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We constructed equations of the condensed Bose gas dynamics at
nonzero temperatures on the bases of the first principles of statis-
tical mechanics. We derived the equation of motion for the con-
densate wavefunction and the quantum kinetic equation for the
distribution function of excited atoms. The obtained generalized
Gross—Pitaevskii equation for a condensate includes the effect of
collisions with thermal cloud atoms (non-condensate). The Boltz-
mann quantum kinetic equation for a non-condensate was obtained
by means of Zubarev’s method of nonequilibrium statistical oper-
ator.

1. Introduction

The Bose-Einstein condensation (BEC) — one of the
most interesting phenomena foreseen by quantum sta-
tistical mechanics. It is unique, because it is the exclu-
sively quantum-statistical phase transition and may oc-
cur without interaction between atoms. In 1995, BEC “in
a clean kind” was got in trapped dilute ultracold clouds
of alkaline metals [1-3].

The development of a microscopic theory that can
describe the dynamics of a condensed Bose gas is a
very important problem. The foundation of a theoret-
ical description of such quantum degenerated systems
with spontaneously broken symmetry was laid by Bo-
golyubov in the paper on a weakly-nonideal Bose gas
[4]. The central place in his theory is occupied by the
idea of separation of the condensate. In contrast to
Bogolyubov’s model of weakly nonideal Bose gas, the
atomic Bose condensate is spatially inhomogeneous. At
temperatures close to zero (0-0.4 Tggc), when almost all
atoms are in the condensate, the dynamics of the atomic
Bose condensate is described by a nonlinear equation
for the condensate wave function — a Gross—Pitaevskii
(GP) equation. In this temperature range, a GP equa-
tion describes the experimental data concerned with the
condensate (condensate oscillation, interferences of con-
densates, etc.) very precisely. At higher temperatures,
when an appreciable fraction of atoms of the condensate

554

is excited, the dynamics of a trapped gas becomes much
more complicated, since it involves now the coupled vari-
ations in the degrees of freedom of the condensate and
the non-condensate. Thus, the description of the atomic
Bose condensate at nonzero temperatures in terms of the
GP equation is inadequate.

In this paper, we obtain, from the first principles,
a generalized GP equation which includes the non-
condensate degrees of freedom. This equation is not
closed, because the dynamics of non-condensate atoms
is indefinite. For their description within Zubarev’s
method of nonequilibrium statistical operator (NSO),
we derived the Boltzmann quantum kinetic equation for
the distribution function of excited atoms. Thus, we ob-
tained the complete dynamics of a condensed Bose gas
at nonzero temperatures.

2. Dynamics of the Condensed Bose Gas at
Nonzero Temperatures

At very low temperatures, the dynamics of a trapped
Bose gas is described by the time-dependent GP equa-
tion [5] for the macroscopic wave function ®(r,t) associ-
ated with the Bose condensate.

In terms of Bose quantum field operators, the many-
body Hamiltonian describing the interacting bosons con-
fined by an external potential Uey(r) is given by

2m

H= / drypt(r) (— WV + Uext(r)> Y(r)+

by [drav e -t et e,

For a dilute cold gas, one can obtain, nevertheless, a
proper expression for the interaction term by observing
that, in this case, only binary collisions at low energies
are relevant, and these collisions are characterized by
a single parameter, the s-wave scattering length, inde-
pendently of the details of the two-body potential. This
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allows one to replace V (r —r’) by an effective interaction
Ve —r') = gi(r — '),

where the coupling constant g is related to the scattering
length a of the true potential through the relation

_47rh2a
=

The time-dependent GP equation has the following
form:

L 0P(r,t K22

ih 6()15 ) = <— o + Uext () —|—gnc> D(r, ). (2)
Here, n.(r,t) = |®(r, t)\ is the density of atoms in the
condensate.

The GP equation describes the motion of the conden-
sate moving in the Hartree dynamic mean field produced
by other atoms in the condensate and yields a closed
equation for the order parameter ®(r,t).

The GP equation (2) provides a very accurate descrip-
tion of the static and dynamic properties of a trapped
Bose gas at low temperatures T' < 0.4T3gc, as it is con-
firmed by many experiments in the last few years [5]. In
superfluid *He, the non-condensate fraction at 7' = 0 is
close to 90%. Thus, in superfluid *He, one always has to
deal with both condensate and non-condensate atoms.
It is clear that a closed GP equation for ®(r,t) is never
valid in superfluid “He.

