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We derive the system of transcendental equations, which gives the equilibrium radii of charged-particle beam
and the equilibrium value of square azimuthal momentum of beam boundary in a coaxial magnetic undulator with
partially shielded cathode in guide homogeneous magnetic field. We formulate the dynamics equations, which de-
scribe the transportation of charged-particle beam. We receive an analytical estimate of the azimuthal and longitudi-
nal momentum of beam boundary. We study the equilibrium and differential equation numerically, compare results
received for a coaxial magnetic undulator with shielded and non-shielded cathode and different induction of guide

magnetic field.
PACS: 84.30.Jc

INTRODUCTION

Many authors investigate limiting current and trans-
portation of charged-particle beam in the ideally con-
ducting grounded drift tube in the guide (longitudinal
homogeneous) strong (infinite) or finite magnetic
fields [1-3]. Authors of papers [4, 5] discuss the limiting
current of charged-particle beam in the magnetostatic
pump filed of the hybrid coaxial free electron la-
ser/maser (FEL/FEM). In papers [6, 7] the limiting cur-
rent of charged-particle beam in the strong (infinite)
longitudinal homogeneous magnetic field is estimated
for a thin beam in coaxial drift tube. The results of pa-
pers [8, 9] show that the propagation current in coaxial
undulator are smaller than those in the longitudinal ho-
mogeneous guide magnetic field. We arrive at the con-
clusion that the degree of cathode shielding has a sub-
stantial influence on the charged-particle beam transpor-
taion in the conducting grounded drift tube in the hybrid
external guide magnetic field [10, 11].

In Section 1 we present the problem setup and the
equilibrium and dynamics equations which describe the
transportation of charged-particle beam in coaxial undu-
lator with partially shielded cathode in guide homoge-
neous magnetic field. We numerically study the depend-
ence of the equilibrium radii on the magnetic induction of
guide magnetic field in Section 2. Also numerically, we
study the transportation of high-current charged-particle
beam in a coaxial undulator.

1. PROBLEM SETUP

We obtain the dynamic equations, which describe the
transportation of high-current relativistic charge-particle
beam in coaxial undulator with partially shielded cath-
ode in assumption of laminar flow. We also suppose that
an angular beam velocity @, is constant (“rigid rotor”

model @, =0,(r)/r=const, where py(r)is the
@ -component of beam velocity, r is the radial coordi-

nate, the overbar “~” denotes the averaging over spatial
period |, of the periodic undulator magnetostatic sys-

tem) and we assume that charged-particle beam has the
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constant beam density n,. The dynamics equations and
initial conditions under those assumptions have the form

dﬂr (p g) —self %

i [ 72 ] (p)+ [ﬂg(pé)

X(bext (p é/)_i_bself (p))+ ﬂ-g(p é/) (1)
P

x(7,(p. &)+ b3 ]
T, (,0, go) =0,

where ¢'=1z/r, is the dimensionless longitudinal coor-
dinate; z is the longitudinal  coordinate;
o =371(4x,,); Ky=2rnl,; 1, is the radius of the
external tube; p is the dimensionless radial coordinate;
T = Pr /(ch) v g = Po /(ch)’ 7, =P, /(ch) i Pro
Py, P, arethe r-, 6-, z-components of beam relativ-
istic momentum; m, is the mass of particles (for elec-
trons m, =m,); c is the light velocity in vacuum; we
that the

y =L+ (p2 + P} + P2 I(Mec)? s

y=ro=41+ ps /(myc)? , where p,q is z-the compo-

nent of dimensionless initial momentum;
by' =By (r.2)ar, /(m,c®); BGX =(00,Bf) is the
external homogeneous static magnetic field produced by
a solenoid; b5 (r, z) = B (r, 2)qr, /(myc?);
B®™(r,z) = (B™(r, 2),0,B™(r,z)) is the periodic un-
dulator magnetostatic field produced by a system of
permanent magnets [8,15,16]; & =E*(r)x

=B, (N(ar/mc?); b =

assume relativistic factor

constant  i.e.

