STABLE SPATIAL ENVELOPE WAVE STRUCTURES IN PLASMAS
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Conditions for formation of two- and three-dimensional localized envelope soliton-like structures in plasmas are
investigated. These structures are described by modified nonlinear Schriidinger equation, including higher order linear
and nonlinear effects. It is shown that higher order effects are crucial to explain formation of localized structures, which
have been observed in plasmas. Stability of stationary soliton-like structures is investigated. Obtained results are applied
to interpretation of the experiments on Langmuir solitons generation in electron-beam plasma systems.
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INTRODUCTION

Formation of envelope coherent wave structures in plasmas
and other nonlinear dispersive media can be rather
universally described by nonlinear Schrudinger equation
(NSE) with some additional terms. Nonlinear wave structure
in the framework of NSE is often a subject to collapse — its
size decreases and intensity grows, forming singularity in a
finite time. However, for intense and narrow wave packets,
the higher-order effects are to be taken into account to
describe packet’s evolution correctly. In the situation, when
dissipation is not very essential, those higher-order effects are
usually associated with the saturation of local nonlinearity,
nonlinear dispersion (nonlocality) and with high-order wave
dispersion. Spatial envelope wave structures with 2D
azimuthal or 3D spherical symmetry may be described by the
generalized NSE (GNSE) of the form
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where 4, is the radial part of the Laplacian, terms

proportional to D and P describe second and fourth order
dispersion effects, terms proportional to B and K represent
saturable  cubic-quintic  nonlinearity (BK<0), term
proportional to C describes nonlocal interaction of the main
wave with other waves or it’s self-interaction.

In different physical situations the importance of these
higher-order terms may be different. For instance, formation
of quasi-one-dimensional upper-hybrid solitons which have
been observed experimentally in [1], can not be described in
the framework of the model of GNSE (1) with B=K=P=0,
DC<0 proposed in [2], since these model solitons were
shown to be unstable with respect to collapse in [3]. At the
same time, in [4,5] fourth-order linear dispersion was
demonstrated to stabilize upper-hybrid solitons in the
conditions of experiment [1]. The model, developed in [2]
appears again in the theoretical attempts to explain formation
of radially-elongated structures — streamers in tokamaks and
their influence on the anomalous transport processes [6]. As
it is well-known, in the space of more than one dimension,
NSE (1) with C=K=P=0 has localized solution which is
unstable with respect to collapse if DB>0 and has no
localized solutions at all, if DB<O0. In the first case (DB>0)
any of higher-order effects may be sufficient to prevent
collapse and stabilize soliton solutions of Eq. (1). The

stabilizing  effect of saturable cubic-quintic
nonlinearity [BK<0 in (1)] has been thoroughly
investigated in the context of nonlinear optics both in
2D and 3D cases [7]. Effects of nonlocal nonlinearity
(with BC>0) in 2D space were first studied in
application to upper-hybrid solitons in plasmas in [8]
and to formation of matter waves in Bose-Einstein
condensates [9]. Simultaneous influence of high-order
dispersion and cubic-quintic nonlinearity on the
formation of whistler wave stationary waveguides in
normal and anomalous dispersive regimes has been
studied in [10]. In the case DB<0, the proper
combination of higher order linear and nonlinear
effects is able to explain formation of localized
coherent structures observed in many experiments.
Taking into account higher-order linear dispersion
together with nonlinear dispersion (such that DP>0,
DB<0, BC>0 in (1)), the observations [11] of strongly
localized upper-hybrid structures in the anomalous
dispersion regime were explained in [12]. A new type
of stable soliton solutions, the so-called chirped
solitons with nonlinearly changing phase were found
analytically and numerically in 1D and in 2D [13-15].

