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Ìîäåëü òðåõìåðíîãî ìàãíèòíîãî ïîëÿ ñòàòîðà
öèëèíäðè÷åñêîãî ýëåêòðîìàãíèòíîãî ïåðåìåøèâàòåëÿ
ñ ó÷åòîì ðàñïðåäåëåíèÿ òîêîâ íàìàãíè÷åííîñòè
ïî ïîâåðõíîñòè ìàãíèòîïðîâîäà. I

Â ðåçóëüòàòå óïðîùåíèÿ âåêòîðíîé ñèñòåìû èíòåãðàëüíûõ óðàâíåíèé (ÑÈÓ) äëÿ òîêîâ íà-
ìàãíè÷åííîñòè (ÒÍ) íà ïîâåðõíîñòè ìàãíèòîïðîâîäà ýëåêòðîìàãíèòíîãî ïåðåìåøèâàòåëÿ
(ÝÌÏ) ïîëó÷åíà ìîäåëü òðåõìåðíîãî ìàãíèòíîãî ïîëÿ öèëèíäðè÷åñêîãî ÝÌÏ, â îñíîâå êî-
òîðîé ëåæèò ñêàëÿðíàÿ ÑÈÓ. Íåèçâåñòíûìè â íåé ÿâëÿþòñÿ ïðîåêöèè âåêòîðîâ ïëîòíîñòè
ÒÍ, ëåæàùèõ â êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè ìàãíèòîïðîâîäà. Çàäà÷à ñôîðìóëè-
ðîâàíà â âèäå âåêòîðíîé ÑÈÓ äëÿ ÒÍ íà ïîâåðõíîñòè ìàãíèòîïðîâîäà è ïðèâåäåíû ôîðìóëû,
èñïîëüçóåìûå ïðè ïðåîáðàçîâàíèè âåêòîðíîé ÑÈÓ â ñêàëÿðíóþ.

Â ðåçóëüòàò³ ñïðîùåííÿ âåêòîðíî¿ ñèñòåìè ³íòåãðàëüíèõ ð³âíÿíü (Ñ²Ð) äëÿ ñòðóì³â íàìàã-
í³÷åííîñò³ (ÑÍ) íà ïîâåðõí³ ìàãí³òîïðîâîäó åëåêòðîìàãí³òíîãî ïåðåì³øóâà÷à (ÅÌÏ) îòðè-
ìàíî ìîäåëü òðèâèì³ðíîãî ìàãí³òíîãî ïîëÿ öèë³íäðè÷íîãî ÅÌÏ, â îñíîâ³ ÿêî¿ ëåæèòü ñêà-
ëÿðíà Ñ²Ð. Íåâ³äîìèìè â í³é º ïðîåêö³¿ âåêòîð³â ù³ëüíîñò³ ÑÍ, ùî ëåæàòü â äîòè÷í³é ïëîùèí³
äî ïîâåðõí³ ìàãí³òîïðîâîäó. Çàäà÷ó ñôîðìóëüîâàíî ó âèãëÿä³ âåêòîðíî¿ Ñ²Ð äëÿ ÑÍ íà ïî-
âåðõí³ ìàãí³òîïðîâîäó òà íàâåäåíî ôîðìóëè, ÿê³ âèêîðèñòàíî ïðè ïåðåòâîðåíí³ âåêòîðíî¿ Ñ²Ð
ó ñêàëÿðíó.

Ê ë þ ÷ å â û å ñ ë î â à: òðåõìåðíîå ìàãíèòíîå ïîëå, ýëåêòðîìàãíèòíûé ïåðåìåøèâàòåëü,
ìàãíèòîïðîâîä, òîêè íàìàãíè÷åííîñòè, âåêòîðíûå èíòåãðàëüíûå óðàâíåíèÿ, ñêàëÿðíàÿ
ñèñòåìà èíòåãðàëüíûõ óðàâíåíèé.

Äëÿ îöåíêè ýôôåêòèâíîñòè ýëåêòðîìàãíèòíîãî ïåðåìåøèâàíèÿ æèäêîé
ôàçû íåïðåðûâíîëèòîé çàãîòîâêè (ÍËÇ) íåîáõîäèìî çíàòü ðàñïðåäåëåíèå
â íåé ýëåêòðîäèíàìè÷åñêèõ óñèëèé (ÝÄÓ), êîòîðûå âû÷èñëÿþòñÿ ïî ðàñ-
ïðåäåëåíèþ ìàãíèòíîãî ïîëÿ è âèõðåâèõ òîêîâ (ÂÒ). Â ðàáîòàõ [1—5]

