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YucenpHUN aHaIl3 KOHBEKTHBHOI MOJIEN1 KpUCTa13amii

Hccnenyercst npoctpaHcTBeHHas 3a1a4a Crehana ¢ y4eToM NMPUMECH M KOHBEKTUBHOTO JBIKEHMS B JKHIKOH (ase,
onmcbiBaemMoro ypasHeHusimu HaBbe-Crokca. [Ipeniosxken MeToa n3y4eHus 3Toi 3a0a4u, COCTOSILUMN B Pa3IoKEeHUN
peLIeHus B psifl [0 CTENEHSM MaJIoro napaMmeTpa. B HecTaloHapHOM cilydae pelleHre COOTBETCTBYIOIINX KPAEBbIX
3a7a4y Ui ONpPEZENICHUs] YICHOB DPA3JIOXKEHHs CTPOUTCS KaK HEMOJBIKHBIE TOYKU onepatopos. lcciemoBaHo
BIIMSIHME KOHBEKIIMM Ha (PpOHT KpHcTaum3anuu. Pa3paboTaH TakKe METOJl pelIeHHUs 3a7ad CONpPSDKEHMUS,
BO3HMKAIOIINX NPH HCCiIeIoBaHuH 3a1a4 CredaHa B IPOCTPAHCTBE.

KiroueBsle ciioBa: muddepeHuaibHoe ypaBHEHUE, CBOOOHAS I'PaHUIIA, YHUCICHHBIE METO/IbI,
(GyHKIIMOHAII, OTITUMH3ATIHSL.

The three-dimensional convection Stefan problem in liquid phase is investigated. This problem is described
by Navier-Stokes equations. The method for research of this problem, which consists of the solution
expansion for series of a small parameter, is offered. In non- stationary case, the decision of corresponding
boundary-value tasks for definition of the expansion members is formed as fixed points of operators.
Convection influence on the front of crystallization is explored. The method for solution of the conjugation
tasks, which take place when studying Stefan problem in space, is also developed.

Key words: differential equation, free boundary, numerical algorithms, functional, optimization

Hocnimkyetbes mpocTopoBa 3aj1a4a Credana 3 ypaxyBaHHSIM JIOMIIIOK 1 KOHBEKTHBHOTO PyXy B PiIMHHIN (a3i,
SIK1 OTUCYIOThCS piBHSHHAM Hap’e-Crokca. 3anponoHoBaH METO/T BUBUCHHS i€ 3a/1a4i, SIKHI TOJISrae B pO3KIaI
PO3B’SI3KY Y pSAI, BIANOBIAHO 1O CTYNEHIB MAJOro Tapamerpy. Y HECTaIllOHApHOMY BHIAAKY pO3B’S3aHHS
BIZIMOBITHUX KpalOBWX 3a/1a4 JUIs BU3HAYCHHS YIICHIB PO3KIaaHHs OYAYIOThCS SIK HEPYXOMi TOUKH OTEPaTOPiB.
JlocrmimkeHo BIUIMB KOHBEKIIIT Ha (GpoHTI KpucTamizaii. Po3po0ieHo MeTox po3B’si3aHHs 3a/1a9 CIIPSHKESHHS, 110
BUHUKAIOTh TP JIOCHIHKEeHHI 337a4 CredaHa B IPOCTOPI.

Kuarouosi ciioBa: qudepeHiiianbae piBHIHHS, BiIbHA MeXKa, YUCETbHI METOIU, QYHKIIIOHA, ONTUMI3allis

1. Crathsl TOCBSIIEHA YHWCIICHHOW pealn3alii HEJMHEHHONW KOHBEKTMBHOW 3a/laud
TEII000MEeHa, BO3HUKAIOIIIEH MPH KPUCTAUIM3AIMY BEIIECTBA, B CIAEAYIONIEH MOCTAaHOBKE.

[ycts Q, —3amaHHas o6nacTs B R°, rpaHuia KOTOPOi COCTOUT M3 JBYX 3aMKHYTBIX

CBSI3aHHBIX IMIafKKX noBepxHocredd ['y u I, He mMmerommx camonepeceyenuid. [Tycts, nanee

«ITyynmii inTenexkt» 1’2012 17


mailto:minenko@iai.donetsk.ua

Munenko A.C., I'yubko C.A.

