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ORIGINATION OF THE SINGULAR CONTINUOUS SPECTRUM IN
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Dedicated to the memory of wise Ukrainian mathematician A. Ya. Povzner

ABSTRACT. We study the spectral properties of the limiting measures in the conflict
dynamical systems modeling the alternative interaction between opponents. It has
been established that typical trajectories of such systems converge to the invariant
mutually singular measures. We show that ”almost always” the limiting measures are
purely singular continuous. Besides we find the conditions under which the limiting
measures belong to one of the spectral type: pure singular continuous, pure point,
or pure absolutely continuous.

1. INTRODUCTION

We study the spectral properties of the limiting invariant measures of the dynami-
cal systems with composition of the alternative conflict interaction. This composition
generates the evolution of occupations of the living positions (regions) for a couple of
opponents. A starting state of the system is fixed by a pair of probability measures p and
v corresponding to opponents which exist on the common space €2 (the space of the living
resources). The fight between opponents for the control in regions of € is described by
the non-commutative and non-linear operation (composition) which is defined in terms
of p and v. This transformation we call the conflict composition and denote by % (see
below Section 4).

Actually the transformation % provides a certain redistribution between opponents of
the occupation probabilities in regions at various moments of the conflict. Iteration of
this transformation generates the evolution of the probability redistribution in terms of
the changed measures at a sequence of the discrete moments of time t = 1,2,..., N, ...
So, the dynamical system of conflict appears

{MN_laVN_l}i{uNaVN}: N(]:,uv V0:V7 N:LQ’

In papers [15, 16] it has been proved (for finite or countable spaces §2) that the limiting

states
N

o 1z N oo :
SR i
exist and are invariant with respect to the conflict composition .
In the present paper we extend the above result for the case of measures having the
similar structure on the segment [0,1] (c.f. with [17, 1]).
The significant fact is that an every similar structure measure (for the exact definition

see Section 3) belongs to the pure spectral type is the following sense. Namely, it means
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that each such measure has a single component in the Lebesgue decomposition: either
purely point, or purely absolutely continuous, or purely singular continuous.

A key problem is to find the conditions which ensure that one or both limiting measures
1®°, v>° belong to the before chosen spectral type. Some results in this direction have
been already obtained in [17, 1].

In this paper we stress that the limiting measures u*°, v are singular continuous
almost always. Only in exceptional cases they might become point or absolutely continu-
ous. This fact exposes the mostly distinctive property of the considered conflict dynami-
cal systems. In particular, starting with absolutely continuous measures yu, v € M, . and
applying an infinite sequence of conflict composition %, we usually obtain in the limit
the singular continuous measures pu>°,v> € M. of the Cantor type. The supports of
u>=,v>* € M, are nowhere dense sets of zero Lebesgue measure. We will produce the
conditions ensuring this result.

At the same time in the exceptional cases we obtain the criterion guaranteeing that
one of limiting measures will be purely point or purely absolutely continuous. Of course,
the appearance of the such type of limiting measures is rather exotic. We illustrate it by
simple examples.

Finally we remark that the growing interest in study of singular continuous mea-
sures and their supports (=spectra) takes place not only in the fractal geometry but in
mathematical physics too. In particular, in the connection with the problem of physical
interpretation of the fine effects from presence of the singular spectrum (see, for example,
[3, 8, 18, 24] ). We also refer reader to the papers [6, 23] where conflict composition 3 has
been used in the applications for construction of the migration and population models .

(o]

2. THE SIMILAR STRUCTURE MEASURES

In the present paper we shall use a specific class of measures, the similar structure
measures, having a certain structural similarity of its supports. This class of measures are
exactly appropriate for construction of the conflict dynamical systems. The set of similar
structure measures are considerably wider than the well-known class of the self-similar
measures introduced by Hutchinson [13] (see also [12, 24]).

Let us describe shortly the notion of probability similar structure measure which are
supported on the segment Ay = [0, 1].

Let T ={Tu}™,, k=1,2,...,2 <n < oo be a family of contractive similarities on
R! having the following properties. For all k

(@) O0<e<cr<l,
where ¢;; is the contraction coefficient for Ty,
(b) Ao =Tk,
i=1
(€) ATuwlo(\Trelo) =0, i#i,

where A denotes Lebesgue measure.
Put

U.

Aeevig iy e

— -1 i il
co=Ti e Toyw(Tigy - Ty g)™ 1<y, i <n.

We recall that each T;, i, is a bijection and hence the inverse transformation TZ;; is well
defined.
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We say that set S C Ag has a structural similarity, if for some fixed family of contrac-
tive similarities 7' with above properties, S admits the representation
n n n
(21) S = U Siys Sip = U Sivigy " 3 Siy i1 — U Sirig-iny "t s
=1 ia=1 ir=1
where s;,...;, C 15,1+ T3, kAo and all non-empty s;,...;, of every fixed rank k =1,2,...
are similar one to other

(2.2) Siyowrig = Uiy vvig il oooif Sif oot -

We observe that

(2.3) diam(s;,...;,,) — 0, k — oo,
and

(2.4) ASS i ()85 ) =0, i i £ 4]

at least for single 1 <[ < k, where cl stands for closure.