ISSN 0204–3572. Ýëåêòðîí. ìîäåëèðîâàíèå. 2012. Ò. 34. ¹ 1 81

ÏÐÈÌÅÍÅÍÈÅ ÌÅÒÎÄÎÂ
È ÑÐÅÄÑÒÂ ÌÎÄÅËÈÐÎÂÀÍÈß



äàííàÿ çàäà÷à ðàññìîòðåíà â äâóìåðíîì ïðèáëèæåíèè, äëÿ ÷åãî èñïîëü-
çîâàíà èíòåãðàëüíàÿ ìîäåëü, ïðåäñòàâëÿþùàÿ ñîáîé ñêàëÿðíóþ ñèñòåìó
èíòåãðàëüíûõ óðàâíåíèé (ÑÈÓ) äëÿ òîêîâ íàìàãíè÷åííîñòè (ÒÍ) íà ãðàíèöå
ñå÷åíèÿ ìàãíèòîïðîâîäà ýëåêòðîìàãíèòíîãî ïåðåìåøèâàòåëÿ (ÝÌÏ) è ÂÒ â
ñå÷åíèè çàãîòîâêè è êðèñòàëëèçàòîðà. Îäíàêî â ñâÿçè ñ ñóùåñòâåííîé òðåõ-
ìåðíîñòüþ ýëåêòðîìàãíèòíûõ ïîëåé, íàõîäÿùèõñÿ âíóòðè ÝÌÏ è ìàññèâ-
íûõ ïðîâîäíèêîâ, òðåáóåòñÿ ïåðåéòè ê òðåõìåðíîé èíòåãðàëüíîé ìîäåëè,
ïðåäñòàâëÿþùåé ñîáîé âåêòîðíóþ ÑÈÓ, â ñîñòàâ êîòîðîé âõîäÿò âåêòîð-
íûå èíòåãðàëüíûå óðàâíåíèÿ äëÿ ÒÍ íà ïîâåðõíîñòè ìàãíèòîïðîâîäà
ÝÌÏ, äëÿ ÂÒ â êðèñòàëëèçàòîðå è äëÿ ÂÒ â çàãîòîâêå. Ýòî, ñ îäíîé ñòî-
ðîíû, ïîâûøàåò òî÷íîñòü ìîäåëèðîâàíèÿ, à ñ äðóãîé, — ñóùåñòâåííî
óñëîæíÿåò ðàñ÷åò ÝÄÓ, òàê êàê â ýòîì ñëó÷àå âñå íåèçâåñòíûå ÑÈÓ —
âåêòîðíûå.

Íåîáõîäèìî òàêæå ó÷èòûâàòü ñëåäóþùåå îáñòîÿòåëüñòâî. Îïûò ðå-

øåíèÿ ñêàëÿðíûõ ÑÈÓ äëÿ äâóìåðíûõ çàäà÷ ïîêàçàë ðàñõîæäåíèÿ ìåòîäà

ïîñëåäîâàòåëüíîãî ðåøåíèÿ óðàâíåíèé. Åñòü âñå îñíîâàíèÿ îæèäàòü, ÷òî

ïðè ðåøåíèè òðåõìåðíûõ çàäà÷ ýòîò ìåòîä òàêæå áóäåò ðàñõîäÿùèìñÿ, ÷òî

òðåáóåò ïðèìåíåíèÿ áëî÷íûõ ìåòîäîâ. Îäíàêî â ýòîì ñëó÷àå ðàçìåðíîñòü

áëîêîâ áóäåò íà ïîðÿäîê áîëüøå, ÷åì â ñëó÷àå äâóìåðíûõ çàäà÷. Ïðè ýòîì

âîçíèêàåò çàäà÷à óìåíüøåíèÿ ðàçìåðíîñòè áëîêîâ. Â ðàáîòàõ [6, 7] ó÷òåíû

ïàðàìåòðû ýëåêòðîìàãíèòíûõ ïðîöåññîâ ïðè ïåðåìåøèâàíèè è ñóùåñò-

âåííî óïðîùåíû âåêòîðíûå ÑÈÓ äëÿ ÂÒ â çàãîòîâêå.

Ïðåäëàãàåòñÿ óïðîñòèòü âåêòîðíûå èíòåãðàëüíûå óðàâíåíèÿ äëÿ ÒÍ

íà ïîâåðõíîñòè ìàãíèòîïðîâîäà ÝÌÏ, à èìåííî ó÷åñòü òîò ôàêò, ÷òî

âåêòîð ïëîòíîñòè ÒÍ ëåæèò â êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè ìàã-

íèòîïðîâîäà. Äëÿ óïðîùåíèÿ ïðåîáðàçîâàíèé îãðàíè÷èìñÿ öèëèíäðè÷åñ-

êèì ÝÌÏ ñ íåÿâíûìè ïîëþñàìè è áóäåì ïðèìåíÿòü öèëèíäðè÷åñêóþ

ñèñòåìó êîîðäèíàò.

