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Ilpeocmasnen memoo nocmpoenus
bazuca cmewanHol Kpaeeou 3a0ayu
Ha OcHoge Oazuca KyOU4eckozo
B-cnaaiina, obraoarowezo evicoxoti
ANnPOKCUMAYUOHHOU  CNOCOOHOCHIBIO
(makoeo orce nopsoka, kak u cman-
Oapmuviii 6aszuc B-cnnatina). Jau-
Hulll Memoo 3aKnouaemcss 6 no-
CMpOeHUY  SPAHUYHBIX  DNEMEHMO8
bazuca, yoosnemeopsaowux Kpae-
6bIM  YCAOBUAM 3a0auu U YUUNb-
8AIOWUX CMBIKOBKY CO CMAHOAPM-
HbIM Dazucom eHympu obaacmu.

U U.A. bapanos, 2011
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N.A. BAPAHOB

METOA NOCTPOEHUS

BASUCA KPAEBbIX 3AJA4
ANOOEPEHLMANbHbIX YPABHEHUA
AN NPUMEHEHUSA BAPUALUMOHHDbIX
METOA0B

BBenenue. Bapuainmonssle MeTOIbl MaTeMaTH-
YecKor (U3MKH ABJAIOTCS d()(HEKTHBHBIM MaTe-
MaTHYECKHM aIapaToM PElICHUs] KPaeBbIX 3a-
nad uist auddepeHansabix ypaBHeHu. O
HAaKO YJIOBJIETBOPCHUE KPACBBIM YCJIOBUSM IPH
WCTIOJIb30BAaHUY BapUAIlMOHHBIX METOJIOB COCTa-
BIIICT 3a4acTyI0 Cephe3HyIo mpodiiemy. CTpyk-
TypHBIi MeTon R-pymkmumit [1l] akamemuka
B.JI. PradueBa mo3BOSMI PEIIUTH ATy MPOOIEMY.
JlaaHBII MeTOM TIpeoOpa3yeT HEKOTOPHIH CTaH-
JapTHBIA Oa3uc B 0a3uc KpacBOW 3aJadyu, 4TO
MO3BOJISIET TOYHO YYECTh TPAHUYHBIC YCIOBUS B
paspematorieM anroputme. CTpykTypa peiie-
HUS KpaeBOH 3aJayd TOCTPOCHHAS 10 METOIy
R-pyukuuii mpeoOpa3yer Bce 3IeMEHTHI Oa3uca
MoJ| JEUCTBHEM HEKOTOpOro omneparopa. Takoe
npeoOpa3zoBaHre TpeOyeT OONBIINX 3aTpaT Ma-
IIMHHOTO BPEMEHH KpPOME TOTO, YeM CIIOXKHEe
00J1acTh pelleHus 3aa4M, TeM clioxkHee (PyHK-
UM, BXOHAIIME B ONEpaTop MpeoOpa3oBaHUS
0asmca, YTO TAKKE yBEJIMYMBAET BPEMs CUETa.
Kpome Toro, anmpokcMMallMiOHHbIE CBOWCTBa
TaKoro 0a3mca CyImEecTBEHHO 3aBHCAT OT oOlepa-
Topa mpeoOpa3zoBanus. Takum oOpa3zoMm, akTy-
aNBHON 3amaueii sBiseTcs moctpoeHue 3ddek-
TUBHBIX 0a3UCOB KpaeBhIX 3amau it audde-
pEeHIMANBHBIX ypaBHEHUM. C BBIYHUCIUTEIBHOU
TOYKH 3pEHUs, Hanmbosee yAOOHBIMH SIBISTFOTCS
0asuChl, COCTOAIIME W3 (DUHUTHBIX (DYHKIIUH,
KOTOpBIC MONYYaloTCsl TIEPEHOCOM HEKOTOPOTO
anemenTa [1]. Ceituac mmpokoe ymorpebieHue
noxyunnu Oa3ucHble CIuiaiHbl [2], Gmaromaps
WX BBICOKHM alMpOKCUMAIIMOHHBIM CBOHCTBaM
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1 yno0CTBY mpuMeHeHus. B manHOW paboTe mpejyiaraeTcs MeTOo I MOCTPOCHUs Oa3uca
KpaeBoii 3aJ1aun Ha OCHOBE Oa3uca B-crnaiina.