Emphasize that in contrast to the definition of a self-similar set (see [13, 24]), subsets
of different ranks s;,, Sijiy, -+, Siy-ip, - -+ are in general not similar. In particular, they
are not similar in general to the whole set S. Roughly speaking, each similar structure
set on any e-level (¢ > 0) admits the decomposition into a finite amount of ”cells” with
diameters smaller or equal to €, which are similar one to other but are not necessarily
similar to whole set and to ”cells” of another level of decomposition.

A Borel measure p on Ay is called the similar structure measure if its support S =
suppp = S, has the structural similarity (see (2.1)-(2.4)) and besides,

(2.5) p(Siveiy [ Sigea) =0, i ip # i

at least for single 1 <1 < k, and the defined for non-empty sets s;,...;, and s;,...;, , the
ratios
/’L(Sil"'ik—lik)

2.6 — = =ik >0 (85, = Ao
( ) l’l’(sil"‘ik—l) h " )
are independent on iy, ...,ix—1. We put p;,x = 0 if s;,...4, is empty. The family of such
measures will be denoted by M (Ay) = M3 (ss stands for similar structure).

Every measure p € M® may be fixed in the following way.

Let us consider an infinite sequence of stochastic vectors qx, £k =1,2,..., fromR", 1 <

n < oo with strictly positive coordinates

Ar = (q1ks Q2ks -, Gnk),  Qiky--->Gnk >0, que+ -+ gne = 1.

‘We assume that

(2.7) Qinf = i_nkf qir > 0.
Then
(2.8) Q ={a}il: = {a iy rmn

denotes the stochastic matrix whose columns are formed with coordinates of vectors q.
Each matrix @ fixes on the segment A the so-call (see [22, 2]) Q*-representation, which
we call here simply as the Q-representation on Ay. Let us shortly recall this construction.

For each k = 1,2,... let us decompose the segment Ag from the left to the right in
the family of closed intervals of rank k

N=UA= U A== U Biigein=--
1

1= i1,ip=1 i1, nin=1
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We suppose that different intervals of the same rank overlap at most only in the extreme
points. That is, the lengths of these intervals are fixed by elements of the matrix @

(2.9) MAyL) =1, MAiiy) = Gibi2, 5 MDiigein) = Gin1Gia2 " Gk
Of course, these decompositions are consistent
(2.10)
n n n
Ay =[0,1] = U A, Ay = U Divigs 05 Dijigeif—1 = U Ajyigeeigs
=1 ia=1 ip=1

It is not hard to see that relations
Aiyigei, = Tiy1 - Ty Do

define the one-to-one correspondence between the family of all Q-representations on Ay
and the family of above mentioned contractive similarities 7T'.

Clearly that under a given @Q-representation the o-algebra generated by the family of
subsets {A;,...i, }72, coincides with the usual Borel o-algebra on [0, 1]. Moreover due to
(2.7) for every point = € [0,1] there exists a sequence of embedded segments A; ;,...,
containing this point and such that @ = (- ; Ay, i,...i,- This fact can be written in the
following form:

(2.11) Xr = A,;liz,...ik‘.. ;
where the sequence of indexes iy,42,...,4,... defines the point z uniquely. Thus,
01,12, ...,1k, ... are coordinates of x in the fixed Q-representation.

We remark that each point of a view (2.11) admits the representation in the terms of
the corresponding family of similarities 7'

:rzkli_{goyk, ye = Tiy1 - Tipry, vy € R

In what follows we will fix some @Q-representation on Ay or, that is the same, a family
of contractive similarities T'.

From (2.6) it follows that each measure u € M is uniquely associated with the
stochastic matrix

(2.12) P={pi}iZ, = {pik}iﬁckﬂ )
whose columns are formed by coordinates of stochastic vectors pr € R™, k=1,2,...

pk:(p1k7"'7pnk)a p1k7---7pnk207 P1k++pnk:1

In order to point the dependence p from P we write sometimes p = pup.
The construction of the measure pp starting of P may be realized in the following
way.
Using the first & columns of matrices Q and P we define the Borel measure ug on Ag
by the formula
n
(213) Kk ‘= Z Ciyig--iy, )\iliZ"'ik7 Citig iy +

01,82, =1

_ Pii1Piz2 " Pirk
- )
qi119i52 Qi k

where Ajjip.ip = A|Aijiy.q, denotes the restriction of Lebesgue measure on segment
A, ... By (2.13) it follows that
(2.14) p(Ai) = pisty ooy k(Aiy i) = DiniPis2  Digks

Hence, i,k =1,2,... is a sequence of probability measures uniformly distributed on
A;, .. From (2.13), (2.14) it also follows that the plot for the distribution function
Jr(x) = pr{(—o0, z)} for the measure py is a piece-wise linear non-decreasing line. The
values of the function fx(x),k > 1 in end-points of each segment A;, .., _, of the rank
k — 1 are the same as for the function fy—1(x). Obviously for the sequence {fi(x)}7,
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we have fi(z) — f(x),k — oo in the sense of the uniform convergence, where f(z) is
a left continuous non-decreasing function. Thus, f(z) is the distribution function for a
fixed probability measure p on [0, 1]. So we can write

p= lim py.
k—oo
The above constructed measure p has the similar structure on all segments A, ...;,
under each fixed k > 1. Besides, by condition (2.7) A(A;...i,) — 0, k — co. Therefore,
this measure belongs to the class M®®.