Cèñòåìà êðèñòàëëèçàòîð ìàøèíû ÍËÇ — íåÿâíîïîëþñíûé ÝÌÏ.

Ïðèíöèï äåéñòâèÿ ñèñòåìû êðèñòàëëèçàòîð — ÝÌÏ òàêîé æå, êàê è ó

àñèíõðîííîãî äâèãàòåëÿ. Îñü z äåêàðòîâîé ñèñòåìû êîîðäèíàò xyz ñîâìå-

ùåíà ñ îñüþ ñèñòåìû. Ñòàòîð ñèñòåìû êðèñòàëëèçàòîð — ÝÌÏ, ñîçäàþùèé

âðàùàþùååñÿ ìàãíèòíîå ïîëå (ÂÌÏ), ñîñòîèò èç ìàãíèòîïðîâîäà â ôîðìå

òîðà ïðÿìîóãîëüíîãî ñå÷åíèÿ (ðèñ. 1) è òðåõôàçíîé îáìîòêè (ðèñ. 2),

ñîäåðæàùåé òðè ôàçíûå îáìîòêè îäèíàêîâîé ôîðìû è ðàçìåðîâ, ñîåäè-

íåííûå çâåçäîé. Êàæäàÿ èç îáìîòîê ñîñòîèò èõ äâóõ ñåäëîîáðàçíûõ êàòó-

øåê ñ ÷èñëîì âèòêîâ 1/2W. Àêòèâíûå ïëîñêîñòè îáìîòîê ïåðåñåêàþòñÿ ïî

îñè z è îáðàçóþò óãîë 120°.

Áóäåì ñ÷èòàòü çàäàííûìè òîêè â âèòêàõ îáìîòêè. Ïðåäïîëîæèì, ÷òî

ôàçíûå òîêè îáðàçóþò ñèììåòðè÷íóþ òðåõôàçíóþ ñèñòåìó. Ñëåäîâàòåëü-
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íî, ïðè ïðèíÿòûõ ïîëîæèòåëüíûõ íàïðàâëåíèÿõ òîêè â âèòêàõ îáìîòîê

ïåðâîé, âòîðîé è òðåòüåé ôàç ìîæíî ïðåäñòàâèòü â âèäå
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ãäå � ��2 f ; f — ÷àñòîòà òîêîâ; I m — àìïëèòóäà ôàçíûõ òîêîâ.
Âåêòîðíîå èíòåãðàëüíîå óðàâíåíèå äëÿ ÒÍ íà ïîâåðõíîñòè ìàã-

íèòîïðîâîäà. Îáîçíà÷èì V � , V0, V � îáúåìû ñîîòâåòñòâåííî ìàãíèòî-

ïðîâîäà, îáìîòêè è ïðîñòðàíñòâà, îêðóæàþùåãî ìàãíèòîïðîâîä è îáìîò-
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ãäåV k0 — îáúåì îáìîòêè k-é ôàçû, k �1 2 3, , .
Îáîçíà÷èì S ïîâåðõíîñòü ìàãíèòîïðîâîäà, �� , ��, ��— ìàãíèòíûå

ïðîíèöàåìîñòè ìàòåðèàëîâ ñîîòâåòñòâåííî â îáúåìàõ V �, V0, V �, �� �( )Q
�const, �� � �� �1.

Âåêòîðíîå èíòåãðàëüíîå óðàâíåíèå äëÿ ìãíîâåííîãî çíà÷åíèÿ âåêòîðà
ïëîòíîñòè ÒÍ � ( , )Q t íà ïîâåðõíîñòè S ìàãíèòîïðîâîäà â îïåðàòîðíîé
ôîðìå èìååò âèä [6]

��
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Ìîäåëü òðåõìåðíîãî ìàãíèòíîãî ïîëÿ ñòàòîðà
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Ðèñ. 1. Ìàãíèòîïðîâîä ÝÌÏ
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Ðèñ. 2. Îáìîòêà k-é ôàçû ÝÌÏ
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� � �0 Q,t — ìãíîâåííîå çíà÷åíèå âåêòîðà ïëîòíîñòè òîêà â òî÷êå Q îáúåìà

V0 îáìîòêè ÝÌÏ; nQ — íîðìàëü ê ïîâåðõíîñòè S â òî÷êå Q, ïîëîæè-

òåëüíîå íàïðàâëåíèå êîòîðîé ïðèíÿòî èç ôåððîìàãíåòèêà â âîçäóõ; rQM —

ðàäèóñ-âåêòîð, íàïðàâëåííûé èç òî÷êè Q â òî÷êó M è ðàâíûé ðàññòîÿíèþ
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.