Wnest MeTola COCTOMT B CIICAYIOIIEM: JIEMEHTHI 0a3Kca, HOCUTETH KOTOPBIX Ie-
JIUKOM JIe)KAT BHYTPH 00JIAaCTH pellieHHs KpaeBoil 3ajauu, ocTaloTcs 0e3 U3MEHEHHs,
TakuM 00pa3oM, 00eCIieYrBaeTCs aNMpOKCUMAIIMS B HEKOTOPOUW OOJACTH, HEITHKOM
JIeKAIIEH B 00JIaCTH pelIeHHs 3a7adu, a AIEMEHThI 0a3nca, HOCUTEH KOTOPhIX mepe-
CEKAIOT IPaHUIly O0JIACTH PEUICHHUS 33a4M, 3aMEHSFOTCSl Ha OA3UCHBIE DJIEMEHTBHI, 10-
CTPOCHHBIE CIEITHATBHBIM 00pa30M C YUETOM CTBHIKOBKH C 0a3MCOM BHYTPH 00JIacTH U
YIOBJICTBOPSIONINE KPACBBIM YCIOBUIM 3ajaud. biarogaps Takol cxeme CyIIeCTBeH-
HO YBEJIMYMBACTCS CKOPOCTh PEIICHUS KPAeBhIX 33]1ad.

PaccMoTpuM ogHOMEpPHBIN citydaii.

Au(x) = f(x), ul(a,b); (@)
IQuOq + ki (4], =0; )
keu(x) +kiu'(x)| , =0. (3)

[lycth miast onpeneneHHOCTH pelaeTcs 3ajada Ha OTpe3Ke [0,]] . U mycth pac-
CMaTpHUBAETCS 3a7ada TIOCTPOCHNUS Oasrca Ha OCHOBE Oa3mca Kyomdeckoro B-cruraitna

{(I)I} C ANaMCTPOM HOCHUTCIIA 2h. BHCMCHTBI, HOCHUTCJIM KOTOPBIX JICKAT BHYTPHU

obacTH, ocTaroTcs 0e3 usmenenus (puc. 1).
PaccMOTpPUM METOJ TOCTPOEHHS! TPAHUYHBIX JJIEMEHTOB 0a3uca, yIOBJIETBOPSIO-
mux Kpaesomy yciosuro B O (B 1 —aHanIoru4Ho).
ITycts HekoTopas Gpynkmus G(X), Takas aro: wW(0)=0,w(0) =1.
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PUC. 1.3nemenTs! 6a3uca, HOCUTENN KOTOPBIX LEITMKOM JIe)KAaT BHYTPH 00IacTu
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Paccmotpum npousBonbHyto ¢pyHkimoo F(X) (puc. 2) u HeKoTOpoe NpHOIKeHNE
sToH GyHKIMK B okpecTHOCTH O.
F(x) = f(x)+0=aw(x)* +bw(x) +c+d.
JauHyto QyHKIHIO HEOOXOANMO PA3JIOKHUTh 110 HOBOMY 0a3HCy, yJOBIETBOPSIO-
IIEMY KPaeBbIM YCIIOBHUSIM.

)= c:rm(:c)2 +halx)+ ¢
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PUC. 2. dynxmus F(X)

Paznoxxum pynkmmio f(X) mo HoBomy 6asucy B HeKoTopoi okpecTHoCTH O.