Let us discuss in more details the structure of the support for u, which will be often
called the spectrum of p. This set can be written as follows:

(2.15) S,, = suppy = ﬂSuM Sy, = suppi.
k
The set S, admits another representation
Sy = suppp = Ao\So(p),  Solp) = U A;thk
{ik:pi, =0}

where the union takes place along open intervals A;‘;t% (int means interior) for which
pik = 0 and the bar stands for adding to So(u) the isolated end-points if they appear.
‘We note that all intervals A;i‘t% such that p;;; = 0 with some [ < k has also empty
intersection with S, because these intervals are included in A;‘;F,_il.

We are able now to define

(2.16) Sivoip = Su[ | AL i,
where # denotes the possible removing from A;, ..;, one of the end-points. Namely,
we have to remove the right end-point, if P = [1o2, p1k+s > 0, or the left one, if

PR = T2, Pnkts > 0. The set A;..; in (2.16) remains without any changes, if
PL = PR = 0. This procedure is caused by condition (2.5). Indeed, if one of the
conditions PX > 0 or PF > 0 holds (they can not be fulfilled simultaneously!) the
corresponding end-points of the segment A;,...;, become atoms of the point spectrum
for the measure p (see below Theorem 3.1). Thus the above describing construction of
Siy.i, ensures the validity of condition (2.5). Of course, it may occurs that s;,.., is
empty.

It is evident now that the non-empty subsets si,...;,, 8i...iy defined by (2.16) are
similar one to other for each fixed £ > 1. It is true since all segments A;,...;, , Aifl i,
are similar, and on every step described above, only similar sets from these segments has
been removed. In fact, by virtue of the previous observations subsets s;,..;,, 8...;; are
connected by a certain kind of similarity of the form (2.2).

Further, due to (2.14) we obtain the important relations

(2.17) p(Siy i) = (AL ) = pe(Diyooi) = Pist - Pigk-

We observe that s;;,...;, is non-empty iff

B(Siy i) = Dis1 - Pigk 7 0.

Thus (2.5) and (2.6) is fulfilled.
By the way, from (2.11) and (2.17) it follows that

(2.18) u(z) = Hpikk,
k

where i, k= 1,2,... denote coordinates of a point = in Q-representation (2.11).
Conversely, one can reconstruct a certain stochastic P-matrix by a given similar struc-
ture measure p € M using meanings pu(s;,...;, ) (see (2.17)).
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We shall use below the following well-known result [22].

Lemma 2.1. The constructed above measure up = p is singular with necessity if for
infinite set of values k at least one coordinate of pi equals zero.

Proof. Without loss of generality we assume
By (2) we have
So(w) > |J AL .
oM iyt —11),

{pv;< =0}

So we can calculate Lebesgue measure of the set So(u)

MSo() = a1+ D @iz + D Gt Y G2tz + -

i1} i174] (CE
+ E ir1 E Qir2 " " E Qir—1k—1Gi 6 + -
174 (PY2 ie—171)_q

= qi;1 + qip2 (1 — qip1) + qipa(1 — qig1) (1 — qiga) + -+
+qir k(L —qip1) - (L—qip_ g—1)+---
Obviously A(Sp(p)) = 0 because

o0
(I—aqi)(X—qiy) (L —qyr) = H(l —qirx) =0,
k=1
where we take into account (2.7). O

3. SPECTRAL PURITY OF THE SIMILAR STRUCTURE MEASURES

One of the characteristic property of measures yu € M (4y) is that each such measure
has only a single component in the Lebesgue decomposition: either purely point, or
purely absolutely continuous, or purely singular continuous (see [2]). Here we produce
this fact about purity of a spectrum (=support) of the similar structure measure as a
relevant version of the famous Jessen-Wintner theorem for probability distributions (see
[10, 14, 22]). The proof in essence belongs to G. Torbin and actually is the same as in
[2].

