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[TpuOnM3HUN aHasi3 HEI1HIMHOI
KOHBEKTUBHOI MAaTEMATUYHOIT MOIET1

N3yuarotes Terodusnyeckue MpoLecchl, COMPOBOXKIAtONMecs (pa3oBbIMH IEPEeX0JaMH BEILECTBA, OMUCHIBAEMBbIE
MaTeMaTHYeCKOW MOJIENbIO, B KOTOPOM TemriepaTrypa KaxJIoi u3 (a3 yA0BIETBOPSIET YpaBHEHHIO NIEpeHoca Teria
Co cBOMMH Teruiodu3nueckuMu Kodddunmentamu, Ha rpanuie paszena (a3, ode TemrepaTypsl MOCTOSIHHBI U
paBHBI Temriepatype (a3oBOroO Mepexona, a Ha 3aJaHHBIX YacTSAX TPAHUIIBI TOIACPKUBACTCS OIpPEACICHHBIH
pexum. [loBepxHocTh pasmena ¢a3 («cBoOOJHAS TpaHMIA») SBISETCS HEM3BECTHOM W JUIA €€ ONpeNeNieHHUsS
JOIOJIHUTENBHO 3a7aeTcs yenoBue Credana. ITo ycaoBHe NPEBPALaeT MaTeMaTHYECKYO MOJIEb B HETMHEHHYIO
npobsiemy OoJbIION TpyaHOCTH. [lyisi ommcaHusi TOJS CKOPOCTEH B IKHIOKOM (ha3e WMCIOIB3YeTCsl CHCTeMa
ypaBHeHuit HaBpe-Crokca. [is perenus 3a1a4uu NpeasioxKeH METO I Majloro rnapamerpa.

Kurouessble cioBa: nud¢epeHnnanbHoe ypaBHEHNE, CBOOOHAS IPaHUIA, YUCIEHHBIE METO/bI,
(yHKIIMOHAJ, ONTUMHU3AIHSL.

Thermophysica processes accompanied by substance phase trangtions are studied in the work. These processes are
described by the mathematical model, in which the temperature of each phase satisfies the heat-transfer equation with
its thermophysica coefficients. In boundary of phase divison, both temperatures are constant and equa to the
temperature of a phase trangtion. On the set parts of boundary, certain schedule is supported. The surface of phase
division (“free boundary”) is unknown and Stephan condition is additionally set for its determination. This condition
turns mathematical modd into nonlinear problem of large difficulty. The Navier-Stokes equations are used to describe
veocity fieldsin liquid phase. To solve the task, the method of small parameter is offered.

Key words: differential equation, free boundary, numerical agorithms, functional, optimization.

BuBuarotbest TemnogizuyHi MpoLecH, sKi CYPOBOLKYIOThCS (a30BUMHU MEPeX0JaMy PEYOBHUH, SIKi ONUCYIOTHCS
MaTeMaTHYHOIO MOJIEIUIIO, B SIKUI TemrepaTypa KOXHOI (pa3u 3a10BOJIbHSIE PIBHSHHIO IEPEHOCY TEILIa 31 CBOIMU
TerIo(i3MIHNME KOoe(DillieHTaMH, Ha TPaHHIIl pO3MoaiTy (a3, TeMIepaTypu OCTiiHI 1 TOPIBHIOIOTH TeMIlepaTypi
(ha3oBoro mepexona, a Ha 3a[AaHUX YaCTWHAX TPaHUIb MATPUMYEThCS 3a7aHui peskum. [loBepxHs po3aity ¢as
(«BlTbHA TpaHULA») € HEBIAOMA 1 AN 1 BU3HAueHHsS 3amaerbcsi ymoBa Ctedana. Ll ymoBa meperBoproe
MaTeMaTUYHy MOJIeJIb B HEJliHIHY Npo0JieMy BEIUKOI TSHKKOCTI. J{yist ormicaHHs 1mosis IBUAKOCTeH B piMHHIN (asi
BUKOPUCTOBYEThCS cucTema piBHsAHb HaB’e-Crokca. [y po3B’sa3aHHS 3a/1adi 3aPOIIOHOBAH METO] MaJloTO

