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The conditions are established when multiple Alfvén eigenmodes are able to withdraw a significant part of the
energy of fast ions for possible transfer to another spatial region (spatial channelling). This can happen when the
resonance islands of the instabilities overlap to form an extensive stochastic zone in the fast ion phase space. An
analytical expression for the width of a resonance island induced by an Alfvén eigenmode in the phase space is
derived. The number and amplitude of modes are estimated, which are required to form a stochastic zone in a given
energy range. Two codes intended for numerical verification of these estimates are briefly described. First results of

these codes are presented.

PACS: 52.55.Hc, 52.55.Pi, 55.25.Fi, 52.35.Bj, 05.45.-a

INTRODUCTION

In many experiments on the spherical torus
(spherical tokamak) NSTX, multiple high-frequency

instabilities (the frequency f =w/(2n)~0.5...1 MHz)

are observed when the neutral beam injection power is
sufficiently high [1, 2]. These instabilities were
identified as GAEs (global Alfvén eigenmodes) and
CAEs (compressional Alfvén eigenmodes) driven by
fast ions. It was pointed out [3] that the instabilities can
channel energy and momentum of fast ions outside the
region where these ions are located (Fig.1) which
explains the observed deterioration of the energy
confinement. This channelling can lead, in particular, to
cooling the plasma core. A necessary condition for the
spatial energy channelling to occur is the ability of the
instabilities to take away a significant fraction of the
fast ion energy.
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Fig. 1. GAE frequency (horizontal line), Alfvén
continuum branches with the mode numbers m, n
and m+1, n (curves 1, 2), and the radial profile of the
beam ions (curve 3). This sketch demonstrates the
energy and momentum channelling by a GAE mode: the
mode receives energy and momentum of the beam ions
mainly inside the region r <r, but gives the energy
and momentum to electrons due to continuum damping
atr~r,

The aim of this work is to estimate the number and
the amplitudes of the modes necessary to produce a
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wide stochastic region in the fast-ion phase space. In
this case, the waves are able to receive a major part of
the power of injected ions for transfer to another spatial
region. Within this work, we obtain this estimate by
analytical means and describe the numerical tools
intended for the verification of our analytical results.

Our analysis here is restricted to GAE modes. In
addition, we do not consider cyclotron resonances
(playing probably a significant role in the excitation of
high-frequency GAE instabilities in NSTX), which
enables us to study the particle motion in the guiding-
centre approximation. We believe that this is justified at
the initial stage of our investigation; these limitations
are to be removed in future works.

The structure of this paper is as follows. In Sec. 2,
we obtain analytical estimates of the resonance island
width and apply the Chirikov criterion [4] to obtaining
the stochasticity condition. Our numerical tools and
their first results are described in Sec. 3. Finally, in Sec.
4 we summarize and discuss our results.

1. RESONANCE WIDTH

The general resonance condition can be written as

w=sw;—nw,=QJ,,J,), (8]
where @, =V, /R; o, =V, /(R)are frequencies of
toroidal motion and poloidal motion, respectively; R is
the major radius of the torus; the quantities s and n are
integers, n being always equal to the toroidal wave
number in axisymmetric geometry. We are interested in
resonances of passing particles.

One can show that in linear approximation in wave
amplitude, the guiding centre Lagrangian can be written
as follows

L=J,dp+J,dg-Wdt

+3 Relv, ep(-iot+isg—ing), )

where J ,,J,,9 are the action-angle variables of the

particle unperturbed motion, ¢,$ being the toroidal
and poloidal angles, respectively,

V,, =e—;{d&d(p(\"hE)exp(iwt—i53+in(p) 3)
27w

is the so-called matrix element of the wave-particle
resonance. For interactions of fast ions with Alfvénic
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perturbations we can neglect the contribution of Eu and