1M

I'y — rmagkasd 3aMKHyTas IIOBEPXHOCTB, JeXkKaas BHYTpu (2, Takas, 4yro I'; nexur BHyTpu
OrpaHH4YeHHON oOnacty, rpanunei koropou sasisiercs I'y . IloBepxnocts I'j pazOusaer
Q, Ha aBe noxobnactu Oy u (, KOTOpbie B HAYaNbHBIH MOMEHT t = O 3aHSTHI XKUAKOI U

TBepOH (azamu COOTBETCTBEHHO. Bynem 0003Hauath yepe3 ) 0ONACTH 3aHATYIO JKUIKOM
(TBepmoit) (pazoit B MOMEHT BpeMeHu {. 3amMeTHM, 4TO B MPOIECcCe KPUCTATUIU3AIUN TPOXOUT
M3MEHeHHe rpaHuibl [y (3TO CBA3aHO ¢ TeM, YTO KUAKas U TBepaas (a3bl UMEIOT pa3HbIe

IUIOTHOCTH), a rpaHuMna [, ocraercs HEM3MEHHOW. 3ajada COCTOMT B OIPEACICHHU
obmacreit Q] u Q, (r.e. rpanun I, u I',), 3aHMMaeMbIX TBEpHOH M KUIKOW (hazamu

coorBercTBeHHO B MomenT Bpemenu te[0,T], Bekropa ckopoctu V (X,t) =

=M (%0, V,(%t),\5(X1)), naBnenns p(x,?), konuenTpamuu npumecu c(x,?) , pacrpeaencHui
TeMIeparyp Xuakoi u” (x,t) v TBepaor u~ (x,¢) da3 1o CIAYIONMM YCIOBHUSIM:

ou éth,t) —a’Veu (xt) =0, (xt)eDr,

w +(VV)u' (x,t)—a’V2u' (x,t) =0, (x,t) e D;;

Ng(’t) +(VV)V(x 1) +Vp(x,t) =vWA/(xt) +  (u*,0), W(x,t) =0, (x,t) e D,
V(%0 =C(x); T(V, p)n=—q(x.0)n, (x,t) e T}V, = A=W, =0, (KD €T,
u*(x,t) = BT (x,t), (x,t) e T," UT,"; u™(x,0) = A"(X); (1)
U mu =T —eck U Kk, ou” _ W, (Xxt)el,
on on
D 4 (@F)e)-1V"0x, (XD € D5 5,0) = ),

c(x,t) = g(xt), (xt) eT;; —a%: BeW,, (x,t) eT,.

smeck Dy ={(xt):xeQy, te(0,T)}, X=(X,%,X;), & — 001acTd COOTBETCTBEHHO JKUIKOM
u TBepiOi das, oQ* =T, Ul;, 8Q =T ,ul,, n —HOpMams K I, HampaB/IcHHAs B
CTOpOHY Q! ; T*, v, €, %, p°, p,a, B, y, x_, k,, — HOJOXKHUTEIILHBIC MMOCTOSH-
HBIE, V = iii) T(V, p) — TCH30p HANPSDKCHHI C YIEMEHTAMA T — _g p+v (%Jr%)’
0% 0% 0% ! ! ox;  Ox

W, — ckopocTb ABMKEHUs (PpOHTA KPUCTA/UIM3ALMU B HampasieHud Hopmai N, V. u V. —

HOpMaJIbHAs ¥ TAHT'CHIIMAJIbHAS COCTABJIAIOIINC V.
Ecmn ®(x,t) =u*(X,t)+ec(x,t)-T =0 — ypaBHeHue mnosepxHoctH I, Torma
V(u*+ec)
|[V(u® +ec)|
VYxkaxem, uto ycinorue CTedana MOKHO TPEJCTaBUTh TAK)KE B BUJIC:
kZ|Vu P =2 VU P +e(’+k Kk, )(Vu,Ve)—e (k> +k Kk )(Vu',Ve)+xp (kU +x u)+
+ypTe(x, +x_)c, =0, (x,t)erl,.

W,=-®, /|V® | n-=

- +

210
pemmonaraercs, uto AX) e H**(Q, ), C(X) eH*" @), B'(xt) eHzm’7(1T UL x[QT)),
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2o —+
f(u,c) e CY{R?), g(xt)eH "o (T, [0, T]), d,(X) e H**(Qo). Tpu sToM g(X,t) u
l+a

1+o ,——
d, (X,t) momkmubl ObITh Qynkumsamu knacca H - 2 (R*x[0,T]). [peamonaraercs Taxxe

BBITIOJTHCHHBIMU YCIIOBUSL COTJIACOBAHUS JI0 TIEPBOTO MOPSAKA BKIIOYUTEIHHO, KOTOPHIC
CIICIYIOT W3 TPEANOJIOKECHUS CYIECTBOBAHUS TJAIKOTO pelieHUus U (OpMYITHPYIOTCS
aHaynorn4so [1 c. 363, c. 268].