napameTpy.
KarouoBi ciioBa: mudepeHmianbae piBHSIHHS, BUIbHA MeXa, YUCETbHI METOIH, PYHKIIIOHAI, ONITUMI3aIlis
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1. IlpuHSATO CuMTaTh, YTO YeM OJVDKE MOJIETb K JICHCTBUTEIIBHOCTH, TEM TOUYHEE MPOTHO3BI
u TeM 3 deKTUBHEE, cleoBaTeNlbHO, yrpasieHue. Onnako 31o He Tak. [Iporeccst DIIT
(2MEKTPOIILIAKOBBIN MEPEIiaB) HACTOIBKO CJIOXKHBI, YTO, MOMNBITABIIMCH TOCTPOUTH MaTe-
MaTUYECKYIO0 MOJIeNb, BECbMa OJIM3KYIO K peaJbHOMY MPOLIECCY CO BCEMH €ro ACTAIMU U
0COOEHHOCTSIMH, MOYKHO MPUUTH K OY€Hb CJIOKHBIM YPaBHEHUSIM, PEIICHUSI KOTOPBIX KpaiiHe
3aTPyIHUTEIbHBI U IPUBOJAT K CYIIECTBEHHBIM oIMOKaM. Mcxoas u3 aTux cooOpakeHui,
HEO0OXOJUMO CTPEMUTHCSI K MOCTPOECHUIO CPABHUTENILHO MPOCTOM MAaTeMaTHUYeCcKOH MOJeNnu
npouecca 1T, oTpaxarorieil ero cample CyIIECTBEHHbBIE CTOPOHBI.

B Hacrosee Bpemsi H3BECTHBI OCHOBHBIE KAUECTBEHHBIE 3aBUCUMOCTH MTPOTEKAHUS
npornecca DI K coxaneHnnto, MOJTHBIX MAaTEMaTUYECKHUX MOJIEJIEH €ro HE CYIIECTBYET.

IlepeiineM K NOCTPOEHUIO MATEMATUYECKOM MOJIENIH IPOLIECCA KPUCTAIIIU3ALUH.

Byznem o6o3Hauats yepe3 °, 00IacTh, 3aHATYIO KUIKON (TBepmoi) (hasoil B MOMEHT
BpeMenH t. [Ipu sTom ), — 3a1anHas obnacth B R®, rpaHuIia KOTOPO# COCTOMT M3 JIBYX 3aMK-
HYTBIX CBSI3aHHBIX HoBepxHoctel [," u I, He mMeromux camornepecedenwid, riae I — rmankas
3aMKHYTasl IIOBEPXHOCTb, JIeXkarlasi BHyTpH (2, Takas, 4To [',  JeXUT BHYTpU OrpaHUYEHHON
obJacTH, rpaHuiel kotopoi siBisercst I',. TpeOyercst onpenenuts obmactn Q°, u Q, (T.e.
rpanuiel I'," u I',7), BEKTOp CKOpOCTH \7(X,t) = (\7 1(x,1), \72(X, t), \73(X, t)), nmaBiaeHue

p(X,t), xoHmeHTpamuu npuMecu c(x,t), Temreparypy xuiakoid U (X,t) u tBepmoi U (Xt)

(a3 1o ciaeayromuM YCIOBHUSIM:

XY | vy (xt)—a? Vo' (x,t) =0, (xt)e D",

WY 22 vay(x,t)=0, (xt) e Dy,

ave(ai(—’t) VIV () +Vp(x ) =W (x )+ f(u",c), (x) D', (1)

W (x,t)=0, (xt)e D", VW(x,0)=C(X);

TV, pr=-q(xtn, (xt) el ;V, = -1-Lw;;
p

n n?

V. =0, (xt)el,, u*(xt)=B*(xt), (xt)el[" Ul ;

u*(x,0)= A"(x);u" =u" =T —ec, k ai—k+ai=>c|o+wn, (xt)el,,
- on on
%(X,t) +(VV)e(x,t) —yVie(x,t) =0, (x,t) e D,*;
oc

c(x,0)=g,(x), c(x,t)=g(xt), (xt)el,", —a a_: BcW,, (x,t)eT,.
n
Bneck X=(X,X,,%), D" ={(xt):xe Q" ,t(0,T)}, QF, — obnactu cOOTBETCTBEHHO
JKIJIKOH ¥ TBepoi ¢as, 6Q" =T, UL", 8Q™ =, UT,, N —HopMans K ', , HampaB/ieHHas