x(qr, /myc?); bsef

=B;"(r)(qr, /m,c?) are the radial component of the

dimensionless self-electric and the 6- and z-
components of the dimensionless self-magnetic fields of
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the beam, respectively [10, 11]. Those assumptions are
natural for thin beams, which can be proved by an ex-
pansion in the small parameter Ar=r,—r, of the ex-
pression of self-electric and self-magnetic fields [10,
Egs. (9)—-(11)] that were obtained for the general case.
Under above assumptions the components of beam rela-
tivistic momentum have such analytical estimates
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where iy =1,/1, is the dimensionless beam current,

©)

lo ~ Anourr(ry
is the Alfvén current (1, = —17,05KA for electrons);
vy =C\75 —1; 70(p) =\75 ~1-750(p) ;
2 2 2
— 1—

Qo) =B LOEZPD) 4 2y 1 p2 —2);
(po = p7)
pe =r./1,; 1. is the cathode radius; &, is the degree of
cathode shielding; pjo) =iy /T2 and o =1/1,; T

—1?) is the beam current, 1, =m,c®/q

and r; are the inner and outer radii of charged-particle
beam and the inner radius of the drift tube;
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loa () are the Bessel function of 0 (1) order; Ko ()

are the modified Bessel function of 0 (1) order.
The system of equilibrium equations under above
assumptions has the form
2
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2. NUMERICAL SOLUTIONS
OF EQUILIBRIUM EQUATIONS

In [14, Fig. 2] we study the transportation of electron
beam in the absence of a longitudinal magnetic field
over a wide range of values of the longitudinal compo-
nent of the magnetic induction on the cylindrical sur-

faces of the permanent magnets of the undulator, BT,
and beam current, 1,. In this paper we consider the

dependence the transportation of electron beam on the
induction of longitudinal homogenous magnetic field.

In Fig. 1 the dependence of equilibrium radii, the
azimuthal and longitudinal momenta of electron beam
boundaries transported in a coaxial drift tube in a hybrid
magnetostatic pumping filed FEL/FEM on the induction
of external longitudinal magnetic field is shown. It is
seen that with increasing the induction of longitudinal
external field the external and internal equilibrium radii
of the electron beam tend to cathode radius, the
equilibrium values the angular momentum tend
asymptotically to zero, and the equilibrium values of
longitudinal one tend to a stationary value.
Consequently, the limit to the model of "strong"
(infinite) external longitudinal magnetic field is correct
(the azimuthal momentum tends to zero).
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Fig. 1. Dependence of the equilibrium radii, azimuthal
and longitudinal momenta on the induction of external
longitudinal magnetic field for Strathclyde FEL/FEM
[4.9]

In Fig.2 the dependence of the longitudinal
coordinate radii of the various layers of electron and the
radial, azimuthal and longitudinal components of the
dimensionless momenta in the presence of longitudinal
homogeneous (guide) magnetic fields obtained by
numerically solving the system of equations and initial
conditions (1) is presented for Strathclyde FEL/FEM [4,
9]. One can see that the longitudinal magnetic (guide)
field contributes to a significant increase in the radial
component of the momentum s, that will lead to

improved interaction with the amplified/generated
electromagnetic wave, although at the same time
enhances the oscillatory longitudinal component of
momentum 7, .

CONCLUSIONS

The transportation and equilibrium steady state of
high-current charged-particle beam in a coaxial drift
tube with a shielded and non-shielded cathodes in the
hybrid longitudinal homogeneous (guide) magnetic and
magnetostatic undulator fields is studied in the ap-
proximation of constant beam density and “rigid rotor”
type of rotation. It is shown that the equilibrium steady
state of charged-particle beam in a coaxial drift tube can
be controlled by choosing the cathode radius and the
value of the longitudinal homogeneous (guide) magnetic
field so that the beam can be transported in any suitable
position and can amplify efficiently arbitrary mode of
the coaxial drift tube.
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Fig. 2. Dependence of the radii of various beamlets
(beam layers) on the longitudinal coordinate in the pres-
ence of guide magnetic field for Strathclyde
FEL/FEM [4, 9]. Initially (in the injection plane) inner
and outer beamlets are shown in black; initially internal
beamlets are shown in red
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TPAHCIIOPTUPOBKA CWIBHOTOYHOI'O ITYYKA 3APSAXKEHHBIX YACTHI B KOAKCHUAJIBHOM
OHAYJATOPE C YACTUYHO DKPAHUPOBAHHBIM KATO/JOM B BEAYIIEM OJHOPOJHOM
MAT'HUTHOM IIOJIE