Crauana octponm pasnoxenne dyraxman f (X) = aw(X)? +bo)X) + ¢ 1o cran-
IapTHOMY 0a3ucy Kyomdeckoro B-crimaiina:

(=3 co,

Pacemorpum  f(X) = f,(X) + f(X) = Zzlqd)i +§:C,(I)i (puc. 3).
i=0 i=3
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PUC. 3. ®yuxkumu f1(X) u fo(X)
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@ynkmus f1(X) ocraercs 6e3 U3MeHeHHS.
PaccMmoTpuM crieayromnye pasioKeHus:

12360, ()= Y e . () =Y, mroue T

. i 5 . .
Takum 06pa3oM, 4TOOBI ((d (X))(]) . = ZC,'(d)(J)k , 1,j=0,1, 2.
> k=3 izh
Teneps paccMoTpuM QyHKINU:
j 2, 3h
(930 x0| 03|
0; (x) = k=3 ,1=0,1, 2.
3h
0, x>—
2

@ynkmu gj (X) O c? [0]].
B xauectBe dynkiuu f,(X) Bo3bMeM creayromnyro:

f, = ag,(x) +bg,(x) + cgy(X),
f ()= f,() + £,(X) = ag,(x) +bg,(x) + cgo(x) + izzn;qq)i -
PaccMOTpHM  cilydaii  yJOBJIETBOPEHHUS yCIIOBHIO (kfF (x) k2 F'(X)) ‘o =0.
Cryuaii (kllF (x) + k;F'(X)) ‘1 =0 paccMaTpHBAETCS aHAIOTHYHO.
IMoTpeGyeM BBIOIHEHHS TPAaHUYIHOTO ycnoBus oT Gpynkmun f (X) :

(k0 F () - k2 '(x) \O = (K7 (a00*(x) +boxx) +¢) — k;'(2a0(x)3 (x) + be3 (x)) ‘
=k’c-kb=0.

0

_k o
C—Eb, k1 £0,

Orcrona cnemyeT
b=0, k10 =0.

Takum o06pazom,
ky ks 0
f,(X) = ag,(x) +bg,(X) +@bgo(><) =ag,(x) +b| g{(x) +@ gdx) |, kK, 20

nin

f,(x) = ag,(x) +cgo(x), ki #0.
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Taxum 00pazom, GyHKIUU

kO
920, G1()+5do(¥) (. k%0
1

0_
{QZ(X), gl(x)}, kl =0
MO’HO B3STh B KA4€CTBE MEPBBIX JBYX SJIEMEHTOB Oasuca. JlanHble QYHKIMM yI0BIIE-
topsiot yerosuio (K, —K3P!) ‘o =0.

Teopema. Eciu B kauectBe Gpynkuun G X) B3sth Gpynkmuo W(X) = X, TO Jto-

Oyr0 (pyHKIMIO M3 MPOCTPAHCTBA CILIANH-(DYHKIUHA, YAOBICTBOPSIONIYIO IPaHUYHBIM
ycimoBusaM Brza (2) MOKHO TOYHO Pas3IOKUTh IO TOCTPOEHHOMY 0a3ucy.
Jlokazamenvcmeo.
Paccmotpum crenyromnye pa3noKeHus:

2n 2n 2n
1=, x=).¢d, X =) ¢,
i=0 i=0 i=0
Torma
2 .
g (x) =Y 60, 1=0,1,2.
k=0

2n

PaccMoTpuM Mpou3BoNbHYIO QYHKIMIO BUA qu)i .
i=0
IIpennonoxum, 4to:

> ch, =ay cio, +bY.ci, +c> %, + 3,60,

Torma
2 2 2 2
zqq)i = azqzq)i + bquq)i + Czqoq)i-
i=0 i=0 i=0 i=0

[ony4yaem cucTteMy TUHEWHBIX anreOpandeckux ypaBHECHUH

2 1 0
g Cp Colfa Co
2 1 0 —
¢ ¢ ¢ ||b|=|c
¢ b d)\c) \c,

o 2 .
Cron0I1pl MaTPHIIEI JIMHEHHO HE3aBHCUMBIC, TaK KakK (DyHKIIUU {1, X, X } JIMHEHHO

He3aBucHMBbIe. Takum oOpazoM aerepmuHanT Matpuibl deiC#0. CnemoBaTeibHO

cymecrayer C .
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Torma

a G
b{=C"|c |
c G

Takum O6p8.30M, BCCTAa MOXHO IMPECACTaBUTH

§Q¢i = aZZ:Clzd)i +b_zz:ql¢i +C_22:Q0¢i +§C|¢i'

Teneps, eciu TOTPeOOBATH BBINOJIHEHHUS TPAHMYHOTO YCIIOBHUS BUA (2) OT mpous-
BOJILHON (DYHKIIMH W3 TIPOCTPAHCTBA CIUIAH-QYHKIIHA
, 0
2n 2n c=-2b kf #0
O ) )
kuC,d)i —kg(ZC,d)ij =0, npUXOAMM K YCIOBUAM K
i=0 i=0

0 b=0, klo =0.
Teopema nokazana.

Peanuzanusi mpeio:KeHHOT0 MeTo/1a
PaccMmoTpuM crienyronnyio KpaeByro 3aaaqy:

f"(x) = -1¢sin(rx), xO[0,1];
f'(x) + f(X)[,=0;
—f'(x)+ f(x)|,=0.

AHaIUTHYECKUM pEIIeHWEM JaHHON 3amaum Oymer ¢ymkuus SiN(TX)—TT
(puc. 4).

=21

-2.2

s / \
/ \
Y Y
ol \
i \
/i \

-32

PUC. 4. Dyuxkius SIN(TX)— T
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Pe3ynbTaThl BEIYHCIUTEIBHBIX SKCIICPUMEHTOB MPUBEACHEI B Ta0. 11 2.
Jliis maHHOM 3amaun IPUMEHUM METO HAMMEHBIINX KBaapaTos [3].

TABJIMLIA 1. Pe3ynbraThl BBIYHCIUTEIFHOTO IKCIIEpUMEHTa (KOJINYECTBO CIUTaitHOB 21)

X

solution

sinkm)—n

Abs(solution—

0.00000000000

—3.14159006974

—3.14159265359

—(sinr)-m))
260385

0.10000000000

—2.83257333046

—2.83257565921

0.20000000000 —2.55380530275 —2.55380740130 0.2096564
0.30000000000 —2.33257374338 —2.33257565921 0.000684
0.40000000000 —2.19053433877 —2.19053613729 0.000853
0.50000000000 —2.14159089549 —2.14159265359 0.006@00
0.60000000000 —2.19053433878 —2.19053613729 0.0006862
0.70000000000 —2.33257374340 —2.33257565921 0.000682
0.80000000000 —2.55380530278 —2.55380740130 0.200851
0.90000000000 —2.83257333050 —2.83257565921 0.QC2802
1.00000000000 —3.14159006979 —3.14159265359 0.288a80

PaccmoTpum kpaeByto 3amauy upuxie

f"(x) = -1¢sin(rx), x O[O0, 1];

1:(X)|o= -1
1:(X)|1= T

[ycrs f(X) = f,(X) — 1. Torna nannas 3agava CBOAUTCS K CIIEIyOLICH:

f/(x) = -1 sin(nx), xJ [0, 1];

AHAJIMTUYECKUM PpEIICHHEM OJHOPOIHONM 3amaud OymeT (yHKIuA

f,(X)]o=0;
f,(x)],=0.

=sin(TX), a meoxnopoauoii 3amaun — f (X) = sin(rx)—T1.

