CHARGED PARTICLES DYNAMICS OPTIMIZATION
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A problem of charged particle dynamics optimization in a drift-tube linear accelerator is considered. Discrete op-
timization model based on the Solovjev equations is suggested. Functional is considered for dynamics estimation to
allow conducting optimization and taking into account a density distribution of charged particles. Analytical expres-
sion for functional variation that helps constructing of various directed methods of optimization is suggested.
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1. INTRODUCTION

We consider this problem as a non-standard problem
of the theory of optimal control in discrete systems. This
problem of control of particular trajectory and ensem-
bles of trajectories (beams of trajectories) had been con-
sidered under various criteria of quality. Along trajecto-
ries of the system we consider functional characterizing
the dynamics of programmed motion (motion of syn-
chronous particle) as well as dynamics of perturbed mo-
tion. The mathematical model suggested in this work
also allows accounting for a density of particle distribu-
tion in phase space. The method of solving of this prob-
lem is proposed.

2. MATHEMATICAL MODEL

We consider the problem of optimizing of the beam
parameters for the drift-tube linear accelerator. To char-
acterize the motion in this accelerator we have applied
the discrete Solovjev equations [1].

In common case, Solovjev equations can be written
in the following form:

x(k+1)= f(k,x(k),u(k)), (1)
y(k+ 1) = F(k,x(k), y(k), u(k)), ()

for k= 0,.,N-1, where X(k) is the »- dimensional
phase vector defining programmed motion, y(k) is the
m - dimensional phase vector defining perturbed mo-
tion, u(k) is 7- dimensional control vector, and
S (k,x(k),u(k)) is the - dimensional vector function
defining the process dynamics at each step. For all
k0{0L...,N} the vector function ./ (k:x(k),u(k)) is
assumed to be definite and continuous on Q . X U(k) at
all its arguments (x(k),u(k)) , along with partial deriva-
tives with respect to these variables.
F(k,x(k),y(k),u(k)) is the ™~ dimensional vector
function; for all kU {0,1,- .. ,N} it is assumed to be defi-
nite and continuous on & ¥ @ , ¥ U(k) at all its argu-

ments (x(k),y(k),u(k)), along with the partial deriva-
tives with respect to these variables and second partial

derivatives. @ , — is the domain in R”, Qs the do-
main in g™, and U(k), k= O,L...,N-1 is a compact
set in R”. In this case we consider the Jacobian func-
tion

PROBLEMS OF ATOMIC SCIENCE AND TECHNOLOGY. 2006. Ne 2.

Series: Nuclear Physics Investigations (46), p.137-139.

) F (k)
dy(k)
to be non-zero for all changes of &, x(k), y(k) and u(k).

Eq. (1) describes the dynamics of programmed motion.
Eq. (2) describes the dynamics of perturbed motions.

We assume that x(0)= x, is fixed and the initial

state of system (2) is described by set M- a compact

Jy = Ik, x(k), y(k), u(k)) =

set of non-zero measures in R™. We call the sequence
of vectors {u(O),u(l),...,u(N- 1)} the control of the

system described by Eqgs. (1) and (2) and denote it by %
for brevity. We call the corresponding sequence of vec-

tors {X(O), x(1),..., x(N )} the trajectory of programmed
motion and denote it by x = x(xp,u) . We denote the
phase state of a programmed trajectory for the k- th
step by x(k) = x(k,xy,u(k)). Similarly, we call the se-
quence of vectors {1(0), ¥(1),..., ¥(N)} the trajectory of
perturbed motion and denote it by ¥ = ¥(x,yo,u). We
denote the phase state of the particle for the k- th step
by w(k)= y(k,x,yq,u). The set

¥(x,y9,u) corresponding to the initial state Xo, the

of trajectories

control # and different states o0 M are referred to
as an ensemble of trajectories, or the beam of trajecto-
ries. The phase state of the beam at the & - th step is
also called the cross-section of the beam of trajectories
and is denoted by M, i.e.:

M = [y (k) = y(k, yo, x(k),ulk)),vg O Mo,
and the controls satisfying
u(k)U U(k), k= 0,1..,N-1 are admissible.

