPAMU ONEPAMOPA A ABAAIOMCA TOPOWO USBECTNHOIT P-AANAGCUGH, ONPEJEAEHHBIT COOMHO-

wenuem Ap(w) = div(|V,w[P~2V,w), u e2o wopowo useecmmnas moduduranyus, onpedesernnan
x
n -2
~ o (0w "7 ow
coommoweruem Ap(w) : g — | |=— — .

i=1

ISSN 1025-6415  Jlonoeidi Hauionanrvroi axademii nayx Yxpainu, 2012, Ne10 17



