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A process of radiative relaxation of the monoenergetic relativistic electron beam, moving through a static spatial-
ly periodic helical magnetic field is investigated theoretically. Interaction of electron with random incoherent elec-
tromagnetic field of spontaneous radiation is shown to lead to spread in the electron-momentum. The conditions
necessary for self-amplified spontaneous emission process realization in the short-wavelength region are derived.
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1. INTRODUCTION

Relativistic electron beam, moving through a period-
ic magnetic field (undulator), is known to be frequency
tunable source of powerful short-wavelength electro-
magnetic radiation. Under certain conditions initial in-
coherent spontaneous radiation can be amplified by
rather dense monoenergetic electron beam at single un-
dulator passage (mode of self-amplified spontaneous
emission (SASE)) [1-3]. Determination of real prospects
of such process realization for the stimulated emission
from an ultra-relativistic electron beams is of consider-
able interest in connection with the researches, directed
on the development of X-ray free electron lasers (FEL).

In this work theoretical analysis of relativistic elec-
tron beam relaxation in the mode of incoherent sponta-
neous radiation in the undulator is presented. Interaction
of electrons with incoherent field of spontaneous radia-
tion is shown to lead to a growth of the electron mo-
mentum spread. The rate of change in the mean-square
value of the longitudinal momentum is found for initial-
ly monoenergetic electron beam and conditions neces-
sary for SASE process realization in the short-wave-
length region are also formulated.

2. FORMULATION OF THE PROBLEM

Let us consider the beam of relativistic electrons
with uniform particle density no, moving in the positive
direction of z axis in the helical periodic magnetic field
H.,

H,6 = H, {ex cos(kuz) te, sin(ku z)

750, (1)
where &, = 211/ A, , Hpand ), are the amplitude and

period of magnetic field, e,, e, are unit vectors along the
x and y axes.

The electron beam is monoenergetic at z=0 the un-
dulator entrance and unbounded on radius.

Taking into account a discrete structure of the beam,
we will derive the mean-square longitudinal electron-
momentum spread due to interaction of electrons with
each other via incoherent electromagnetic field, pro-
duced by the same electrons moving through the undu-
lator.

3. BASIC EQUATIONS

The evolution in time of mean-square value of elec-
tron-momentum spread one can be found directly by
considering motion of some individual (test) electron in
the undulator field and in the fields produced by all oth-
er electrons of beam, moving in the undulator. The
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equations of motion for i-th electron in the magnetic
field of undulator and in the field, produced by other in-
dividual electrons of beam, can be written in the form:

dp ..
%: F[r;(e).1] = ZS FZ(S)[ri(t)’t;xs] , 2
ﬁ_ Pi(t)
e my, (1)’ ®
F(S)( . _ 1 d
Mletxg) = el (e =[v(H ()] 0, @)
0 c 0

where r;, p; are the position and momentum of i-th elec-
tron at time f; F,®(r,t;x;) is the longitudinal force of two
electrons interaction via the fields of s-th electron,
xs(t)={ry(t), ps(t)} means the Cartesian coordinates and
momentum of s-th electron, Es(l’,t), Hs(r,t) are the
strength of electric and magnetic fields, produced by the
s-th electron at time ¢ in r coordinate; e, m are the
charge and the v=dr/dt;

y = /1+p2/m2c2.

The electric and magnetic fields are expressed via
the retarded potentials of electromagnetic field for the
individual electrons moving in an undulator [4]:

o - pilli-p2), ol - ) JE

COERP(-m) R i)

H, = [nE] )

where n, = R;/R, , R, = r-ri), B= v/c, v=dv/dt,

a prime denotes, that a value is taken in the retarded mo-

ment at time t', determined by the following relation
/=1-R(f)]c.

The value of field at observation point r at time t is

determined by only those electrons, initial coordinates
of which satisfy condition:

t- g > |r- ri(tOi)Vca (7
where ro={x0;, yu, 0} is the coordinate of the i-th elec-
tron at time f;.