A, taking V-E~v,V®, where v, is the drift

velocity, @& is the scalar potential of the
electromagnetic field. Expanding the unperturbed part
of the Hamiltonian at the resonance and keeping only
the resonant term of the perturbation, we obtain the
resonance width as follows:

nv 1/2
(A‘]v))island =4 an (4)
Using the relationship
AW A, A
= TTh s ®)

and evaluating V, for passing particles, we can write

the following analytical expression for the width of the
resonance islands of passing fast ions
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W is the particle energy; r is the radial coordinate;
p is the Larmor radius; o is the cyclotron frequency;

B, and B are the wave and equilibrium magnetic
fields; respectively; q(r) is the safety factor; € is the
magnetic shear; ks=(s/g-n); x is the plasma cross-
section ellipticity; y= v /vis the pitch angle cosine with
v the velocity.

Let us use Eq. (6) to evaluate the number of modes
needed to stochastize the ion motion in a certain energy
range. We take the plasma parameters of the
experiments described in Ref. [2] (B=0.45 T; the energy
of injected ions Wi, = 90 keV; the electron density
Ne~(5...6):10m™). Then the instabilities with
f ~1 MHz correspond to k, ~6. Taking, in addition,

7=0.8, k= 1.5, a=0.85 m, R=1 m, we find that the width
of a resonance island is (6W)isianad/ W~0.1 for the mode
amplitude B /B~5-10"° and (6W)igana/ W~0.03 for

B, / B~5-10"*. This means that about 5 modes with the

amplitude of 5-10° or 15 modes with the amplitude of
5-10™ are sufficient to create a stochastic motion zone
reaching from Wi, to Wi,/2. These numbers seem
plausible for NSTX experiments.

The slowing-down process caused by the waves is
accompanied by the radial motion of the ion. The
estimates above are based on the assumption that the
radial position of the beam ions does not change during
slowing down. The ion displacement is, indeed, small at
high @ , as follows from Eq. (5) (which, in fact, describes
the characteristics of the quasilinear equation [5]):

Arz =M A\ (8)

[0N9)
We take the inequalities Av;’ /vy, >1/2 (the subscript
‘0’ corresponds to the birth energy) and Ar’<a’/4 as
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conditions that the particles are not lost while losing
over a half of their energies. Then Eq. (8) vyields

o>m-130 kHz, which is satisfied for most high-
frequency GAE modes observed in NSTX.
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Fig. 2. Poincare plots for the modes (m,n) =(-3,-5) (a)

and (m,n) = (-4; -6) (b). Several chains of resonance
islands are seen, the number of the islands in the chain
being equal to the poloidal resonance number s

2. NUMERICAL SIMULATIONS

The analytical results presented above are based on
the assumption that an interval of energies is stochastic
when the total width of all resonance islands is
sufficient to cover it. Although this statement seems
credible, being similar to the well-known Chirikov
criterion [4], it needs to be verified by numerical
experiment. Having this in mind, we developed two
guiding centre codes.

The first code constructs Poincaré maps to study the
width of resonance islands induced by a single Alfvén
mode. The second one is developed to study the overlap
of resonances of multiple waves and reveal the resulting
stochastic domains. The idea is that we seed a set of test
particles with different energies at a certain radius and
adiabatically (i.e., sufficiently slowly) turn on the
perturbation, then we adiabatically turn off the wave
and find the phase space regions where the energies of
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the particles have changed [6]. Energy intervals in
which the particles become randomly displaced after the
process indicate the stochasticity and/or resonance
islands. Regions with negligible energy displacement of
the particles correspond to domains where KAM-
surfaces between islands exist. This gives us a
possibility to find the energy spaces in which the
particles are able to lose energy rapidly.