Ãåîìåòðè÷åñêàÿ õàðàêòåðèñòèêà ïîâåðõíîñòè ìàãíèòîïðîâîäà è

ôàçíîé îáìîòêè. Ìàãíèòîïðîâîä (ñì. ðèñ. 2) ïðåäñòàâëÿåò ñîáîé òîð ïðÿ-

ìîóãîëüíîãî ñå÷åíèÿ, ïîâåðõíîñòü S êîòîðîãî ñîñòîèò èç ÷åòûðåõ êàíî-

íè÷åñêèõ ó÷àñòêîâ: S S S S S� 1 2 3 4� � � , ãäå S1 è S 3 — êîëüöà, à S 2 è S 4 —

áîêîâûå ïîâåðõíîñòè öèëèíäðà. Èíòåðâàëû èçìåíåíèÿ öèëèíäðè÷åñêèõ

êîîðäèíàò �Q , � Q , zQ òî÷êè Q è íîðìàëè nQ ÷åðåç îðòû öèëèíäðè÷åñêîé

ñèñòåìû êîîðäèíàò â òî÷êå Q â ïðåäåëàõ êàæäîãî èç ó÷àñòêîâ Si, i �1 4... ,

ñëåäóþùèå:

Q S R RQ1 1 2 41
� � �: � , 0 2

1
� �� �Q , z ZQ1 1� , n n eQ z1 1� � � ;

Q S RQ2 2 22
� �:� , 0 2

2
� �� �Q , Z z ZQ1 32

� � , n n e QQ2 2 2� � � �( );

Q S R RQ3 3 2 43
� � �: � , 0 2

3
� �� �Q , z ZQ3 3� , n n eQ z3 3� � ;

Q S RQ4 4 44
� �:� , 0 2

4
� �� �Q , Z z ZQ1 34

� � , n n e QQ4 4 4� � �( ).

Äëÿ óïðîùåíèÿ çàäà÷è áóäåì ïðåäïîëàãàòü, ÷òî ñå÷åíèÿ ïðîâîäîâ, ôàç-

íûõ îáìîòîê íàñòîëüêî ìàëû, ÷òî ñ äîñòàòî÷íîé ñòåïåíüþ òî÷íîñòè ìîæíî

ñ÷èòàòü ñîâïàäàþùèìè îñåâûå ëèíèè âèòêîâ ñ îñåâîé ëèíèåé îáìîòêè. Îñå-

âàÿ ëèíèÿ L k0 îáìîòêè k-é ôàçû ñîñòîèò èç øåñòè ó÷àñòêîâ (ðèñ. 3):
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Çàïèøåì èíòåðâàëû èçìåíåíèÿ öèëèíäðè÷åñêèõ êîîðäèíàò� M ,� M , z M
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â òî÷êå M ÷åðåç îðòû öèëèíäðè-
÷åñêîé ñèñòåìû êîîðäèíàò â òî÷êå M íà êàæäîì ó÷àñòêå L k

i
0 , i �1 6... , îñåâîé

ëèíèè L
k0
:

M L Rk M R
1

0
1

21� � �:� � , 0 1� �� �
M

, z Z
M Z1 1� �� , l M e Mk0

1 1 1( ) ( )� � ,

M L Rk M R
2

0
2

22� � �:� � , � � �� �
M 2 2 , z Z

M Z2 1� �� , l M e Mk0
2 2 2( ) ( )� � ,

M L Rk M R
3

0
3

23� � �:� � , �
M 3 0� ,

Z z ZZ M Z1 33� � � �� � , l M e Mk z0
3 3 3( ) ( )� ,

M L Rk M R
4

0
4

24� � �:� � , � �
M 4 � ,

Z z ZZ M Z1 34� � � �� � , l M e Mk z0
4 4 4( ) ( )� ,

M L Rk M R
5

0
5

25� � �:� � , 0 5� �� �
M

, z Z
M Z5 3� � � , l M e Mk0

5 5 5( ) ( )� � ,

M L Rk M R
6

0
6

26� � �:� � , � � �� �
M 6 2 , z Z

M Z6 3� � � , l M e Mk0
6 6 6( ) ( )� � ,

ãäå � R — ìàëîå ÷èñëî, ïðè êîòîðîì îáìîòêà k-é, k �1 2 3, , , ôàçû ïîìå-

ùàåòñÿ â îêíå ìàãíèòîïðîâîäà è ëåæèò íà åãî ïîâåðõíîñòè S 2; � Z — ìàëîå

÷èñëî, ïðè êîòîðîì íèæíÿÿ è âåðõíÿÿ ëîáîâûå ÷àñòè îáìîòîê ëåæàò íà

ïëîñêîñòÿõ ñîîòâåòñòâåííî S1 è S 3.