Let x( be the initial state of a synchronous particle

conditions

and Mg be the set of initial phase states of charged par-
ticles with density distribution f ()= (0,y0). We

would like to determine how the distribution density
function along the beam trajectories is transformed. Let

us fix an instant k+ 1 and a point Vk+10 Mys1,. Let
Y(k+1) be an image of the point ¥(k) in view of
Eq. (2). We denote by G(y(k)) the set of points

yi(k)D My ., » such that the trajectories of the system

emanating at the instant & from y’(k) at the step &+ 1

137



fall within a certain 7 - neighborhood S,(y(k+1)) of
the point y(k+ 1),

By the distribution density of trajectories from
Eq. (2) at the point Y(k*1) on the k+ 1- th step, we
mean the limit:

i 1 A
plkt Ly,,)= hmejm L p(kyA)dyA39(3)

where
mes(S,(7(k+ )= [ dy(k+ D)
Sy (y(kt 1))

From the one-to-one correspondence of the sets
G(y(k)) and S, (y(k+ 1)), the integral in Eq. (3) trans-
forms to the form:

10 (k,yi)J g dy(k + D
S, (y(k+1))
where y; = y(k) and
Tt = I ke x (), y k), u(h) =

detH 0y (k) H det-lE@F(k,x(k),y(k),u(k)) E
dy(k+1) 0y (k)

(4)

In view of this and the form meS(Sr (y(k+ 1))) , we ob-
tain the following equation for p (k,y;):

p(k+ Ly(k+ 1)= Tk, yi), 0(0,9)= po(¥0)-(5)
The function P (k)= p(k,y;) denotes the distribution
density function for the & -th step.
We introduce the following functional:
N-1
1=y [0k Cotes yiop s yi )y )y +

k=1
M (©)

I gyn.p(N,yn)dyn,
M N,u
where ¢ and & are continuously differentiable func-
tions, X = x(k) .
The functional (6) allows the simultaneous estima-
tion of programmed and perturbed motions, as well as

their simultaneous optimization and taking into account
the density of particle distribution in the phase space.

3. VARIATION OF FUNCTIONAL

Let us rewrite Eqs. (1) and (2) and an equation for
the distribution density along trajectories of the system

2):
x(k+ 1)= f(k,x(k),u(k)),
y(k+1)= F(k,x(k), y(k),u(k)),

p(k+ 1)= I~ Gk, x(k), y(k),u(k)) Op (k)
for k=0,...,N-1.

Let us denote variations of trajectories of system (7)
as 0x(k),0y(k), and dp (k) , with admissible variation of
control Au and a given ¥ .

Now we define the corresponding equations for vari-
ations:

(7
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3/ (k) af (k)
= —— A
ox(k+1)= 0(k)5 x(k)+ 3u (k) u(k), (8)
dF (k) dF (k) 0 F(k)
oy(k+ 1) = ox(k oy(k Nu(k
R O I CONC)
5 (k+ 1)= p(k)"‘aj E) gay s p(k)“ HGPI
*) 0 (k)
(10)
I @)+ 00 o),

du(k)
We also have the following Egs. [2-3]:

div,oy(k+1) = div dy(k)+
J- (k)éaJ(k)é o)+ 6J(k)6 o)+ 0J(k)A (k)é (11)

i(k) ax(k) du(k)
where
290y, (k)
div Sy(k i
mB= ] S

Taking into account Egs. (8)—(11), the initial values
of variations 0x(0) = 0,0y(0)= 0,dp (0)= 0,
div,0y(0) = 0, and using methods of investigation for
functions of type (6) [2-3], variation of functional (6)

(for admissible variation of control Au) can be repre-
sented in the following form:

R 0F(k)
51 = J)pT (ke + 1))
kZoMJE duth)
J(k)yT<k+1>§’; Egukuk Do (k) (,E’)‘) (12)
k), 89 ()
1 Do Tu Hd Buk),

where p(k).y (k).{ (k) and g(k) are the following aux-
iliary functions:

pTN): E

g(N)= g(¥n,P N)s

gy, Pw) - ag(vapN))
S H i () E

y(N)= 0,

19 (k)
p(k)’

qk)= J(k)qlk+ 1)+ ¢ (k) (k)= ¢kt Dt
0 (k)
0y(k)

1 J(k)
tqlkt]) —0y(k) +
F(k)
0x(

o J(kyy

()
a(k)

Tk)= Jhp" (k+ 1)

39 (k)
0 y(k)’
1S (k) ,
0x (k)
2 (k)
dx(k)’

J(k) (k+ 1)p (k)
Tkt )=

1 (k) ,
0 x(k)

I,

J(k)E (k+1)p (k) 7 x(h)

N-1.