B cropony ,". Hanee, V =(0/0x,0/0x,,0/0x%,), T(V, p) — TeH30p HANPSHKEHHIT C SIeMeH-

Tamu T; =0, P+v(0V;/0x; +0V;/0x;), V, n V, — HOpManbHas ¥ TaHTCHIMATbHAA COCTaB-

mroe V', W, — ckopocTs JBrkeHHs (pOHTA KPUCTALIM3ALUY B HAIIPABIEHUH HOpMaIU N;
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T .ve,x,p"p ,a,B,y,K K — u3BecTHbIC MONOXKUTEBHBIE MOCTOSIHHBIE. OTMETUM TaKXKe,

yro ecmu D(X,t) =U" (x,t)+e0(X,t)—T =0 — ypasnenue nosepxuoctu I, , Torma W, =-®, |VD|.

B naneneiimem yno6uo yciaosue CredaHa MpeacTaBUTh B CIEAYIOIMIEM BHIIE:
Lu*,u,I,e)=k?|Vu P-k?|Vu' [ +e(k?+kKk)(Vu,Vc)—e(k*+k k )(Vu",Vec)+
+ypt(ku +ku)+ypre(k +k)c =0, (Xt)el,.

2+o

B paGore npeanonaractes, o A) e H* (), CW)eH™ (@), B'(xt)eH 2

(I Ul x0T, F(u',0) eCHRY), g(xt)e H™ " 2 (L x[0.T]), Go() e H* @),

1+a

Ilpn stom g(X,t) n g, (X,t)momkubl OBITH QyHKUMAMH Kiacca H1+a'7(R3><[O,T]).

Cunraercs TaKke, YTO BBIIIOJHEHBI YCIIOBUS COTJIACOBAHUS JI0 TIEPBOTO TOPSIKA BKIIIO-
YHUTEIBHO, KOTOPbIE (POPMYITUPYIOTCS aHAIOTHYHO [ 1, ¢. 268, c. 363].
Leab padorsl — uccinenoBanue 3agaun Ctedana ¢ yueToM KOHBEKIIMHU U IpUMecei B

KUJKOU (aze.
ITocTaHOBKA 3a]a4U — ITOCTPOCHUE MPUOIMKEHHOTO PEIICHUS 3aJ1a4M, UCIOJIB3YS

METO]T MAJIOTO TTapaMeTpa.
2. bynem uckartb cBoOOxHBIE rpaHuusl I', u Ft+ B cienyromeM Buge. I' ={x=

=X(@)+PE)PpOO}, T, ={x=x©)+n©,HN0)}, e © = (©,,), 6 =0,,0,), X(®) T,
x@)el'y,”, p(w,t) m n(@,t) — HexoTopsle QYHKIMH COOTBETCTBEHHO KIIACCOB

2+a 2+

H™ 2 (@, x[0,T]) u H ™ 2 (I x[0,T]), p(®,0)=0 u n(®,0)=0. Brexem Tawe
ob6osnauenust Q. =Q,x[0,T], [, =T, x[0,T], Ty, =T, x[0,T], Ty, =T, x[0,T].

Jlanee, nnst 1OCTaTOYHO MaJbIX 4YKceNl € OyaeM UCKaTh pelieHue 3anayu (1) B Buze
CIEAYIOIINX PA3JI0KEHUMN:

ui(x,t;s):uoi(x)+iskuk*(x,t), p(x,t;e) = pO(x)+igkpk(x,t),
k=1 k=1

Vi(xte) :Vio(x)+igk\/ik(x1t)l c(x,t) =cy(x)+ i g c (x,1) 2
k=1 k=1

1=123 p(o,t;e)= Zskpk(oa,t) ,MnO,t;e)= zgknk(e,t) :
k=1 )
B paborax [2-7] u3yueHbl HyleBbIle U MepBble NpUOIMKeHus 3aaauun (1) ams Manbix

gucen & . [lpu 9TOM ycTaHoBiIEHO, 4To U, (X) = A™(X), Vo(X) = C(X), co(x) =g, (x),
2400 240
2

pu@) e H 2 (00), mO.D el uxtpmeH™ 2 @), aluipm)el " 2 @),

npudeM p,(m,t) HaxoAMM Kak HEMOABMKHYIO TOUYKY CXKMMAromerocst omeparopa M, :
1 ou,” ou,*