Âåêòîðíûå èíòåãðàëüíûå óðàâíåíèÿ äëÿ ÒÍ îò òîêîâ â k-é îáìîòêå.

Ïðè ñäåëàííûõ äîïóùåíèÿõ îòíîñèòåëüíî êîíñòðóêöèè ôàçíûõ îáìîòîê
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e M� ( )

e Q� ( )

e Q� ( )

e M� ( )

e Q� ( )

e Q� ( )
�M

�Q

Ðèñ. 3. Ñõåìà âûðàæåíèÿ îðòîâ e M� ( ), e M� ( ) ÷åðåç îðòû e Q� ( ), e Q� ( )



âåêòîðíîå èíòåãðàëüíîå óðàâíåíèå (1) äëÿ ÒÍ îò òîêîâ â k-é îáìîòêå íà

ïîâåðõíîñòè ìàãíèòîïðîâîäà ìîæíî çàïèñàòü òàê:

��
�

� � ��( , )Q t D Dss s k k� � � 0 , Q S� . (4)

Çäåñü

D
n r M t

r
dsss

Q QM

QMS

M� �
� � �[ [ ]],

3� , Q S� ;

D
n r M t

r
dvs k k

Q QM k

QMV

M

k

0 0
0

3

0

� �
� � �[ [ ]],

� , Q S� ;
(5)

� � �0k Q t, — ìãíîâåííîå çíà÷åíèå âåêòîðà ïëîòíîñòè òîêà â òî÷êå Q îáúåìà

V k0 k-é îáìîòêè ÝÌÏ,

D
n r M t

r
dv W

n r
s k k

V

Q QM k

QM

M

L

Q

k k

0 0
0

3

0 0
1

1

2
� �

� � �
� ��

[ [ ]] [ [, QM k

QM

M

i M t

r
dl

0
1

3

� �, ]]
�

� �� �
1

2
0
2

0
3

0
2

3

0
W

n r i M t

r
dl W

n r i

L

Q QM k

QM

M

L

Q QM

k k

[ [ ]] [ [� �, k

QM

M

M t

r
dl

3

3

� �, ]]
�

� �� �W
n r i M t

r
dl W

n r i

L

Q QM k

QM

M

L

Q QM

k k0
4

0
5

0
4

3

01

2

[ [ ]] [ [� �, k

QM

M

M t

r
dl

5

3

� �, ]]
�

� �
1

2
0
6

0
6

3
W

n r i M t

r
dl

L

Q QM k

QM

M

k

[ [ ]]� �,
, Q S� .

(6)

Â îïåðàòîðíîé ôîðìå âûðàæåíèå (6) èìååò âèä

D W D i M t W D i Ms k k

j
sL k

j

j
sL k

j

k

j

k

j0 0

1

2

0
3

4

0

1

2 0 0

� � � � �
� �


 
�, , t� �

�
�

1

2 5

6

0
0

W D i M t
j

sL k

j

k

j � �, , Q S� ,

ãäå

D i
n r i M t

r
dl

sL k

j

L

Q QM
j

k

QM

M
k

j

k

j
0

0

0

0

3
�

� �
�

[ [ ]],
, j = 1 ... 6, Q S� ;

i M t l M i t
k

j

k

j
k0 0 0( , ) ( ) ( )� � (7)
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åñòü ìãíîâåííûé âåêòîð òîêà â òî÷êå M L
k

j�
0

. Â ôîðìóëå (7) èñïîëüçóåòñÿ

çíàê ïëþñ, åñëè â òî÷êå M ïîëîæèòåëüíîå íàïðàâëåíèå òîêà i tk0 ( ) ñîâïà-

äàåò ñ íàïðàâëåíèåì îðòà l M
k

j

0
( ), è çíàê ìèíóñ, åñëè íàïðàâëåíèå íå

ñîâïàäàåò.