Let us introduce some notations. For a measure u = up of class M™(Ag) we write
p € M, M3, M, if this measure is purely point (1 = ppy), purely absolutely contin-
uous (g = pac), or purely singular continuous (u = psc), respectively. Given stochastic
matrices P and @, we define two values

Pmax(lj/) = Hpmax7k and p(/j,7)\) = H Dk,
k=1 k=1

where pmax i := max?®  {pit}, pr =X /Dikdik-

Theorem 3.1. Each similar structure measure = pp € M*(Ag) associated with the
stochastic matriz P under the fized Q-representation on Ag = [0,1] has a pure spectral
type. Namely,
(a) pe M;Sj?, zf and only zf Prax(p) >0,
(b) u € M3, if and only if p(u, \) )> 0,

(c) pe M=%, if and only if Pnax(t) =0 and p(u, \) = 0.
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Proof. Let us denote by

o

(Q7 A7 ,U,*) = H (Qk7 Ak7 mk)
k=1
the infinite direct product of discrete probability spaces
(e, Arymi), Qe ={wi, fi—1, me(wi,) = Pigks

where space (0, and o-algebra Ay depend on k only formally (in fact they are the same
for all k). But p;,x is changed with i, and k in a correspondence with the matrix P.
Thus the measure p* is uniquely connected with the matrix P. In particular, for the
cylindrical sets Q... 1= w;, X -+ X w;y, X [[12 Qs € A,

k
(3.1) w (i) = [ [ pics-
s=1
In what follows we use the measurable mapping from 2 = Q1 X Qg+ x Q-+ to [0,1],

T:Q3w" :{wil X Wiy X ooe X Wiy X }HI: ﬂ A’sz’bk € Ayp.
k=1
We note that Q possibly is replaced by Q\ 2, where the set )y is not empty only if
there exists kg such that one of the following inequalities occurs:

Pl =T[ ps >0, P = ][ pus >0
s>ko s>ko

Namely,

Qo = {w* e | Wiy, = Wiy, Vk > ko},
or

Qp = {w* e | Wi, = Wny s Vk > ko},
respectively to the first or to the second case. In any case the mapping 7 preserves the
meanings of the measure:

W (Q,.,,) = ,M(A#flk) =Diy1 " Pigks
where Ay, ...i, = 7(Qi;..4,.)) (see (2.16), (2.17) (3.1)). By this reason p is often called the
image-measure for p* with respect to the mapping m. We will use this property of 7 to
preserve the meanings of measure without reminding.
Let us prove (a). If Ppax(p) =0, then p*(w*) = 0 for each point w* € Q. Indeed,

pr(w*) = H mp(wiy,) = Hpikk < Hpmax,k =0.
k=1 k=1 k=1

In this case p* is continuous and so is p. Thus, we proved the necessity of the condition
Prax(p) > 0 in the statement (a).
To prove the sufficiency let us introduce the set

Ay ={w" € Q| p*(w*) > 0}.
Ay is not empty, if Ppax(pt) > 0, because this set contains at least the point w} .. =

max
wig X X wip X with coordinates for which Pil k = Pmax.k- Besides, A4 contains also
all points w* € €2 such that w;, # w; for a finite amount of coordinates under condition
Dik > 0. The set Ay does not contain another points. It follows from the condition
Pax(1) > 0. Indeed, since vectors py are stochastic the sequence ppax x is an unique
one (up to changing of a finite amount of coordinates) which converges to 1. In other
words, w* € A4 means that coordinates w* differ from coordinates of point w}, .. only
in finite number of places. Thus, the set Ay is countable. Applying now Kolmogorov’s
principle of zero and unit we conclude: either p*(A1) = 0 or p*(A4+) = 1. However
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1 (Ag) > p*(wf ) > 0. Therefore the statement p*(A4) =1 is true. This means that
the measure p* is concentrated on a not more than countable number of atoms. Thus
p* = pp,, and hence for its image-measure under the mapping 7, the equality u = ppp is
established too.

The statements (b), (c) are direct consequences of the below presented Kakutani’s
theorem (see [14, 7] and also [1, 2] ). O

Theorem. ([14]). Let

3

o0
(A 1) = [[ (@, Ar,mi)  and (2, A,N) =
k=1 k
be a pair of the infinite direct products of abstract probability spaces. Suppose that each
measure my, s equivalent to A, (notation, my ~ A ). Define

p(p", \*) == Hﬂk, P = ; Ver(w)dA(w),
k=1 k

(Qk7 Ak7 Ak)
1

where g (w) = ZT:((LJ)) is the Radon-Nikodim derivative. Then

(a) p* ~ A%, only if p(u*, \*) > 0;

(b) p* L X*, only if p(u*,\*) = 0, where L denotes the mutual singularity.

For our consideration we may put Q = {w1,...,w,}, n>2 forall k> 1, assign
M (wiy,) = Ginke, mi(wi,) = pi k, and take into account that pp coincides with Lebesgue
measure on Ay, if P = Q.

Finally we remark that ;1 = u,p has the discrete spectrum which is concentrated in a
finite set of atoms only if there exists some kg > 1 such that ppaxr =1 for all £ > ko. In
this case the number of points in A, is the same as the amount of atoms in the spectrum
of ppp. Otherwise, each point of the spectrum is accumulating.