For our simulations we took the plasma parameters
described above and the safety factor profile of the form

q(r) =9, — (g, —,) (r/a)*, where q, =3.1, g, =0.1,
a=0.85m is the minor radius of the torus. In the
experiments [2], modes with frequencies in the range of
0.5 to 1.1 MHz, and toroidal wave numbers n from -2
to -7 were observed. For our numerical simulation we
took modes with these parameters, choosing m so that
o~kyV,, where k =(m/q-n)/R and v, is the
Alfvén velocity, and, at the same time, the waves were
resonant with particles of interest.

In Fig. 2, Poincaré plots for different modes in
NSTX are shown to illustrate the islands produced by

GAE modes with §r/B of order of 10and the
frequency f =097 MHz. The resonance width

evaluated from Eg. (6) is in agreement with the code
results (with discrepancy of 20...30%).

In Fig. 3, the energy intervals calculated by the
second (adiabatic) code for the same modes are shown.
The results of the two codes for a single mode are in
good agreement. We observe that energy intervals in
which the particles wander due to the mode are at the

same places as the resonance islands in Fig. 2.
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Fig. 3. Consequences of adiabatic switching on
and off a mode for particles at a certain radius.
Horizontal bars show energy intervals in which the
particles become randomly displaced after the process.
Dots show particles with negligible displacements.
The calculations were carried out for the same modes
and the same mode amplitudes as in Fig. 2
Theory predicts that the widths of these intervals

should be /2 times less than the island widths (in
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order to provide the same phase space volume). We
observe that this is really the case (an exception is the
resonance at W ~0.8W.. in Fig.3,b, which is

inj
somewhat wider). Thus, the results of the two codes for
single modes are in reasonable agreement, which proves
that the approach implemented in the adiabatic code is
viable.

A typical example of calculations for several (two)
modes is shown in Fig. 4. Comparing this figure with
Figs. 2 and 3, we observe that a most part of the energy
interval in Fig. 4 is covered by horizontal bars. These
bars are extensive energy intervals where particles
wander, which appear due to the overlap of the islands
shown in Figs.2, 3. Detailed verification of our
conclusions on the channelling threshold amplitudes is
yet to be done with this code.

0.54

02 03 04 0.5 06 0.7 08 09 1 11
WIW,,

Fig. 4. Domains of stochastic motion produced by
simultaneous adiabatic switching on and off the modes
(m,n)=(-3,-5) and (m,n) = (-4,-6). The mode amplitudes

are the same as in Figs. 2 and 3

DISCUSSION AND CONCLUSIONS

Our analytical estimates show that about 5 GAE
modes with the amplitudes of |_5,r/|3~5.10*3 are

sufficient to make stochastic the motion of injected ions
in NSTX in the energy interval from 90 to 50 keV. This
means that these modes are capable to extract a half of
the fast ion energy. The radial displacements of the
particles in the course of the energy extraction are
moderate and should not result in premature losses of
the particles. The normalized mode amplitudes of order
of 5.107 are usually considered as realistic in NSTX,
and spectrograms of instabilities in NSTX (see, e. g., [1,
2]) show that 5...10 unstable modes are often observed
simultaneously. Thus, our estimates confirm the
conclusions of Ref. [3].

The numerical simulations have shown that our two
codes agree with each other and with analytical
estimates. It is planned to use them for detailed
verification of our analytical results.

It should be mentioned that our analysis does not
take account of cyclotron resonances, which are known
to be an important mechanism of the excitation of high-
frequency instabilities in NSTX [7]. This means that the
stochasticity threshold found above is, most probably,
overestimated — even lower mode amplitudes are
sufficient to take away the energy from the particles. To
include the cyclotron resonances into our consideration
(we are planning to do this in the future), we will have
to abandon the guiding-centre approximation. This will
require more time-consuming numerical simulations. In
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addition, it will be difficult to use the Poincaré map
approach in this case. However, we expect that the
approach based on the adiabatic variation of the
perturbation amplitude will remain efficient.
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IMPOCTPAHCTBEHHOE KAHAJIMPOBAHUE S3HEPT'MA 1 CTOXACTHU3ANUA ABUKEHUSA
BBICTPBIX HOHOB BLICOKOYACTOTHBIMU HEY CTOMUYNBOCTAMM IJIA3MBI