At higher temperatures (say, T > 0.47ggc), when an
appreciable fraction of atoms of the condensate is ex-
cited, the dynamics of the trapped gas becomes much
more complicated, since it now involves the coupled vari-
ations of the condensate and non-condensate degrees of
freedom.

To find a generalized GP equation, we start with the
usual Heisenberg equation of motion for a quantum field
operator with the many-body Hamiltonian (1)

81&( t) h2v?
ot ( 2m

+ Uext(r)> Y(r,t)+

+gv ™ (r, 1) (x, ) (x, 1).

The introduction of the usual definition of a non-
condensate field operator ¥(r,t), according to

'l;b(rat) = @(I‘,t) + '(z(r’t)’
yields
272
iha@é?t) _ < h2V + Uext (1) 4 gne(r, t) +2gﬁ(r7t)>x
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)" (r, 1) +g (07 (0, )P (x, ) (x, 1)), (3)
where 7(r,t) = <zﬁ+(r,t)1ﬁ(r,t)> is the non-equilibrium

(e 1) = (D, (r, 1) ).

Equation (3) is reduced to the GP equation (2) if all
the atoms are in the condensate (i.e., n = 0) and the
anomalous correlations (1 and (¢ (r, £)i(r, t)d(r, 1))
are ignored. This is a very effective approximation for
T < Tggc; at T = 0, the non-condensate fraction in
trapped atomic gases is estimated to be less than 1%
[6].

To derive a quantum Boltzmann kinetic equation for
the distribution function of excited atoms, we consider
the equation of motion for ¢)(r, t)

x®(r,t)+gm(r

non-condensate density,

81/) h2V2
815 2m

+g@* (i —m) +2g@ (T P—0) +g (Vo — (0 ), (4)
where n = n. + n is the total density. It allows us to
derive a kinetic equation for excited atoms. Following

Kirkpatrick and Dorfman [7], it is convenient to define
the time evolution of v by

12(1‘» t) =U" (t7 tO)&(rv tO)U(t7 t()),

where the unitary operator U(t,ty) evolves according to

the equation of motion

ih 8U(t to)
ot

Here, tq is the time, at which the initial nonequilibrium

density matrix p(tg) is specified. The effective Hamilto-
nian is given by

Heg(t) = Ho(t) + H'(t), ()

4 Ut (r) + 2gn> O —2gna) 4 g®2 )t +

= Heag(t)U(t, to)-

H'(t) = Hy(t) + Hy(t) + Hy(t) + Hy(t),

where the various contributions are defined as

lt) = [ard (<5 4 Uatr)) 4,

Hi(t) = /dr L9 + Li(r 1))

my(t) = § [ dr (050" + 2, 007)
Hy(0) = g [ de (90,0500 + 0,05 0+3).
() = 5 [ ard* 500 - 29 [ driate.itd,
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U(I‘) = cht(r) + 2gﬁ0(rv t)’

Li(r,t) = —g(cp*(r, £y, t) + 20(r, )a(r, )+
) )

The expectation value of an arbitrary operator O(¢),
which is made up of some combination of non-condensate
field operators, with respect to the initial density matrix
p(to) can be expressed as

(O(t)) = (0)" = Spp(to)O(t) = Spi(t, to)O(to),
where

pt,to) = U(t,t0)p(to)UT (t,t0)
satisfies the equation

aﬁ(t>t0) 1
at i

[ﬁ(t7 t0)7 Heff(t)] =0.

Our ultimate objective is to obtain a quantum kinetic
equation for non-condensate atoms. For this purpose,
we define the Wigner operator

I./

—,%0)-
270)

ipr/

f(p,r,t0) E/dr’e R

P+ D) -

Its expectation value yields the Wigner distribution
function

f(pa r, t) = Spf(p7 r, tO)ﬁ(t7 tO)

Knowledge of this function allows one to calculate var-
ious nonequilibrium expectation values such as the non-
condensate density

~ dp
= [ s

The equation of motion for f is

of(p,r,t)
ot

f(p,r,1).