In this paper we consider 2D and 3D soliton
solutions of Eq. (1) with BD>0 in the presence of
effects which stabilize the collapse. In Section 2 we
show that in the 2D space stabilizing effects from all
additional terms (proportional to K, C, and P) are
summarized in a simple way. We show that in the
presence of quintic (BK<0) nonlinearity only the wave
packet in the diffractionless case [16] (DH<O0, H being
the Hamiltonian), can not be contracted to the
infinitely small size for any value of wave power N
and in the space of any dimension (d=1,2,3). In
Section 3 we investigate analytically and numerically
the stabilizing effect of nonlocal nonlinearity on 3D
Langmuir wave structures in plasmas.

COLLAPSE ARREST MECHANISMS

The equation (1) has the integrals: number of
quanta

N=[lyld7 .

Hamiltonian
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Also we choose in this paper the following signs of
coefficients: D>0, B>0, P<0, K<0, C>0. In this case it is easy
to show (similarly to that was done in [16]), that if the
Hamiltonian is negative, any wave packet can not decrease

it’s amplitude |Yna| infinitely. Indeed,
B - B
|H|<Ef lwi'd F<oN [V

— I +

’

and so that
2 |H|
2
>— .
|V/max| BN

Therefore, for the negative Hamiltonian (H<0) wave packet
will not disperse. Using the Gulder inequality
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Further, employing the “uncertainty relation”
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where d is the number of space dimensions, we get
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It is interesting to note that the minimum possible square
radius of any wave packet in the case K#0 does not depend
on N in space of any dimension, but it increases with number
of dimensions. Equation (5) gives also the estimate of
minimum square radius for soliton solution if H<0. Note that
this statement is true also for saturable nonlinearity which is

typical for plasma  waves, when instead of
Bly|Pw—=K|y|'y inEq. (1) we have
1 —exp(—x|l//|2)
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Then we get estimate for the Hamiltonian
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Let us consider in more details 2D space, which corresponds,
in particular, to stationary propagation of wave beams. In this
case, from the integral inequality
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we see that if H<0 then
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or N>21.36 D/B=N,. In the other hand, in 2D space
and for P=0, the virial relation takes rather simple

form
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For soliton solutions the r.h.s. of Eq. (8) is equal to
zero, which means that H<0 if any of the coefficients
(K or C) does not vanish. Thus, the condition (7) is a
necessary condition for soliton formation in 2D space.
We have seen before that if K#0, H<0, the wave
packet can non contract infinitely.

Suppose that N<N.. In this case H>0 and the

relation (8) can be rewritten as
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where we have used the integral inequality (7). Using
also the relation (8), which gives
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Thus, for N<N., the wave packet collapse is also
impossible.

Let us show that in the 2D space, Hamiltonian is
bounded from below if D>0, B>0, C>0, P>0, K<0, and
at least one of the coefficients C, P or K does not
vanish. In addition to (7), (8), integrals Ic and I, are to
be estimated in terms of integral Is. Using Golder
inequalities we have
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f With the help of inequality (7) this gives the
K estimation
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which was required to prove. For any soliton solution, H<O0.
Thus, there exists at least one soliton state which gives
minimum to the Hamiltonian and hence is stable.

STABLE LANGMUIR SOLITONS

Here the impact of nonlocal nonlinearity C>0 will be studied
here in the connection with the Langmuir solitons (LS).
Formation of LS are connected with the plasma extrusion
from the regions of strong high-frequency electric field and
trapping of plasmons into the formed density well (caviton).
However, in the previous simplified theoretical models, 2D
and 3D solitons occur to be unstable with respect to a
collapse: above some threshold power. Nevertheless,
experimental observations [17,18] of 3D Langmuir collapse
demonstrate saturation of wave-packet's spatial scale at some
minimum value being of order few tens of Debye radii. It
have been observed in Refs. [17,18] that at times 7 > 50wp;,
where p; is the ion plasma frequency, Langmuir wave
packets show considerably slow dynamics (subsonic regime).
To our best knowledge, these observations do not meet an
appropriate theoretical explanation yet. As it is shown in
[19], the local part of electron-electron nonlinearity
counteracts the contraction of wave packet. At the same time,
the nonlocal contribution of the additional nonlinear term was
omitted in [19], though it is of great importance for
sufficiently narrow and intense wave packets. As it will be
shown below, the role of nonlocal nonlinearity is
quantitatively even more significant.