M. p, = kK Sk Syt (xt))dt s X(@) el .

1P1 P _([( - 7an *7an 1(%,1)) ot

3. Nmerot MecTo cienyromue GopMybl:

ou

ou ou
U |r. =uOX+s(oc1fl+[31u1+a—xl)+82(oc2f2+Bzu2+a—xz)+...+g"(ockfk + B, U, +a—):)+o(g"),

X

Ui F)e - (2 F)e? o (L F)e 1 0(s¥) =0,

(Xt)elyw
|V, | [V, | [V, |

r‘z_(

(xt) el
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Lu™u™, T, T5e) | = [k ? [ Vuy P =k 2 [Vu,” P1+e[2k *(Vu, ,Vu, ) - 2k, 2(Vu,", Vu, ") + @, +
+yp (KU, +K U, )]+ .+ e 2K 2(VU,,” VU™, ) =2k, 2(VUu,",Vu" )+ @, + xp " (Ku, +ku, )]+
+o(e*) =0, (xt)ely, rme o, (Xt), B (X1), f (X1), F(xt) u @, (Xt) — usBecTHBIE
dynkimu. M3 nocnenneit gpopmyisl cnemyer, uto kK *|Vu, | -k.?|Vu," E0, xeTly,
ou, K ou, "
~on 7 oon
4, BeenieM 0003HAYEHYS: M(g ,a) =@V)§+@V)@+...+@V)g, M@Q):@%*@% 4+...+(_E;WC_C
NV, p)N=T(,, pIn+T(V,p )n+..+T(V, p)n.
3aTem paccMOTpuM K-e TpHOIMKeHNE (\7k U Pes PNy, G) 3amaun (1) st Manbix
gucen ¢ . Umeem:

K

+O —Xp+%, (xt)ely .

%+Ml(\/,,V)+Vpk—vV2V +k—d f(u’,c), (xt)eQ"

VWV, =0, (x,1)Q;"; N(Vi,pj)n:O, (x,t) e[y, ©)
V(%0 =0,V, =1 IVU; RO Y =0 (XD € Ty

62'{ +M,(V,ul)=a%Vvau", (xt)eQ",

8;1[‘ -a’Viu, =0, (x,t)eQ, (4)

u®, (x,0)=0, u* (x,t) =0, (X,t) e ;" UT ", U =u,,
|vu0i(x((’3)) |p(@,t) +u (X(),t) + f, (X(®),t) =0, (X,t) e [y

aactuwl (V.,c,) =YV, =0, (x,t) € Q;",c(x,0) = 0, ¢ (x,1) =0,
. oc u, " . (5)
(X,t) ey’ —o0 — =BG = Co(X) —*—+ F,(X,t) e T,
oT an k ¥k 0 |VU0 | k oT
oc,

a_nk(e t)+Ck(X(e) t) + gk(x(e) t) =0, (x,t) EFOT+1

sneck F (X 1), f (X,t) u F (Xt) — u3BecTHble QyHKIMM.

Bamamum teneps V =Vi(X,t). 3arem pemmm samaay (4), (5) 1 Haiizem U=, ¢, Py M-
[Tocne ywero pemum 3anady (3), SIBISIONTYIOCS HAaYaTbHO-KpAeBOH 3a1a4eit y1s cuctemMbl HaBbe-
Crokca. 3arem, ucnonb3yst HoBoe 3Hadenue V,(X,t), cHoBa pemiaem 3amauy (4) u (5) u T.n1.

CrenoBaTeNnbHO, MOMyIUM TIPOIIECC MOCIEN0BATENBHBIX Mpubmmkennii V,,U ", G, P, 1, -
JIoka3aTenbCTBO CXOJUMOCTH 3TOTO MPOLECCAa aHAJIOTUYHO MPUBEICHHOMY B [8] npnqu pu

z_myzﬂ o 2T 2+a. .
saanow p @) eH™ 7 (Ty) walizew pymamm 4 (xt,p) e H" 7 Q7). qltp)H" 7 (@)
KaK €IMHCTBeHHOE perenue 3amaun (4)—(5), ap, (o,t) HaxomuM Kak HEMOIBMKHYIO TOUKY

CXKUMArOIICTOCA OIcparopa M K-

ou,”
M py = — [ (K :

Y o &, (), (X(@),1) € Tor -

+
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CHpaBCI[J'II/IBBI CICAYIOIINC YTBCPKACHUA.