4. THE CONFLICT DYNAMICAL SYSTEM

Let us consider for a fixed £ > 1 a pair of discrete probability measures my, vy de-
fined on a common space Q = {w1,,...,wn, }, 7k > 1. These measures are naturally
associated with the stochastic vectors px = (Piks---Pnk), Tk = (T1ky- - Tnk)

mk(wik) = Dik, vk(w,;k) = Tik, ik = 1,...,71.
At first we define the conflict dynamical system for a couple of measures my, vi
_ _ *
(4.1) {miv l,v,]cv N2 m oy, N=1,2,..., m)=m, ovp=up

using the non-commutative and non-linear transformation (the conflict composition )
in terms of the stochastic vectors py, ry (for more details see [15, 16])

pr =pp txry Lo =r txpl L pl=pr =1
Here the coordinates of vectors p,IcV , riv are calculated by the formulae
IS € e ) BN e ey o/ )
(4.2) I == ha
%k an

with z,iv_l =1- (piv_l,riv_l), where (-,-) stands for the inner product in R™. The
formulae (4.2) are well-defined if we suppose the requirement that (pg,ry) # 1. Then the
condition (pkN -1 rkN ~1) # 1 automatically occurs for all N. For coming to the measures

in (4.1) we put m® (w;,) = pY, v (wi,) =74, i=1,....n.

One can interpret the formulas (4.2) as follows (see [16] and cf. with [11, 20]). Let the
measures my,vx correspond to some opponents A, B. Then the value pf\,i (rf)g) means the
probability for A (B) to occupy the position w;, after N steps of the conflict actions. This
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value equals to the conditional probability to occupy the position w;, by the opponent
A (B) under the assumption that A could not meet B at any of n positions.

Let us consider now a pair of similar structure measures y = up,v = vg € M*(Ao)
associated with stochastic matrices P and R respectively. The matrix R has a form
similar to (2.12) and it is composed with a sequence of the stochastic vectors ry €
R%, k = 1,2,... We suppose that the Q-representation of the interval Ay = [0,1] (or
that is the same, the family of contractive similarities T on R') is fixed.

By a pair of similar structure measures pp, vg the conflict dynamical system is defined
as follows:

(43) {#Nilal/Nil} i}{.u‘N»VNL N=12,..., #Ozﬂpvl/OZVRv

where the measures uV, Y, N = 1,2,... are associated with the stochastic matrices
PN, RN respectively. In turn, the matrices PV, R" is constructed using the stochastic
vectors pi and rY defined by (4.2).

The next theorem follows from the so-called conflict Theorem (see [15, 16]) and The-
orem 2 and Theorem 3 from [4].

Theorem 4.1. Let pp = pp,v = vg € M*(Ay) be a pair of similar structure measures.
Assume that stochastic matrices P, R satisfy the following condition,

(44) (pk>r/€) # 1: vk.

Then there exist two limiting measures
p® = lim g, v*= lim vV,
N—oo N—o0

in the sense of the uniform convergence, which are invariant with respect to the compo-
sition % defined in (4.3).

Further, the elements of the stochastic matrices P>, R associated with the limiting
measures pu>°, v>° have the following explicit form:

if Pk # Tk, then

s _ | dir/Ds, 1 €Ny o _ | —dik/Drg, 1€ N_j
(45) Pir = { 0’ i ¢ N+,k 9 Tik = 0’ i ¢ N—,k

where
dit = pik —Tik, Nyg:={i:di >0}, N_:={i:dy <0},

D= Y diu= Y, —du;

1€ENY & 1E€EN_

if Pr =Ty , then the non-zero coordinates of vectors pi° = ri° have a form
oo __ .00 __
(4.6) P =1k = 1/ck,
where ¢y, denotes an amount of non-zero initial coordinates p;r = rik 7# 0.

Thus, one can easy calculate the values of measures §>°, u° on subsets Aff

oo ( AT _
1% (A“Zk) = H diss/Dm

s<k

[

under assumption that i, € N4 ¢ for all s < k. In particular, if a coordinate 75 of the
vector ps has some priority with respect to the corresponding coordinate of the vector
rg, s < ki pis > ris, then due to (4.5) we obtain that pi°, > 0, but r{° = 0,
and therefore uoo(Aff,_,ik) > 0, but VOO(Aff”_ik) = 0. Nevertheless, it is possible that
uoo(Aff__,ik) = I/DO(A?f“_ik) = 0 even in the case ps # rs, s < k. It happens due to (4.5)
for all coordinates such that p; s = r; s > 0 since then d;_s = Pics =i = 0.
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5. ORIGINATION OF THE SINGULAR CONTINUOUS SPECTRUM

In this main section of the paper we show that origination of the singular continuous
spectrum is generic for the limiting measures ;4 and v*°

We say that similar structure measures y = pp,v = vg are essentially different, write
simply p # v, if pr # rr almost for all £ (this means that pr = ri at most for a finite
amount of indices k). We say that the measure p has a local priority with respect to the
measure v at a position iy, if p;, & > 7i, . If the measure p has a local priority with respect
to the measure v almost for all k from some sequence (= a direction) i1,49,...,0, ...,
then we say that p has the directed priority with respect to v, write (ft > v)iyig- -
Finally, we say that p has the shock directed priority with respect to the essentially
different measure v, if the the total value of local priorities equals to infinity

(5.1) Zdikk =00, digk = Pik — Tigk
K

and moreover, the normalized meanings of the local priorities

diy i —
d;, = D—kk, D =1/2) |dil

=1

converge to 1 so quickly that
(5.2) d(p,v) =[] di, > 0.
k

Clearly that condition (5.2) is highly specific and in general does not fulfilled.