Çàïèøåì âûðàæåíèÿ i M t M l M
k

j

k

j

0 0
( , ), ( )� , j = 1 ... 6, â ñîîòâåòñòâèè ñ

âûáðàííîé ñèñòåìîé êîîðäèíàò è ïîëîæèòåëüíûìè íàïðàâëåíèÿìè i tk0 ( )

(ñì. ðèñ. 3):

i M t e M i tk k0
1 1 1

0
( , ) ( ) ( )� � � ; i M t e i tk z k0

4 4

0
( , ) ( )� � ;

i M t e M i tk k0
2 2 2

0
( , ) ( ) ( )� � ; i M t e M i tk k0

5 5 5

0
( , ) ( ) ( )� � ;

i M t e i tk z k0
3 3

0
( , ) ( )� ; i M t e M i tk k0

6 6 6

0
( , ) ( ) ( )� � � .

Çàïèñàâ ÷èñëèòåëü ïîäûíòåãðàëüíîãî âûðàæåíèÿ (5) ñ ïîìîùüþ âåêòîðà

G Q M r M tQM( , ) [ ]� � � �, , ïîëó÷èì

D
n G Q M

r
dsss

Q

QMS

M� �
[ ( , )]

3� , Q S� .
(8)

Èñïîëüçóÿ (8), çàïèøåì (4) â âèäå

��
�

� ��( , )
[ ( , )]

Q t
n G Q M

r
ds D

Q

QMS

M s k k� � �� 3 0 , Q S� . (9)

Ïðåäñòàâèì (9) â âèäå âåêòîðíîé ÑÈÓ íà êàíîíè÷åñêèõ ó÷àñòêàõ ïî-
âåðõíîñòè ìàãíèòîïðîâîäà S. Äëÿ ýòîãî çàïèøåì (9) â âèäå

��
�

� ��( , )
[ ( , )]

Q t
n G Q M

r
ds D

i S

Q i

QM

M s k k

i i

i
� � �

�

 �

1

4

3 0 , Q S� . (10)

Ïîëàãàÿ â (10) Q S� 1, ïîëó÷àåì ïåðâîå óðàâíåíèå âåêòîðíîé ÑÈÓ:

��
�

�1 1

1

4
1

3 0
1

1

1
( , )

[ ( , )]
Q t

n G Q M

r
ds D

i S

Q i

Q M

M S k

i i

i
� � �

�

 � ��k , Q S1 1� . (11)

Ïîñëåäîâàòåëüíî ïîëàãàÿ â (10) Q S� 2, Q S� 3, Q S� 4, àíàëîãè÷íî ïî-

ëó÷àåì

��
�

�2 2

1

4
2

3 0
2

2

2
( , )

[ ( , )]
Q t

n G Q M

r
ds D

i S

Q i

Q M

M S k

i i

i
� � �

�

 � ��k , Q S2 2� , (12)
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��
�

�3 3

1

4
3

3 0
3

3

3
( , )

[ ( , )]
Q t

n G Q M

r
ds D

i S

Q i

Q M

M S k

i i

i
� � �

�

 � ��k , Q S3 3� , (13)

��
�

�4 4

1

4
4

3 0
4

3

4
( , )

[ ( , )]
Q t

n G Q M

r
ds D

i S

Q i

Q M

M S k

i i

i
� � �

�

 � ��k , Q S4 4� . (14)

Ïðèâåäåì ôîðìóëû, èñïîëüçóåìûå â ïðîöåññå ïðåîáðàçîâàíèÿ âåê-

òîðíîé ÑÈÓ (11)—(14) ê ñêàëÿðíîé ôîðìå. Íåòðóäíî ïîêàçàòü, ÷òî âåêòîð

rQM ìîæíî âûðàçèòü ÷åðåç îðòû e Q�( ), e Q�( ), ez :

r e Q r e Q r e Q rQM QM QM z QM

zQ Q Q� � ��
�

�
�

( ) ( ) ( ) ; r
QM M M Q Q

Q� � � � �� � �cos ( ) ;

r
QM M M Q

Q� � � �� �sin ( ); r z z
QM

z

M Q
Q � �( );

r r r rQM QM QM QM

zQ Q Q2 2 2 2� � � �( ) ( ) ( )
� �

� � � � � �� � � � � �M Q M Q M Q M Qz z2 2 22 cos ( ) ( ) ;

r z zQM M Q M Q M Q M Q� � � � � �� � � � � �2 2 22 cos ( ) ( ) .

Ôîðìóëû äëÿ âû÷èñëåíèÿ ñêàëÿðíîãî ïðîèçâåäåíèÿ ( )n rQ QM è êâàä-

ðàòà ìîäóëÿ rQM
2 â çàâèñèìîñòè îò ïîëîæåíèÿ òî÷åê M è Q íà ïîâåðõíîñòè

S ìàãíèòîïðîâîäà ïðåäñòàâëåíû â òàáë. 1.