99,

ck +k
Jlemma 1. ITycts Bemonnens! yciaosus | VA" (X(w)) |E n’ xely; g
n

ol
HekoTopas nocrosHHad [1, c. 364] u nmycts VA" (X) =0, xeQ,", A" (X)]

<1l,rmec—

=B*(x,0),

xel'y" Ul
A (0)],=0,C(x)=0, xe Qo , k |[VA ()| =k, [VA ()|, VAWM. >&>0
(316Ch € — HeKOTOpasl HONOKUTENbHAs ocTosHHast). Toraa oneparop M « » JIeHCTBYIONTHI

2400 240

mH 2 (T,;) B H 2 (T,,), NMeeT TaM HEeloJBHKHYIO TOUKY.

Jlemma 2. B kauectBe K-ro mpuOmmxeHus 3agaun (1) MOKHO B3STh PEIICHHE
U (x0), 6 (6 1), V(). p(©,8),1,0,1) sanawm (4) — (5).

Teopema. ITycTs BbInONHEHs! ycaous nemMbl 1. Torma npubmmkenus V, (xt), U (xt),
G (X1), py(®,t),1,(0,t) cxomsres k pynximam V (x,t), u*(xt), c(xt), p(w,t), n(0,t) -

2+o,——

kiacca H 2 | gBISOMUMCS perieHuem 3agauun (1).

0g, (X
Jlemma 3. Ilycth go—();t O na FO+. Torma mpu MasnbpIX 4uCIIaX € W JOCTAaTOYHO
n

MaJIbIX 3HAYCHUAX tCHpaBeIIJII/IBBI q)OpMy.]'IBIZ

- G(XO), ) +g,(x(0).1)

1T:x=x(0)—ﬁZs +o(e*), xeTy",
i=1

ac,
on
v ey X1 W (X(@), 1) + i (X(e),1) K
[ x=X() nizlls VU (@) | +o(e"), xel,.

3ameuanue. J[okazaHHas TeopemMa (PaKTUUECKH YCTaHABIMBACT CYIIECTBOBAHHE pellie-

2+o ,——

Hust 3aaauu (1) B kiacce pynkuuii H 2.
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A.S. Minenko
Approximation Analysis of Nonlinear Mathematical Model
with Convection

This paper extend to the rime-dependent case some result obtained by the authors for

the steady-nonstate Stephan problem with convection. Referring to the ice-water system,
water is assumed to be incompressible and to obey the Stocks equation:

oV (X, t)

o 1o .
p +(VV)V(x,t)+Vp(x,t)—ReV V(x,t)+ f(ut).

(Vis velocity, v is kinematic viscosity, p is pressure, f is buoyancy force, ut is water

temperature), while temperature u’ satisfies the heat conduction-convection equation with
temperature-dependent thermphysical properties:

ou™ (x,t)
ot

The temperature field U in the solid phase is governed by diffusion only:
ou (x,t)
ot

At the ice-water interface, u” =u~ =0 and Stefan condition holds:

S ou- ou’
=0, k — -k
< Zl{ S ox, " ox,

+ (VW Ut (xt) - a2vut(xt)=0, (Xt)e DY

a’vau~(x,t)=0 (xt)eDT.

u*(x,t)

}cos( n,x )+ kcos( n,t) =0, X€li,

*
DY = {(x,t) xeQf te (O,t)}, X = (X{,X2,X3), Qt -
The scheme is completed by initial and boundary conditions.
The author presents an existence theorem for the case of three space dimensions. The

main difficulty consists in the fact that to interpret the Stokes equation in a week sense,
some information is needed on the region where the temperature is positive, which is in
turn influenced by the velocity field itself. The precise formulation of the problem requires
atechnica choice on function spaces. Existence of a solution is proved by introducing a
temperature dependent penalty term in the fluid flow equation in order to define both the

approximating temperature U * and the approximation velocity V' in the whole domain.
Compactness arguments are used to get a convergent subsequence, whole limit is shown to
solve the original problem. The question of uniquenessis left open.

Cmamus nocmynuna 6 pedaxyuro 02.12.2011.
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