TABJINLIA 2. Pe3yapTaThl BEIYHCIATEIBHOTO SKCIIEPUMEHTA (KOINYECTBO CITaiiHOB 21)

X

solution

Sinkm)—n

Abs(solution—

—(sinim)-m))
0.00000000000 —3.14159265359 —3.14159265359 0.000000
0.10000000000 —2.83257591430 —2.83257565921 0.020609
0.20000000000 —2.55380788660 —2.55380740130 0.048530
0.30000000000 —2.33257632722 —2.33257565921 0.066800

0.40000000000

—2.19053692260

—2.19053613729

0.50000000000

—2.14159347932

—2.14159265359

0.60000000000

—2.19053692260

—2.19053613729

0.70000000000

—2.33257632722

—2.33257565921

0.80000000000 —2.55380788660 —2.55380740130
0.90000000000 —2.83257591430 —2.83257565921 0.026509
1.00000000000 —3.14159265359 —3.14159265359 0.000000
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BsiBoasl. B paboTe mpencTaBieH MeTOJ MOCTPOEHHs Oa3uca CMEIIaHHOM Kpae-
BOH 3a7auM Ha OCHOBe Oa3uca B-crmaiina, oOmamaronuii BEICOKON anmpoOKCHMAIIHOH-
HOM CIIOCOOHOCTRIO (TaKOTO K€ MOPsIIKa, KaK M CTaHAapTHBINA 0a3uc).

Oco6eHHo 3¢ (eKTUBHBIM JaHHBIA MOAX0A OyaeT 1 JudQepeHInaNIbHbIX YpaB-
HEHHH, OTepaTop KOTOPHIX MPEACTABISET JIMHEHHYI0O KOMOMHAIMIO CaMOi (YHKINH
Y ee pa3InyHbIX MPOU3BOAHBIX. Torma, HarpuMep, U METOJI0B HANMEHBIITNX KBaJapa-
TOB, Putiia u fip. [3] a37eMeHTBI MATPHUIIBI CUCTEMBI IMHEHHBIX alreOpandecKux ypaBHe-
HUH OYIyT MMOBTOPSATHCS, M KOTOPBIE MOXKHO OYIET BEIYUCIUTD Ja)Ke aHATUTHYCCKH.

JlaHHBI METOJT MOXHO NMPUMEHUTh U JIJIsl APYTUX TPAHUUYHBIX yciIoBUM. B panb-
HEUIIeM JaHHBIH METOJ OY/IET pacpoCTpaHeH Ha IBYMEPHBINA CITydai.

1.4. bapanos

METO/] [IOBY IOBU BA3UCY KPAMOBUX 3AJIAY IMPEPEHLINHUX PIBHAHD
JUISI BAKOPMCTAHHS BAPIAIUIMHIX METO/IIB

[IpencraBnenuit MeTon moOya0BH 0a3ucy 3MilIaHOT KpaioBoi 3aqaui Ha OCHOBI 0a3ucy KyOiuHOTO
B-cruraiiny, 1110 Mae BUCOKY alpOKCHMAIiHY 31aTHICTh (TAKOTO K MOPSAKY, K 1 CTaHAapTHU Oa-
suc B-crutaitny). Jlanuii MeTos mojsirae y moOya0Bi TPaHMYHUX €JIEMEHTIB 0a3uCy, sKi 3aJ0BOJIb-
HSIOTh KPaOBUM YMOBaM 3aJia4i Ta BPaXxOBYIOTh CTHKYBAHHs 31 CTaHIAPTHUM 0a3MCOM B CEpenHi
o0macri.

|.A. Baranov

A METHOD OF BASIS CONSTRUCTION FOR BOUNDARY-VALUE PROBLEMS
OF DIFFERENTIAL EQUATIONS FOR VARIATIONAL METHODS USE

A method of construction of basis for a mixed bougdealue problem based on the basis of cubic
B-spline, which has high approximation charactesstithe same order as a standard
B-spline basis) is presented in work. This methodsisbe in construction of boundary elements of
the basis which satisfy the boundary conditiondefggroblem and take into account the joint with a
standard basis in a domain.
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