Äëÿ ïðåîáðàçîâàíèÿ âåêòîðíîé ÑÈÓ (11)—(14) ê ñêàëÿðíîé ïîòðå-

áóþòñÿ âûðàæåíèÿ âåêòîðîâ ïëîòíîñòè ÒÍ íà ó÷àñòêàõ S i , i �1 4,..., , ÷åðåç

îðòû e Q�( ), e Q�( ), ez . Äëÿ ýòîãî èñïîëüçóåì âûðàæåíèÿ îðòîâ e M�( ),

e M�( ) ÷åðåç îðòû e Q�( ), e Q�( ) (ñì. ðèñ. 3):

e M e Q e QM Q M Q� � �� � � �( ) ( )cos ( ) ( )sin ( )� � � � ,

e M e Q e QM Q M Q� � �� � � �( ) ( )sin ( ) ( )cos ( )� � � � � .

Íà ó÷àñòêå S1 âåêòîð � ( )M1 , M S1 1� , èìååò âèä � ( )M1 �
� �e M M e M MM M� � � �� �( ) ( ) ( ) ( )1 1 1 1 . Ïîäñòàâèâ â íåãî ïîëó÷åííûå âû-

ðàæåíèÿ äëÿ e M�( )1 è e M�( )1 , çàïèøåì

� � �� � � �( ) ( ) ( ) ( ) ( )M e Q M e Q MQ Q1 1 1� � ,

ãäå� � � � � � �� � �Q M Q M M Q MM M M( ) cos( ) ( ) sin( ) ( )1 1 1 11
� � � � ;� �Q M( )1 �

� � � �sin ( ) ( ) cos ( ) ( )� � � � � �� �M Q M M Q MM M1 1 1 1 .

Â. Ô. Åâäîêèìîâ, À. À. Êó÷àåâ, Å. È. Ïåòðóøåíêî, Â. À. Êó÷àåâ

88 ISSN 0204–3572. Electronic Modeling. 2012. V. 34. ¹ 1



Ìîäåëü òðåõìåðíîãî ìàãíèòíîãî ïîëÿ ñòàòîðà

ISSN 0204–3572. Ýëåêòðîí. ìîäåëèðîâàíèå. 2012. Ò. 34. ¹ 1 89

Ïîëî-
æåíèå
òî÷êè

Q

Ïîëîæåíèå òî÷êè M

S 1 S 2 S 3 S 4

Äëÿ ñêàëÿðíîãî ïðîèçâåäåíèÿ ( )n rQ QM

S1 ( )n rQ Q M1 1 1
0� (~ )n r rQ Q M Q M

zQ

1 1 2 1 2

1� � �

� � �( )z ZM2 1

(~ )n r rQ Q M Q M

zQ

1 1 3 1 3

1� � �

� � �( )Z Z3 1

(~ )n r rQ Q M Q M

zQ

1 1 4 1 4

1� � �

� � �( )z ZM4 1
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� � � � �rQ M M
Q

2 1
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2 2

2
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�R2
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�

� � � � �r RQ M
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2 3

2
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�
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�
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Q

2 4

2
4

�
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(~ )n r rQ Q M Q M
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(~ )n r rQ Q M Q M
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3� �

� �( )Z Z3 1

(~ )n rQ Q M3 3 3
�
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Q M

z Q

3 3

3 0

(~ )n r rQ Q M Q M

zQ
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3� �

� �( )z ZM 4 3

S4 ( )n rQ Q M4 4 1
�
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Q M M

Q
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4

1

�
�

� � �cos( )� �M Q1 2
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�
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Q M
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2 4
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Q M M
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4

3

�
�
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2 2 2� � �� �

� �2
1 1

� �M Q

� �cos( )� �M Q1 1

r RQ M Q1 2 1
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2
2 2� � ��
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� � �cos( )� �M Q2 1
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2

rQ M M Q1 3 3 1
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� �2
3 1

� �M Q

� � �cos( )� �M Q3 1
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2

r RQ M Q1 4 1

2
4
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2
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2
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2
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2
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� �2
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2
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1 3
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� �( )Z zQ1
2

3
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2
2
2 2� � ��
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2 2 2� � �� �
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3 3
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2 2� � ��
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R Q�
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2

S4 r RQ M M4 1 1
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1 4�M R

� � �cos( )� �M Q1 4

� �( )Z zQ1
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4
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2

4
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� � �cos( )� �M Q2 4
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2

r RQ M M4 3 3

2 2
4
2� � ��

� �2
3 4�M R

� � �cos( )� �M Q3 4

� �( )Z zQ3
2

4
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2
4
22� �

� �2 4
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� � �cos( )� �M Q4 4
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2