The main result of the paper is formulated in the next theorem. It assert that for
any couple of starting essentially different measures p, v, the generic type of the limiting
measures £ and v* in the conflict dynamic system (4.3) is singular continuous.

Theorem 5.1. Let yp = pup,v = vg € M be a couple of similar structure measures
on [0,1] associated with stochastic matrices P = {pr}32,, R = {rr}i2, respectively.
Assume p,v are essentially different and neither p nor v has a shock directed priority
one respect to other in particular, d(p,v) = d(v, u) = 0 for any sequence iy,ia, ..., ig,. ..
Then both u*>,v>° € Mg..

Proof. If p # v then due to (4.5) all limiting vectors pp°,ry° for almost all k& contain
at least one non-zero coordinate. Therefore, the measures p®>,r>° are singular due
to Lemma 2.1. We have only to check that these measures are continuous, i.e., that
pe(x) =v>®(z) =0, Yo € Ag. Indeed, by (2.11) and (2.18) a value of the measure p>
at a point x with coordinates i, is defined by the formula > (x) =[], pi%,- The latter
product is possible strictly positive, only if « belongs to the point spectrum of u™ (see
Theorem 3.1), i.e., if the following condition

(53) max Hpmax k > 0 p?r?ax,k = ma’Xi{p(i)lS} = HE}X il)_k:

is carried (see Theorem 4.1). Condition (5.3) means that the convergencedy; — 1, k —
oo is so quick that [],dy > 0, where d;; := max; dix/Dy (see (5.2)). But then the
sequence ) (on this sequence the maximal values Prax.k are realized) constitutes the
shock directed priority of the measure p with respect to v (see (5.2)). Thus we get the
contradiction with assumptions of the theorem. Thus x> (x) = 0 for each point z € [0, 1]
and therefore u> € Msy.. The similar arguments is true also for v. O

In [21] (see also [9, 18, 19]) it has been shown that operators with singular continuous
spectrum are generic. The similar fact is valid for the class of singular continuous mea-
sures in the space M. Here we’ll construct on the space of similar structure measures
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M?® the non-trivial ”global” probability measure m and prove that the sub-class MS is
a set of full m-measure (see Theorem 5.2 below). Thus, the statement that in the dy-
namical conflict system limiting measures >, v*° are almost always singular continuous,
has a more precise sense.

To this end we firstly construct in M a family of cylinder subsets defined by induction
as follows.

On the first step we put

I74 = (e M (D) € By (D) = max {u(A;)}},

where (;, stands for a usual Borel set from the o-algebra B of subsets from [0, 1].
Further, for every k > 1 we define

By M(Ady i)

Biqy By,
Iil'l'-'k ko= {,ue ll i1 | (A

S ﬂikv ,U'(A’Lllk) =  Inax {IM(Ail'“ik—ljk)}}7

11.4.%_1) ) Jk=1,...,n
where p(A;) = u(Ag) =
It is clear that
ss Biy - Biy,
M® = U Ii1-'-ik7 Illlk = U Iq,llq,k kv k= ]-7 27 s
i1,eip=1 BiyserBi, €B

Starting of the family
(7% 8, €B, iy e{l,...,n}, k=1,2,...}

and using the standard procedure (see, for example, [5]) we generate the rink of subsets
which is denoted as R.

Now we introduce on R the probability measure m. At first we define it on cylinder
sets:

K
Biy Bi
m(L; ") = i qikk'HX(ﬁiI),

where X(3;,) == coA(Bi,), ¢ = =25 taking into account that A([1/n,1]) = =L It is
easy to check that

n n
Y me)=m( U ( U 7)) =1
i1yeip=1 i1,ik =1 Biy,,0i, €B

since Zszzl @iy -+ gy, = Land X ([1/n,1]) = 1.

Let m™* be the outer measure for m. Denote by [J% the minimal o-algebra generated
by the family of the cylinder subsets {I; Pia B”C} in M®. The standard procedure of re-
striction of m* on c—algebra J*° concludes the construction of the o-additive probability
measure, which we denote by m.

Let us recall that My, M3e, MZ denote the classes of purely point, purely absolutely
continuous and purely singularly continuous measures respectively.

Theorem 5.2. Under a fized Q-representation of the segment [0,1] the class of purely
singular continuous similar structure measures M3 ([0, 1]) is a set of full measure for m:

m(M) = 1.

Proof. At first we show that
m" (M7) = m*(MZT) =0
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To this end we fix a sequence e, — 0, k — oo such that ), e, = co. For example one
can put g, = 1/k. By &;, we introduce the sequence of subsets

To= |J 107 Bu=lan1), ..., B =lar 1],

01,0tk =1

where ay, are chosen in such a case that X' (8;,) = €x. Let us denote

Ipp,k = {/_,L S M;hpLu (= Ik} — Ik mM;pr
It is clear that

n

m* (Tppr) <m(T) < > m(l)07)

i1yenin=1

n k n
= Z Qi11"'QikkH)\/(5i,) < Z Gin1 - Gk N (Biy,) = ek,
W10k =1 =1 i1,eie=1

since Z’Ll cnip=1 Qi1 Qigk = 1.