A.C. Tuwenxo, T. Auenko, K. Unvenko

IlonyueHa cucreMa TPaHCLEHICHTHBIX YPAaBHEHUW, PELUIECHUSAMU KOTOPOM SIBJISIIOTCS PAaBHOBECHBIC PAalUyChbl U
PaBHOBECHBIE 3HAUCHUS KBaPATOB a3UMYTAJIbHBIX UMITYJIECOB IPAHULL IIyYKa 3apsKEHHBIX YACTUL] B KOAKCUAIBHOM
MarHUTHOM OHJYJISITOPE C YACTHYHO YKPAaHWPOBAHHBIM KAaTOJIOM B BEAyLIEM OJHOPOIHOM MarHUTHOM moie. Cdop-
MYJIUPOBAaHbl AUHAMMUYECKUE YPABHEHHUsI, KOTOPBIE ONHUCBHIBAKOT TPAHCIOPTUPOBKY ITydKa 3apsDKEHHBIX 4YacTHI] B
kamepe Jpeiida. [lonayueHbl aHaIUTHUECKHE OLEHKU a3UMYTaJbHOTO M TPOJOJBHOTO MMITYJILCOB TIPAaHUIl ITy4YKa.
UucneHHO HCCne0BaHbl ypaBHEHHs PaBHOBECHUS U IMHAMHUYECKUE YPaBHEHUS, IPOBEJCHBI CPABHEHUS PE3yJIbTATOB
B Clly4ae 3KPaHHMPOBAHHOTO U HEIKPAHHPOBAHHOTO KaTOJOB, a TAK)KE 3aBUCHMOCTb OT HANPSHKEHHOCTH BEIYIIETO
MarHuTHOTO MOJIS.

TPAHCHOPTYBAHHS CUJIBHOCTPYMOBOI'O TYYKA 3APAJTKEHUX YACTUHOK
Y KOAKCIAJIBHOMY OHAYJIATOPI 3 YACTKOBO EKPAHOBAHUM KATOAOM Y BEAYUOMY
OJHOPITHOMY MATHITHOMY I10JI1

A.C. Tiwenko, T. Auenxo, K. Lnvenko

OtpuMaHa cucTeMa TPaHCIIEHAEHTHUX PIBHSHb, PILICHHSIMH SIKOT € PIBHOBaXHI paJilycH Ta pIBHOBa)KHI 3HAYCH-
HS KBaJIpaTiB a3MMyTaJIbHUX IMIYJIBCIB MEX IMy4yKa 3aps/PKEHUX YaCTHHOK y KOAKCialbLHOMY MarHiTHOMY OHJIYJIsi-
TOpi C YaCTKOBO €KPaHOBAHUM KAaTOJIOM Y BEJIy4OMY OJHOpPiIHOMY MarHiTHomy noii. ChopmynboBaHi JuHaMivHI
PIBHSHHS, SIKi OIIMCYIOTH TPAHCIIOPTYBAHHS ITydKa 3apsPKEHIX YaCTHHOK y Kamepi aperdy. OTpuMaHi aHATITHIHI
OIIHKH a3UMYTAIFHOTO 1 MOB3I0BXHBOTO IMIYJIBCIB MEX ITydka. UncenbHO BUBYCHI PiBHAHHS PIBHOBaru Ta IHHA-
MiYHi PiBHSHHS, IIPOBE/ICHO MOPIBHSIHHS PE3YJIbTATIB Y BUNAJIKYy €KPAHOBAHOTO Ta HEEKPAHOBAHOTO KaTOMIB, a Ta-
KO’ 3aJIEKHICTB B1Jl HAPYT'H BEy4Or0 MarHiTHOTO MOJIS.
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