OTtMeTnM, 9TO TIPU MaybIX 3HaueHWsX t, 3amava (1) paspemmma B Kjacce TIAIKHX

240 2+a 240, o __

o 4 240, ——— " — +oL,—— " +oL,——— n o,— n
byakmui U € H 2 (B;), VeH 2 (D;), CeH 2 (D), VpeH 2(D;), a
Zra

2 [2.
Pemenue 3amaun (1) mMomenupyeT mpoilecc KpUCTAUIM3AIMU BEIIeCTBA C yYETOM
nepeHoca npumecu B xkuaAkoil daze. IIpu 3tom mocneanee ycnoBue B (1) ciaemyer u3

(04

2+
I'paHUIIbI IT 141 Ft OITUCBIBAKOTCA (I)YHKI_[I/ISIMI/I, HNpUHAJIC)KAITNMHU KJIaCCaM H

3axona Heprcra, a f (U",¢) ONICHIBACT BIMAHHE HEPABHOMEPHOTO PACTIPEICICHHS TEM-
1epaTyphbl U KOHIICHTPALUU IPUMECH HA JBHKEHUE KHUJIKOCTH.

2. U3BectHO, uTO cBOOOAHBIC TpaHuubl I, m I| MOXHO NpPEACTaBUTH B BUJEC
[ ={x=xX)+n@)p(,0}, I} ={x=X0 )+ ) )}, e 0 =(0,0,), o =(0;,,),

X()el,, X(@)el;, p(o,t) nn(® ,t) HekOTOPbIE PYHKIMH COOTBETCTBEHHO KJIACCOB

H2+a'2+2()L(F0X[O,T]) i |_|2+°°’2+2(1(F3><[O,T]) , p(®,00=0un(w,0=0[2].

[Ipennoxxen Meron pemieHus 3ana4yu (1), cocTosumil B pa3ioKeHUH PEIICHUS B Psij
M0 CTENEHAM MaJIbIX YUCEIN € :

U (% 58) =L () + Y B U (X D), pOxtie) = p09+ e plxt)
k=1 k=1
\4(x,t;g)=Vio(x)+iskvik(x,t),i =1,2,3 p(oa,t;&:):iskpk(m,t), (2)
c(x,t) =co(x)+ ia “c (x,1).

Jlns HyneBoro npubImKeHus U (X),\TO(X) = (V3o (X), V5 (X), V5 (X)), Ty 1 co(x) u3
ycinoBui (1) u paznoxenus (2) BRITEKaeT CAEAYyIOIIas 3a1a4a:

VoVIVo () + VP () =V, () + F (U, &), x€Qy’,
W, (X) =0, xeQ,', T(V,, po)N=—q()n, xely, V, =—1-L)W,, V. =0,
p

xely; (VU —a’vui =0, xe QF, Ui (X) = B (X), xe T, U, us () = () =T", (3

g o
on " on

xel, k =0, xel, Vzua =0, xeQ,, (\70V)C0 —yV2C0:O,

x €Qy, ¢o(x) = go(x), xely; —a%zo, xel,.
n
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31eck paay MpOCTOTHI Tpeanoaraeres, yto GyHkuun B* u ¢ 3aBuCAT TONBKO OT
IIEPEMEHHOU X.

Jemma 1. Iycrs dynkmun U,"(X) = A*(X), V,(x)=C(x), c,(x)=g,(x) sBusorcs
pewenreM 3a1aun (3) coorBercTBeHHO B obnacti Qf u Q. Torna 5ti GpyHKUMH MOXKHO
B3ATh B Ka4eCTBE HYJIEBOT0 MpUOIMKeHHs 3ana4u (1).