It is easy to see that for each measure u € MG, there exists ko = ko(p) such that
p € Iy, for all k > ko (see condition (a) in Theorem 3.1, and also (5.3)). Therefore
p € Ipp  beginning with some k which is defined by p. Hence

(5.4) O = m(Ipp,k\ U Ipp_,g) —0, k— o0

Let us denote I, = Ule Tpp,- Clearly T/ C T/ vy and also My, =2, I)
Thus, by (5.4) and due to the o-additive property of the outer measure, m*(M;y)) = 0
Indeed by virtue of the theorem on continuity for a union of subsets (see. [5], Theorem

6.2) we have

k
m*(M,) = hrn m* U hm m*(Zpp k) < klim m(Zy) = klim e = 0.

The equality m(M32) = 0 we prove on a similar way. With this aim we introduce
another sequence of subsets with the same notations

Iy = {/j, € MSS'N € Iﬂll Blka ﬂu - [Qill - 5l/27Qill +€l/2]7 =1, 7k}
and
ack _{MEM IMEIR‘} IkmMzsé

We note that in the case where ¢;,, = 1/n one can put 8;, = [1/n,1/n+ ex]. It is not
hard to understand that for every measure u € M55 there exists kg = ko(u) such that
W € Lye i, for all & > kg. Therefore

k—1
(55) 5k = m(IaC’k\ U Iacq,l) — 0, k — oo.

=1

Let us denote I;Ck = UleIaCJ. Clearly that I;C,k C I;C,,Hl and also M =
Urzy Zie i Hence m* (M) = 0 since

m* (M) = lim (| JTh,) = lim m(Zocs) < Jim m(Zy) = lim 2, =0,
=1
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where we used
n

mZ) = Y G diaN (i) = en

i1, nin=1

By m*(M3;,) = m*(M3%) = 0 we conclude that M3, M3 € J% (see, for instance,
Theorem 6.1 from [5]). Thus m(M3;) = m(M33) = 0. It means by Theorem 3.1 that

m(M) = 1. O

6. WHEN pu™ € My, 7

We want to find the conditions ensuring the pure point type at least for one of the
limiting measures.

The next theorem follows from assertion (a) of Theorem 3.1, formulae (4.5), and proof
of Theorem 5.1 (especially the formula (5.3)).

Theorem 6.1. The limiting measure p> is pure point, p>° € My, if and only if the
initial measure p possesses a directed shock priority with respect to v, i.e., if (5.2) is
valid.

Proof. By Theorem 3.1 condition (5.3) is necessary and sufficient for > € My,. This
condition is obviously equivalent to (5.2). (]

We note, it might happen that each of measures u # v could have their own directed
priorities one with respect to other (even not one), i.e., the relations (@ > v)iy iy ip-
(v >y e - DAY fulfilled simultaneously. Moreover, measures u, v may have simul-
taneously shock directed priorities one with respect to other. So, this case is not excluded
that both limiting measures are pure point. The next result is rather unexpected.

Theorem 6.2. Let u,v be a couple of different similar structure measures. The limiting
measure 1> has a pure point type, p>° € My, if and only if in the set of all directed
priorities there is unique one (pn > I/)i/li ., up to replacing of a finite amount of
indices, which satisfies the condition

’ ;!
27

diy i

Proof. Let ™ € Mp,. Then due to Theorem 6.1 conditions (5.2) and (5.3) are held.
This means that there exists the directed priority (1 > v)i i, . ... such that for any
other direction the differences d;, x = pi s — Tk, ik # 1}, converge to zero when k — oo.
Moreover, this convergence is so quick that the total sum of the above differences is finite,
i.e., the following series is convergent,

o0

(6.2) Y diy <.

k=1 i), i,

Now we observe that conditions (5.3) and (6.2) are equivalent since p37 ;= d;; . There-
fore the unique non-convergent series consist of d;; .
Conversely, let condition (6.1) is fulfilled for the unique directed priority fixed by

the direction ¢},...,4),... By Theorem 4.1 all non-zero coordinates of the matrix P>
associated with p* have a form p§y = %’: = d;,. Therefore, by condition (6.1) we
have that >, pio,;k = >, diy = oo just for the direction 4},45,...,1,... If we assume

that > ¢ My, then [], pf%, = 0 for any (other) directions i1, ...,ik,... And then,
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instead (6.2) we, in particular, have: Zk(zz‘,ﬁsi; dik/Dy) = co. Moreover, the series
constituted from the maximal values among d;, 1,/ Dy, i # i, is divergent too

Z max (d;, 1 /Dy) = 0.
ik

So we get the contradiction with the assumption about of uniqueness of the direction
5., 1}, ... for which (6.1) is fulfilled. Thus, ™ € Mpp. O

As a consequence we get the fruitful criterion of continuity of the similar structure
measures.