We consider subsonic motions and neglect the terms
with time derivatives in the second equation of above set. As
result, this set is reduced to the single partial differential
equation:
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where the coefficients D, B, C, I' are given by the
expressions:
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The nonlinear part of this equation includes common cubic
nonlinearity (term proportional to B) as well as nonlocal

(term proportional to C) and local (term with I') parts
of electron-electron nonlinearity. Let us show that the
effective width rer (4) of any stationary and non-
stationary wave packet governed by Eq. (12) is
bounded from below in the most interesting case of
self-trapped  wave packets having negative
Hamiltonian
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which is valid in 3D space, one finds for H<0:
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On the other hand we have
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for any positive a. Using also Gulder inequality
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we obtain for any O
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Requirement that the discriminant of the 1. h. s. of the
last inequality is negative gives
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Finally, using also the relation (13) we get
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Soliton solutions have a form

E=y ( I’) exp(—i /11') , where 4 is the nonlinear
frequency shift of the soliton. To obtain qualitative
information about the soliton properties let us consider
the variational approach with trial function

Elr)=N"? a_3/2(r/a)exp(—r2/a2)=
(N L)

i

(14)
sothat [ |[E[*d #=N . Substitution of (14) into the

Hamiltonian gives
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The standard variational procedure gives connection between
number of quanta N an characteristic size of the soliton a:

2 da’

=, 15
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where d=Dl,, b=Bl,, c=CI-+T'1,.The dependence N(a) which
follows from the Eq. (15) is similar to that presented in Fig.
1. It follows from (15) that a*>5c¢/(3b)=a’min. In the other
hand, N>N,,i:=(d/b)ac, Where aa=(5¢/b)"*>amis. When soliton
solution is perturbed, tha phase variation with spatial
coordinates appears. Taking this into account, one can find
for small deviationa of parameter a from soliton’s parameter
ao which satisfies the equation (15) (see, e.g. [20]):
2 2
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Fig. 1. The number of quanta versus the nonlinear frequency
shift for 3D Langmuir solitons. Variational prediction is
plotted by the dashed line

1800

Fig. 2. The effective soliton radius versus the number
of quanta. Dashed line presents variational
dependence. On the inset, the soliton profiles are
presented for different A

Soliton is stable if 82H/8 a2>0 . It is easy to
show that solitons are stable if they belong to the
lower branch of the curve N(ag) (15), when N<Nu
and amn<ap’<a... From our variational approach it
follows that

ON_ &’Hloa’ _d’Hlad’
da —0*H|6adN 0Alda
and hence
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Thus, in the framework of the variational approach,
the soliton stability condition 82 H/o a2>0
coincides  with  Vakhitov-Kolokolov  criterion.
Variational results were found to be in a very good
agreement with our numerical calculations.

The radial soliton profiles w(R) are found from the
equation:
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vt et RoR 2 vyl

7 > wlylt _ ’

+5 AR|W| _R2 -

were the dimensionless variables are used:
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Stationary states of Eq. (12) were investigated
numerically, and the results are summarized in Figures
1 and 2. Figure 1 presents the energy dispersion
diagram, number of quanta versus the nonlinear
frequency shift for 3D Langmuis solitons, while in the
Fig. 2, the effective soliton’s radius defined by (4) is
plotted versus the soliton power. In 3D, there are two
soliton  branches, one , corresponding to
ON/0A>0 , is stable, and the other is unstable. It
is clear, that analytical predictions found by the
approximate variational approach (dashed lines in
figures) are in a good agreement with our exact
numerical calculations. With the increase of soliton
power, the effective radius decreases and saturates at
values being of order 6rp..