Since coordinates of electron at the undulator en-
trance are random values, the electromagnetic field pro-
duced by these electrons at the coordinate r at time t,
will be random too. This electromagnetic field gives rise
to random deviation from mean value of electron mo-
mentum. The deviation of longitudinal momentum from
the mean value Ap,; for the i-th particle will be obtained
by integrating Eq. (2):

mass of electron,

)



t
bp. = [SF[r(0).r]dr (8)
Toi
where Ap,=p,-<p.>; 0F, = F, - (F.); <p,>, <F> are
the mean value of longitudinal momentum and force.
Using Egs. (2) and (8) of a test particle motion we
obtain the expression for rate of change of mean-square
spread in the longitudinal momentum of particles
d t

lbpa)?)= 2 (5F.

dt

r; (")’f]éFz r; (’)’t]>df , )
loi
where angular brackets indicate average values.
Averaging in the right-hand side of Eq. (9) is per-
formed with the distribution function in phase space of
coordinates and momentum of all particles, being in the
undulator at time ¢. Using the principle of the phase vol-
ume conservation the averaging in Eq.(9) over the dis-
tribution at time ¢ will be replaced by averaging over
initial distribution. Take account that particles are iden-
tical and neglecting initial correlation between them it
can be shown that the ensemble average of OF,(r,t)0F(r
't') can be expressed as:
(rldsrl))= [ ax Alx.)x
(10)
fF s (e, ) FP s (v, )]
where fi is the single-particle distribution function,
Xo0s=x5(0).
Choosing the time T=t-ty; as quite small in compari-
son with t, time (T<t) in which essential electron move-
ment change occurs, in the right-hand side of Eq. (9) r;

(t) can be replaced by unperturbed trajectory r,»(o) (t) of
electron in the undulator. Then the Eq. (9) for initially

monoenergetic electron beam takes the form:
t

%<(Apzi)2>: 2[ dt"[ qusnOFz(S)lri(O)(t)ﬂt;xs(tﬂ('IOS) X
w FP o) o ()], (1)
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vy = -e,.vg cos(kuzs) -e, Vg s1n(kuzx) te,v,,,

where Z(1) = Vo, (1~ 0], qo={xox, Yo Vstos}, vor is the
axial velocity of electrons at z=0, 7, = cK/k,vo. Vo,
vy = cK/yy, K= |e|H0/mczku.

4. RESULTS AND DISCUSSION

Analytical expressions for the force, acting on the
individual electron in the electromagnetic field, pro-
duced by other particle, is derived assuming that an un-
dulator parameter is small: K?<<1. Expanding expres-
sions (5) and (6) in a power series of this parameter up
to linear terms in K we substitute these expressions into
Eq. (4). Considering interaction of electrons only via the
fields of electromagnetic radiation the following expres-
sion for longitudinal components of the force, acting on
the i-th electron in the field of the s-th one is obtained:

Fzs ri(O)(t)’t;qOSI = (eKkuVOB O)Z(D (Azsi’p si/y) ’ (12)
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In the K?><<1 approximation considered the inequali-
ty (7) can be written in the form of:
z2 y(z)(AZsi+ BOR*)' (13)
Substituting expression (12) into Eq. (11), the fol-
lowing expression for the rate of change of mean-square
longitudinal electron-momentum deviation can be ob-
tained:
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where Vj is the integration region determined by condi-
tion (13).

In approximation considered of a homogeneous and
unbounded in radius electron beam the average beam
density is independent on the initial transversal coordi-
nates Xos, yos and time to. Therefore in the right-hand
side of Eq. (14) integration over these coordinates will
be replaced by integration over r', 8, ¢ coordinates
which is determined as: Xoz - Xo; = Yo' sinf cosf |
Yoo = Yor = Yor'sindsing | vo_ (o, = 1;) = r' cos .

Integrating right-hand side of Eq. (14) by taking into
account the fields radiating in forward direction only (z
>7(t")), the expression

{{ep.)?) = met K Knp 2/
can be obtained.

Here the distance z from the undulator entrance is
chosen as the independent variable.

Integrating in Eq. (15) over z we obtain the follow-
ing expression for the mean-square longitudinal elec-
tron-momentum deviation from mean value

[((Apz)2>l/2/poz : %r—‘)KzN”zvo(kuz)3/2, (16)

)\u
where N = 11(>)\3u/8‘/4 )

The formula (16) describes the mean square devia-
tion from the mean value of longitudinal electron-mo-
mentum in the initially monoenergetic stream of the rel-
ativistic electrons, moving through the spatially periodic
magnetic field (1) of undulator. From Eq. (16) follows,
that longitudinal momentum spread increases as beam
moving along z axis in undulator. Interaction of elec-
trons via the incoherent electromagnetic field is shown
to result in momentum spread, therefore on the whole a
process can be considered as the initial before-kinetic
stage of particles diffusion in momentum space at the
incoherent spontaneous emission from the relativistic
electron beam in undulator.