M.I. Tuwenxo, 10.B. Akosenko

YcTaHaBIuBaroTCS YyCJIOBUSA, TPU KOTOPBIX MHOKCECTBCHHBLIC aﬂb(i)BeHOBCKI/Ie CO6CTB€HHI:IC MO/JbI CHOCO6HBI
OTHATH 3HAYMTENIFHYIO JOJNIO DHEPrHMU y OBICTPBIX HOHOB JJIsi BO3MOXKHOHM Nepenauyd B JPYrylo o0JacTh
MPOCTpaHCTBa (MPOCTPAHCTBEHHOTO KAHAIUPOBAHMSI). DTO MOXET MPOUCXOJUTh, €CIU PE30HAHCHBIE OCTPOBA
HEYCTOWYHMBOCTEH MEPEKPHIBAIOTCS, 00pa3yst OOIIMPHYIO CTOXaCTHUCCKYIO 30HY B ()a30BOM MPOCTPAHCTBE OBICTPBIX
WOHOB. BBIBOAUTCS aHAJIMTHUYECKOE BBIpaXKEHHE [UIsi I[IUPUHBI PE30HAHCHOTO OCTPOBa, O0OpPa30BaHHOTO
anb(BEHOBCKOW COOCTBeHHOW MOIOH B (ha3oBoM mpocTpaHcTBe. OICHHBAIOTCS KOJMYECTBO M aMIUIMTYIA MO/,
HEOOXOIUMBIC I BOSHUKHOBEHHS CTOXACTHYECKOW 30HBI B 3aJaHHOM JTHara3oHe »Hepruil. KpaTtko ommceBaroTes
IIBA KOJa, MpeAHa3HAaYCHHBIC JJIS YHCICHHOHM MPOBEPKH 3THX OIECHOK. [IpencTaBieHBI mepBhIe pe3yibTaThl 3TUX
KOJIOB.

IMPOCTOPOBE KAHAJIIOBAHHS EHEPI'Ti TA CTOXACTHM3AILIS PYXY HIBUJAKAX IOHIB
BUCOKOYACTOTHUMMU HECTIMKOCTSIMH ILJIA3SMUA

M.T. Tuwenko, 10.B. Akosenko

BcTaHOBIIOIOTECST YMOBH, 32 SIKUX MHOXHHHI ajb()BEHOBI BJIACHI MOJM € 3/IaTHUMH 3a0paTH 3HA4HY 4YacTKy
SHeprii B MIBUIKUX 10HIB Ui MOXJIMBOI Iepejadi B iHIILY 00JacTh MpocTopy (MpocTopoBOoro KaHamoBaHHs). Le
MOXE TPAIUIATHCh, SKIIO PE30HAHCHI OCTPOBU HECTIHKOCTEH MEPEKPUBAIOTHCS 1 YTBOPIOIOTh HIMPOKY CTOXACTHYHY
30HY B (ha30BOMY MPOCTOPI HMIBHIKUX 10HIB. BUBOAUTHCS aHAIITUYHUI BUpPa3 ISl IIMPUHUA PE30HAHCHOTO OCTPORBA,
CTBOPEHOTO aNb()BEHOBOIO BIIACHOK MOJOIO B (pa3oBoMy mpocTopi. OIHIOITECS KUTBKICTh Ta aMILIITYAa MO, IO
moTpiOHI ANl YTBOPEHHS CTOXAacCTUYHOI 30HM B TEBHOMY Jiama3oHi eHeprid. CTHCIO ONHCYIOTBCS IBa KO,
MIpU3HAYeHi IS YUCIIOBOT NTEPEBiPKY IIMX OLIHOK. [IpecraBiieHo nepiui pe3yabTaTH X KOMIB.
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