Theorem 6.3. A measure p = pp € M*(Ag) associated with the stochastic matriz P
is pure continuous, i.e., pt ¢ Moy, if and only if one can pick at least two sequences of
elements of the matriz P, which are different, p;, i # pirk, k=1,2,..., and such that

(6-3) sz‘kk = Zpi%k = 00.
k k

Proof. Let (6.3) hold. Of course, it is possible that p; , = pirx for finite amount of
meanings of the index k. Assume in addition that u € My,. Then by Theorem 3.1,
[152 ) Pmax,k > 0. Clearly, that in the such case >, Pmax,k = Y1 Pirk = 00, where we
consider that pmax k is reached just on i,. We emphasize that latter series is unique (up
to replacing of a finite number of coordinates) divergent one formed from elements of
the matrix P. This follows from the fact that the condition [[, pmax,x > 0 is equivalent
to the convergent of the series >, (3, ; Pj.x). However then 37, pi ) < oo for any
sequence ¢}, # iy, that contradicts to (6.3). So, we prove that u ¢ My, under condition
(6.3).
Let us prove the necessity of (6.3). Let p ¢ My, and therefore the series

> S bk

k {ikpiyk#Pmax,k }

converges. Define py 1= max(;,.p, £ppac 3 {Pick}- It is clear that }Z; pyp = co. But
>k Pmax,k = 00 t00, since Pmax,k > 1/n (n > 2) due to vectors py, are stochastic. Thus
we constructed two divergent series. The theorem is proved. (I

We note that if [NJ x| = 1 (see Theorem 4.1) for almost all k¥ (N4 ;| denotes the
cardinality of the set Nj j), then the measure p® has a discrete spectrum and its
support consists of the finite number of points. This number is equal to the product
1 <TI, Nt k| < co. Butif |[N4 x| > 2 for an infinite amount of values k, then o(u*) is
a countable nowhere dense set including only accumulating points.

7. EXAMPLES

In the last section we build the examples of the limiting measures which are not
necessarily singular continuous.

We write g;, ~ 1/n, if [[, (3", /air/n) > 0.
Example 7.1. Let measures u,v € M be associated with the stochastic matrices
formed with vectors py,rr, € R} n = 2. Then pu™,v>* € M, if ¢ ~ 1/2 and
pi = rj almost for all k. Indeed, in this case pSy = r{y = 1/2 almost for all k. Therefore
p(p,v) = p(v, 1) > 0 due to g ~ 1/2. Thus, by Theorem 3.1 both measures p>, v> are
pure absolutely continuous.

But if p, v are different, then both limiting measures are pure point, u>,v> € M,
without any additional condition on g;.
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Statement 7.1. Let n = 2 and py # ri for almost all k (excluded finite set is denoted
by K ). Then both limiting measures u®,v>° are pure point.

Proof. 1f pi, # i, k ¢ K and py, r), € R? then one of coordinates of the vectors p°, ry
is equal to unit, and other one is equal to zero (see (4.5)). Therefore HkgKPmax,k =
HkgK Tmax,k > 0 and p*,v> € My, due to Theorem 3.1. In such the case each of

considered measure is concentrated at 21! atoms, where |K| is an amount of point in
the set K. O

Example 7.2. Let the measures u,v € M* be associated with matrices formed with
the stochastic vectors py,rx € R}, n = 3. Then similar to Example 7.1, u>°,v> € M,
only if ¢ ~ 1/3 and py = ry for almost all k. Indeed, in this case almost all elements
pSy = 150 = 1/3 and therefore p(p, v) = p(v, p) > 0. But if py # ry for almost all k then,
in general, both limiting measures are pure singular continuous. However, if one of initial
measures, say /i, has a local priority, p;, . > 7i,%, only at a single position for almost all
k, then u> € M, and v € M. It is true since almost all values py, . . = 1 and the
corresponding coordinates ri°, = 0.

In general case (n > 2) the similar result occurs.

Statement 7.2. Let pi,ry € R, n > 2 Then p® € M, if and only if qix ~ 1/n, n>3
and p = v in the sense that p;r, = ri for almost all k. But if d;, ), > 0 only at a single
position iy for each k, then the measure pu possesses the shock directed priority with
respect to the measure v, d(p,v) > 0, and therefore p> € Mpyyp,.

Proof. If y = v then by Theorem 4.1 the elements of the limiting matrices P>, R> have
the following values pSp = riy = 1/n for almost all k. Therefore by Theorem 3.1 we have:
p(u>,A) > 0. This ensures that > € M,.. Let us show the necessity of the conditions.
Due to Theorem 5.1, u™® ¢ M., if p # v in the sense that p;r # 7 for an infinite
amount of meanings of k. Therefore the condition p;; = 7,1 is necessary almost for all k.
Moreover, since p3y = 1/n (see (4.6)), the value p(u>°, ) is strongly positive only under
the condition g;x ~ 1/n. Finally, taken into account that the measure u has only a single
priority position iy, for each k we observe that p;, = 1. Thus d(p,v) > 0 and p™ is the
pure point measure. O
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