3. Hanee, nycts QF =Q; x[0,T], ['y; =T, x[0,T], Ts; =T x[0,T], Ty =T, %[0, T].

Paccmotpum nepsoe npubmkenne (V,, U, Py, P;,¢,) 3anaun (1) mis Mansix yncen

e . Umeem:
8\71 VAvA\Va VA va\Va 2/ "ot v +.
E*‘ ViVIVo + (VoVIV, + VP, =vVAV, + £ (Ug, co)uy + fo (ug,¢0)eq, (x,1)0r;
V\Zzo, (x,t)le; (4)
TNV, +V,,p)n=0,xel,",V,(x,0)=0,
Py Uy .
V. =(1- V. =0, xel,;
1in ( p+)|vu0+| It 0
auf N/ + VA + 27 2, + +.au1_ 2w 2. - -
. + (V,V)u, + (V,V)u —a’vau =0,(xt) e Qy ,FJF a’Veu, =0,(x,t)e 0y,
u*(x,0)=0;u; (x,t)=0,(x,t) ey UT{,, (5
. B ou, ou” .0
U =g,k SRk T (0 = xp %, (X,t) € Ty ;
801 N/ e 2 +
ot +(ViV)ey +(VoV)e, =vVoe, =0, (x,1) € O;7,
¢, (x,0)=0,¢,(x,2) =0, (x,t) e Ty,
. (6)
oc u
—oc—nlz f,(x,t), (Xt)ely, fZ(X’t):CO|V—t$|’
acg(x)n1(0)at)+cl (x,0)=0, (x0)elq.
n

Samamm teneps V =Vi(X,t). 3arem peumm 3anady (5), (6) u Haiizem U, ¢, p . Tocre

4ero 3ameHuM U°,c,p — pemrenueM 3amaur (5), (6) u pemmm 3amady (4), SBIAIOILyIOCS Ha-
YaJIbHO-KpaeBou 3amadent Juist cucrembl HaBbe-Crokca. 3arem, HCIONb3ys HOBOE 3HAYECHHE
V(x,t), cHoBa pemraem 3amady (5) u (6) u T.1. Takum 0Opa3oM, MOTYYIHUM TPOLIECC MOCIEIO-

BATCJIBHBIX HpH6J'IPI)K€HHI>i. I[OKaBaTeJ'IBCTBO CXOAUMOCTH 3TOrO0 HpOII@CC& AHAJIOTMTYHO HpI/IBeJICH'
2+a.

2+0 ,———
HoMy B pabore [3]. Ilpm stom mpu 3amanHOM p,(®,t) € H 2 (Ty;) waiimem QyHKIEH
2+ +0LY2+70c _
U (xt; p)eH2 2 (Q), cl(x,t;p)eH2 2 (0F), KaK eIMHCTBEHHOE DEINICHUE 3a/auu
(5), (6) [1], npuuem p,(m,t) HAXOMIM KaK HEMOABIDKHYIO TOUKY C)KUMAIOIIETOCS OrepaTropa
ou, i ou;

+ fi(x,0))dt, X(®) €l . Nmeror mMecTo creyromme yTeep-
on 7 on

. 1
Ml'Mlplz +I(k_
AP 9%

JKIICHUS.
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Jlemma 2. ITycts BoimoaeHo yeiaosue |VA' (X) |=

Ha I';. Torna oneparop M, ,

39,(X)
on

+a, a,
nevicTByrommii u3 H 2 (o) BH 2 (Ty;) , ~MeeT TaM HEMOJBUKHYIO TOUKY.
Jlemma 3. B kaudectBe nepBoro npuOmmxenus 3anaud (1) MOKHO B3SITh pelICHUE 3a-

ram (4) - (6): W (X, t),¢, (x,0),7; (x,0), py (x,8),p, (x.1).
X
Teopema. IlycTh agao—();t 0 ma I',". Torna nmpu ManbIX YUClIaXx € U JAOCTATOYHO
n

MaJibIX 3HaYeHUAX t cripaBeisIuBbl (HOPMYIIBL:

[ ixX= X(w)—sﬁ%+o@), (x,t0)ely,
s a(x(@),0) + g (x(@)) - g(x(@).f)
09, (X(@))
on

[ ix=Xo)-¢

+ole), (v1) e Ty,

240, ——

e U (%t), ¢ (x,1), p; (@,t), n; (®,t) — dynkuun kmacca H 2 SBJISIFOIIHAECS
pemenneM 3anauu (4) — (6).
4. PaccmoTpuM citydai, koraa Q = {()(1, X, X3) <X X+ X < R} u 0e3 y4yera KOH-

HueHTpauu npumecu B 3anaye (1). Janee, Tak kak pemenue 3anauu (1) umem B Buae (2),
TOTJIa HyJIeBOe MPUOIMKEHUE HAXOUM KaK pelieHUe CIeayIolIeH 3a1auu:

i=Bi(x),ui(x)‘Fo=O, (
7)

VAt (x) =0, xe Qg, A*(X)

6(X)=0,X€Q_§;‘VU X)|~[vu* (x)|=0, xe I,

3amerum, uro 3ameHa U =ku™, npu Xe Q™ u 0" =U", ecniu X€ Q" , cBOAUT 3a1a4y
(7) x cnyqato kK =1. [losTomMy B nanmpHeimemM OyaeM CUMTATh, YTO 3TO YCIOBUE BHIMOJI-
nerno. Hyneoe npubnmxkenue U (X), I, HaligeM u3 yCIOBUsS MUHUMyMa (yHKIMOHANA

I(ué,Fo):”.[‘Vu‘zdxldxzdx3, s3gece Q=Q;UQ, m u=u" npu XeQ u u=uU", eciu
Q
XeQ'.