Òàáëèöà 1



Àíàëîãè÷íî ïðåîáðàçóåì âåêòîð � ( )M i íà ó÷àñòêàõ S i , i �2 4,..., :

� � �� �( ) ( ) ( ) ( ) ( )M e M M e M MM z z2 2 2 2 2� � �

� � �e Q M e Q M e MQ Q z z� � � �� � �( ) ( ) ( ) ( ) ( )2 2 2 ,

ãäå

� � � �� �Q M Q MM M( ) sin ( ) ( )2 2 2� � � ,

� � � �� �Q M Q MM M( ) cos ( ) ( )2 2 2� � ,

� � �� � � �( ) ( ) ( ) ( ) ( )M e M M e M MM M3 3 3 3 3� � �

� �e Q M e Q MQ Q� � � �� �( ) ( ) ( ) ( )3 3 ,

� � � �� �Q M Q MM M( ) cos ( ) ( )3 3 3� � �

� �sin ( ) ( )� � � �M Q M M3 3 ,

� � � � � � �� � �Q M Q M M Q MM M M( ) sin ( ) ( ) cos ( ) ( )3 3 3 3 3� � � � ;

� � �� �( ) ( ) ( ) ( )M e M M e MM z z4 4 4 4� � �

� � �e Q M e Q M e MQ Q z z� � � �� � �( ) ( ) ( ) ( ) ( )4 4 4 ,

� � � �� �Q M Q MM M( ) sin ( ) ( )4 4 4� � � ,

� � � �� �Q M Q MM M( ) cos ( ) ( )4 4 4� � .

Ôîðìóëû äëÿ âû÷èñëåíèÿ ñêàëÿðíîãî ïðîèçâåäåíèÿ ( , ( ))n MQ � â çà-
âèñèìîñòè îò ïîëîæåíèÿ òî÷åê M è Q íà ïîâåðõíîñòè S ìàãíèòîïðîâîäà
ïðåäñòàâëåíû â òàáë. 2.

Ïîëó÷åííàÿ ñêàëÿðíàÿ ñèñòåìà óðàâíåíèé ñîñòàâëÿåò îñíîâó ìîäåëè
òðåõìåðíîãî ìàãíèòíîãî ïîëÿ öèëèíäðè÷åñêîãî ÝÌÏ è ìîæåò áûòü èñ-
ïîëüçîâàíà ïðè ìîäåëèðîâàíèè ÂÒ è ÝÄÓ â æèäêîé ôàçå ÍËÇ.
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Ôîðìóëû äëÿ ( , ( ))n MQ �

S 1 S 2 S 3 S 4

S1 0 �� z M( )2 0 �� z M( )4

S 2 ���Q M
2 1( ) ���Q M

2 2( ) ���Q M
2 3( ) ���Q M

2 4( )

S 3 0 � z M( )2 0 � z M( )4

S 4 ��Q M
4 1( ) ��Q M

4 2( ) ��Q M
4 3( ) ��Q M

4 4( )
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Ââåäåì îáîçíà÷åíèÿ ÿäåð èíòåãðàëüíûõ îïåðàòîðîâ:
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Òàêèì îáðàçîì, çàäà÷à ñôîðìóëèðîâàíà â âèäå âåêòîðíîé ÑÈÓ äëÿ ÒÍ

íà êàíîíè÷åñêèõ ó÷àñòêàõ ïîâåðõíîñòè ìàãíèòîïðîâîäà, à ïðèâåäåííûå

ôîðìóëû èñïîëüçóåì ïðè ïðåîáðàçîâàíèè âåêòîðíîé ÑÈÓ ê ñêàëÿðíîé

ôîðìå îòíîñèòåëüíî ïðîåêöèè âåêòîðîâ ÒÍ íà îñè öèëèíäðè÷åñêîé ñèñ-

òåìû, ëåæàùèå â ïëîñêîñòè êàñàòåëüíîé ê ïîâåðõíîñòè ìàãíèòîïðîâîäà.

(Ïðîäîëæåíèå ñòàòüè ñì. â ñëåäóþùåì íîìåðå)

A model of three-dimensional magnetic field of the cylindrical electomagnetic stirrer (EMS)
based on the scalar system of integral equations (SIE) was obtained as a result of simplification of
the vector SIE for magnetization current (MC) on the magnetic circuit surface of the EMS. This
system unknowns are projections of density vectors MC which lie in the plane tangential to the
magnetic circuit surface. The problem has been formulated in a form of the vector SIE for MC on
the magnetic circuit surface, and formulas have been presented which are used for the vector SIE
transformation into the scalar one.
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