q(kt1)

for k=1,...,

137



Eq. (12) for functional variation allows the construc- 2. D.A. Ovsyannikov, Modeling and Optimization of

tion of various methods of optimization of the function- Charged Particle Beam Dynamics. Leningrad State
al in Eq. (6). University Publishing House, Leningrad, 1990 (in
Russian).
4. CONCLUSION 3. E.D.Kotina, A.D. Ovsyannikov. On simultaneous
Simultaneous optimization of programmed and per- optimization of programmed and perturbed mo-
turbed motions under various quality criteria was con- tions in discrete systems. Proc. of the 11th Interna-
sidered in previous works [3—5] and the results were ap- tional IFAC Workshop. 2001, v.1, Oxford, UK, p.
plied to the optimization of beam dynamics in linear- 187-1809.
tube accelerators [4-5]. The analytical representation 4. ED.Kotina, S.A Garbuzova. Optimization of Lon-
obtained in this paper for variation of the functional ex- gitudinal Motion of Charged Particles in Drifi-
amined allows taking into account the density distribu- Tube Linear Accelerator. Proc. International Work-
tion of charged particles as well. shop: Beam Dynamics & Optimization, BDO-2002.
2002, St. Petersburg, p.135-141.
5. ACKNOWLEDGEMENTS 5. E.D.Kotina. Control discrete systems and their ap-
The Russian Fond of Fundamental Researches, plications to beam dynamics optimization. Proc. of
project 03-01-00726, supported this work. the International Conference on Physics and Con-
trol — PhysCon 2003, 2003, St. Petersburg, Russia,
REFERENCES p.997-1002.

1. B.P. Murin, B.I. Bondarev, V.V. Kushin, A.P. Fe-
dotov. Ion linear accelerators. V.1. Problems and
theory. - M.: “Atomizdat”, 1978, p.264.

ONTUMM3ALNS JMHAMUKH 3APSDKEHHBIX YACTHUIL B YCKOPUTEJIE
C TPYBKAMMU JPEUDA

E.JI. Komuna

PaCCManI/IBaeTCﬂ np06neMa ONITUMU3AINU JUHAMHUKU 3apPAKCHHBIX YaCTUI] B JIMHCHHOM YCKOpHUTEIIC C pr61<a—
MU }lpeﬁ(l)a. HpeanaraeTCH JUCKPETHas MOACJIb ONITUMH3AIUM, OCHOBAHHAA Ha YPABHCHUAX ConoBbeBa. IUI)I OLICH-
K1 JMHAaMHUKH BBOOUTCA q)yHKHI/IOHaJ'I, HO3BOJ1$IIOIIII/II>1 MMPOBOANUTH COBMECTHYIO OIITUMM3AIIUIO IIPOTPAMMHOI0 U BO3-
MYIICHHBIX IIBPI)KGHPIFI C YYE€TOM IINIOTHOCTHU pacupeCaACICHUA YaCTUIl B (1)8.3OBOM IIPOCTPaHCTBE. BrimucreiBaeTcs ana-
JIATUYCCKOC MPEACTABIICHUE Bapruallly NPEAJIOKEHHOT'O (byHKHI/IOHaJ'[a, Jaronie€ BO3MOKHOCTb MMOCTPOCHU HAIIpaB-
JICHHBIX METOJ0B ONITUMH3AIINH.

ONTUMIZALIA TUHAMIKHU 3APSUKEHUX YACTOK Y TIPUCKOPIOBAUI
3 TPYBKAMMU JPEU®Y
€.JI. Komina

Posrisnaersest mpobneMa onTuMizanii AWHAMIKK 3apsKEHUX YacTOK y JIIHIHHOMY MPHCKOpIoBadi 3 TpyOKamu
npeiidy. IIponoHyeTbesi OUCKpeTHa MOAENb ONTHMIi3aulii, 3acHoBaHa Ha piBHSHHAX CosoBiioBa. [Insi OLIHKK
JMHAMIKH BBOJIUTHCS (PYyHKIIIOHAI, 1110 J03BOJISIE IPOBOIUTH CIIUIBHY ONTHMI3AII0 TPOrPaMHOTO i 30ypEeHOro pyXiB
3 ypaxyBaHHSM T'yCTHHH PO3IOILTY YacTOK y (pasoBoMy mpocTopi. Bumucyerscs aHamiTHUHE 300pakeHHs Bapiamii
3aMpoIIOHOBAHOTO (PYHKITIOHANA, 1[0 A€ MOMJIMBICTh MTOOYIOBH CIIPIMOBAHUX METOJIIB ONITHMi3aIlii.
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