Hanee, paccmatpuBas QyHKuoHan | B cheprudyecKux KOOpAUHATAX, MTOTYIUM

)]

MuHuMyM QyHKIIMOHANA UILEM B CIEIYIOLIEM BUIE

u=8 + R P (BB ) (R—p?)(p?-1?)3.Cop.
R -r’ ="

2 1 2 2
J‘( +—2u®+mu¢ P SIﬂ@d(pd@dp

r

HeunssectHele koapuuuentsr C, omnpenenstorcss Mmeronom Purna. B wactHOCTH B

ClIydac HYJICBOT'O HpI/I6JII/I)KCHI/I$I
2 2

by =B+ (BB )+ (R -p?)(p7-1?)C,
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u3 ypaBHeHUS Ol (ug)/ 0C, =0 onpenenum korpdunuent C,. CBoOOIHYIO MOBEPXHOCTH
Ty:p=po(9,0) Haitnem u3 ycunosus U, ((p,@, Po ((p,@)) =0. Toraa s cBOOGOHOM MO~

BEPXHOCTH [, TIOJYyYUM YPaBHEHHE

| ) LU (0.0.1)
Ip(9.0,1)=p, ("”®)_R"\VAi (0.0)

Ha PUCYHKC IIPCACTABJICHA IIOBCPXHOCTDH I + 1IpH CICAYIOINHNX 3HAYCHUAX IIapaMETPOB:

+0(Re)_

t=200, R=6, r=08 -—<0<=, -Z<p<l
2 37 27772

B' =3 cos’@+cos’p |, B =-0,35 cos’®+cos’g |-0,1
IIpeIoKEHHBI aNrOPUTM IOCTPOCHHUS IOBEPXHOCTH [, IO3BOJSAET MCCIEAOBATh

3Ty MOBEPXHOCTh B 3aBUCHMOCTH OT OCHOBHBIX MapameTpoB 3agaud (1), B TOM 4ducie u
yucna Re. Ha puc. 1 cBoboaHas moBepxHOCTb [, pacHojioXkeHa MEexIy chepaMu pa-

auycoB Rur.
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A.S. Minenko, S.A. Gynko
Numerical Analysis Model of Crystallization with Convection

Still, only one paper has been known as that one, which contains the proof of the existence of the
classical solution to the two-phase multi-dimensional Stefan problem:

w+ VV)U* (x,t) - a2v2ut (x,t) =0, (x.t)eDf,
w_a—(tx’t)_ a’v2u(x,t)=0 (xt)eDT,
M+ (VV )V (X,t) + Vp(x,t) = iv 2V (x,t) + f(u),
ot Re

u*(x,t)

3 ou- ou”’
=0, k ——k
<h Z‘i{ " 0X " OX,

}cos( n,x )+ kcos(n,t)=0-

+

D{——L = {(x,t) IX € QE—F te (O,t)} X=(X1,X2,X3), Q¢ -
The given article is the second one, which contains the result of no less significance. The authors
considers the non-degenerate two-phase Stefan problem in a cylinder, assuming that there exists a solution of

_I_
the corresponding stationary Stefan problem Ug (X) and that the boundary and the initial data of the
problem are only slightly different from the corresponding characteristics of the stationary solution:

ui(x,t;Re) =u§(x)+ f (Re) ku[f(x,t),
k=1

Vi(GERE = Vip(x) + 3 (R Ky (x,t), 1 =123
k=1

p(@.tiR) = 3 (R Kpy (@ .b).
k=1

The existence of the smooth solution of the problem is proved under not too restrictive assumptions
concerning the input data of the problem. Moreover, the authors indicate a ssmple condition, which
guarantees the existence of the corresponding stationary solution and its stability, the latter being understood
in its usual sense. This paper may be strongly recommended to al interested in parabolic free boundary
problemsin general and in their classical treatment in particular.

Cmamus nocmynuna 6 pedaxyuro 19.12.2011.
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