CONCLUSIONS

Saturation of the nonlinearity, as well as non-local
wave interaction is able to arrest the wave collapse.
The new estimations for minimum possible size of any
stationary and non-stationary wave packets are found.
Stable solitons may be formed due to any of these
higher order nonlinear effects. We have performed
analytical and numerical studies of spatial Langmuir
solitons in the framework of model based on




generalized nonlinear Schidinger equation including both
local and nonlocal electron-electron nonlinearities. Their
influence on intense and narrow Langmuir wave packets are
of the same order. Any of them is able to arrest the Langmuir
collapse. Both nonlinearities lead to the saturation of soliton
width with an increase of the energy, but quantitatively the
effect of nonlocal nonlinearity is more significant. In the 3D
case, two soliton branches coexist, one is stable and the other
is unstable.
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YCTOMYUBBIE MPOCTPAHCTBEHHBIE BOJTHOBBIE CTPYKTYPbhI OT'MBAIOIIUX

B IIVIABME

T.A. lasviooea, A.U. Axumenko, F0.A. 3anusnsax

Wzyuens! ycnoBust GopMHUpOBaHMS ABYMEPHBIX U TPEXMEPHBIX COIUTOHOIONOOHBIX CTPYKTYp OIHOAIONIUX B ILIa3MeE.
Takue CTPYKTYpHl ONMCBHIBAIOTCS MOAMGUIMPOBAHHBIM HENWHEWHBIM ypaBHenueM llIpénuHrepa, yduTHIBaIOINM
JIMHEHHbIE U HeJMHeHHbIe 3@ dekThl Boiciero nopsaka. Ilokazano, uro addekTs! BbICIIEro NOpsAKa TPUHINUIHAIEHO
BaXHBI JUI1 OOBACHEHHsS OOpa30BaHMS JIOKATM30BAaHHBIX CPYKTYp OTHOAIOMINX, KOTOpHIE HAOIIOAAIOTCS B IUIa3Me.
HccnenoBana yCTOHYMBOCTh CTAllMOHAPHBIX COJHTOHHBIX CTPYKTYp. llomydeHHBIE pe3ynbTaThl NPUMEHSIOTCS IS
MHTEPIIPETAlNH SKCIIEPUMEHTOB TI0 BO30Y>KJICHHUIO JICHTMIOPOBCKHUX COJIMTOHOB B IIa3MEHHO-ITyYKOBBIX CHCTEMAX.
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CTIMKI IPOCTOPOBI XBHJIBOBI CTPYKTYPU OT'MHAIOUHX B IIJIA3MI
T.0. /lasuoosa, O.1. Axumenxo, 10.0. 3anizuak

BuBueHo ymoBH GopMyBaHHS ABOBUMIPHUX Ta TPUBHMIPHHUX COJITOHOMOMIOHUX CTPYKTYp OTMHAIOYHX B IUIa3Mi. Taki
CTPYKTYPH ONHCYIOThCS MOAM(DIKOBaHUM HemiHiitHuM piBHsHHIM Illpeminrepa, 1o BpaxoBye JiHINHHI Ti HeTiHIMHI
epexktn BHUIIOro mopsjaky. [lokazaHo, 1m0 e(peKTH BHUIIOTO MOPSAAKY € MPUHIUIOBO BaXKJIMBUMH Ui TOSCHEHHS
YTBOPEHHS JIOKAJII30BaHUX KBa3iABOBUMIPHUX Ta TPUBAMIPHUX CTPYKTYP OTHHAIOUHUX, IO CIIOCTEPITalOTHCS B IUIA3Mi.
JocnipkeHo CTIMKICTh CTaliOHapHUX COJII TOHHHUX CTPYKTyp. OTpHMaHi pe3yjibTaTd BUKOPHUCTOBYIOTHCS IS
TIOSICHEHHSI €KCIIEPUMEHTIB 13 30y DKEHHS JICHTMIOPOBHX COJITOHIB Y IIJIa3MOBO-ITyYKOBUX CHCTEMaX.