(15)




The expression for the momentum spread can be
written in the form:

[<(Apz)2>l/2 = iFR iNcoh(Z) )
Vo 2n

where N.y=Nz/A., Fg = (2/3)(ryHoy)?B3 is the force

of radiative deceleration for pointed electron, ry=e¢*mc?
is the classical electron radius.

It should be noted that the relativistic electron beams
must be rather dense for self-amplification of sponta-
neous emission [5]: N>>1, therefore N¢n>>1 for such
beams.

The condition for collective instability and exponen-
tial growth of electromagnetic radiation intensity at the
self-amplified spontaneous emission is a small momen-
tum spread in the electron beam [2,3,6]:

Apz / Po: < p 5
1/3
where p = (KZnOrOAi/lén)/ fo -
Instability saturation takes place at the distance Ly
[2,3,6]: La=Ad/p.
Consequently, the mean-square momentum spread
due to the effect of radiative relaxation of electrons in

incoherent electromagnetic field produced by them, is
possible to be neglect when

p>> 8H2KH3§—OYOE

If a condition opposite (18) is fulfilled and momen-
tum spread brought in by the incoherent spontaneous

(17)

1/2

(18)

undulator radiation will be considerably larger than pa-
rameter P, the mode of the intensive amplification of in-
coherent spontaneous radiation will not be able to be re-
alized.

The author thanks Prof. K.N. Stepanov for fruitful
discussion.
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PAINATIIMOHHASA PEJIAKCALIUS PEJISATUBUCTCKOT' O 3JIEKTPOHHOI'O ITYYKA B CITUPAJIb-
HOM OHAYJATOPE

B.B. Oznuesenko

TeopeTuuecku UcciaeI0BaH NpolecCe paAualliOHHON pelakcallid MOHOOHEPTETUYECKOTO PEISITUBUCTCKOTO dJEK-
TPOHHOTO IyYKa, JBHKYLIETOCS B MPOCTPAHCTBEHHO MEPUOJAUYECKOM CIHPATHHOM MAarHUTHOM IOJIE OHJIYJATOpA.
ITokazano, 4To B3aUMOJIEHCTBUE IIEKTPOHOB CO CIIyYaHBIM HEKOTE€PEHTHBIM DJIEKTPOMArHUTHBIM TOJIEM CIIOHTaH-
HOTO U3JIyYCHHUS IPUBOIUT K pa3dpocy Mo UMIyiabcaM 3JeKTpoHOB. CHOpMyIHPOBaHBI yCIOBUS, HEOOXOANMBIE IS
peanu3amy mporecca CaMONpPON3BOIBHOTO YCHIIEHHUS CIIOHTAHHOTO M3TYYECHHUS B yIBTPAKOPOTKOBOJIHOBOM 00ia-
CTH.

PATIAIIIMHA PEJAKCAIISA PEJISATUBICTCHKOI'O EJEKTPOHHOI'O ITYYKA B CIIIPAJIBHOMY
OHAYJATOPI

B.B. Oznisenko

TeopeTn4yHO JOCIIIKEHO MPOLIEC palialiiHol peslakcalii MOHOEHEPIeTUYHOTO PEIISITUBICTCHKOTO SJIEKTPOHHOTO
MydKa, [0 PYXAEThCs B MPOCTOPOBO-TIEPIOJUIHOMY CIipaJbHOMY MarHiTHOMY MOJi OoHayJsTopa. IlokasaHo, 1o
B3a€MOJIsl SJIEKTPOHIB 3 BUIIQJAKOBHM HEKOT'€PEHTHHM €JIEKTPOMAarHiTHUM IIOJIEM CIIOHTAHHOTO BUIIPOMiHIOBAHHS
NPU3BOJUTH JI0 PO3KUAY MO IMIyJbcax enekTpoHiB. ChopMyTbOBaHO YMOBH, HEOOXIHI JUIs peanizamii mpoiiecy
CaMOYMHHOTO MiICHJICHHS CIIOHTaHHOT'O BUIIPOMIHIOBaHHA B yJIbTPaKOPOTKOXBHIIBOBUH 00JIaCTi.
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