_ %Spﬁ(t)[ F(p.1.t), Her(t)] =

= —SpAOL (b, 1,1), H(O)]+ - Sp (1) (b, 1,0, H' (1)
()

The first term on the right-hand side of (6) defines the
free-streaming operator in the kinetic equation. With
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the assumption that U(r,t) varies slowly in space, we

then have
af(pv I', t) p -
T + E vf(p7r7t) -VU- vpf(p7r7t) -

- %Spﬁ(t)[f(P»r»t)aH/(t)]'

The right-hand side of this equation clearly represents
the effect of collisions between atoms.

The reduction of this term to the form of a binary
collision integral is performed with the use of the method
of NSO (see Appendix).

The collision integral is a sum of two contributions

% . = Cua[f] + Caf],

where

Cualf 29 ;’h4 / dp; / dps / dpy x

X6(MVe + P1 — P2 — P3)0(Ee + Epy — Epy — Epy) X

x[0(p — p1) — (P — P2) — d(p — P3)]x

X[(L+ fu)fafs = i1+ f2) (1 + f3)] (7)

describes collisions between thermal atoms, and

Caolf 5h7 /dpg/dpg/dp4><
X6(P+ P2 — P3 — P1)0(Ep + Ep, — Epy — Epy) X
X[(L4+ £)(L+ fo)fafa — 21+ f3) (1 + fa)] (8)

describes collisions between thermal atoms and conden-
sate atoms.

f:f(pvrvt)v fi:f(piarat)'

Therefore, the quantum kinetic equation for the distri-
bution function for excited atoms reads

8 ) K
% + % ' vf(parat) - VU'vpf(p7r7t) -
= Cnlf] + Ci2lf, ®]. ©)
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The generalized GP equation is as follows:

h2v?
T o + Uext (1) + gne(r, t)+

ih— =

0 (r,
=

+2gi(r,t) — ihiR(r, t))(I)(r, 1), (10)

where

_ [ _dp Culf 9]
70 = [ G e

The dissipative term R in (10) is associated with the
exchange of atoms between the condensate and the non-
condensate, as described by the collision integral Cia[f]
in (7). We see that (9) and (10) must be solved self-
consistently.

3. Conclusions

In this paper, we derived a system of equations which
describes the dynamics of a trapped Bose-condensed gas
at finite temperatures. These equations consist of a
generalized Gross—Pitaevskii equation for the conden-
sate order parameter ®(r,¢) and a semiclassical kinetic
equation for the distribution function f(p,r,t) of excited
atoms (non-condensate). By limiting ourselves to higher
temperatures, we arrive at a simple intuitive picture, in
which the excited atoms behave themselves as particles
moving in a dynamic Hartree—Fock field. Collisions be-
tween all the atoms are included and, in particular, allow
the transfer of atoms between the two components. A
big part of our discussion is devoted to the hydrody-
namic regime and the derivation of a closed system of
generalized hydrodynamic equations for the two compo-
nents. These equations are based on the assumption that
collisions between excited atoms are sufficiently rapid
to drive the distribution function f(p,r,t) toward the
local equilibrium Bose-Einstein distribution f (p,r,t),
with the consequence that the Cos[f] collision integral
for excited atoms vanishes. However, the C1a[f] collision
integral describing collisions between condensate atoms
and non-condensate ones remains finite. As a result, our
equations can be used to describe the situation, in which
the condensate is not in diffusive local equilibrium with
the non-condensate.

The work was supported by the State Foundation
for Fundamental Research of Ukraine (Project No.
F25.2/011).
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APPENDIX

In the Appendix, we give detailed derivation of the expressions for
the anomalous correlation functions <1Z1[~J> and (1[1*‘1[}1[1), as well as
the collision integrals given by Egs. (7) and (8).

For this goal, we use Zubarev’s method of nonequilibrium sta-
tistical operator.

The NSO method allows one to generalize the Gibbs ensemble
method to the nonequilibrium case and to construct a nonequilib-
rium statistical operator which enables one to obtain the transport
equations and to calculate the kinetic coefficients in terms of cor-
relation functions. This operator, in the case of equilibrium, goes
over to the Gibbs distribution.

In order to obtain a closed kinetic equation for the distribution
function f, we must express higher order correlation functions in
terms of f. For this purpose, we treat H’(t) as a perturbation
to the zeroth-order Hamiltonian Hq(t), as defined in (5). We will
effectively calculate collision integrals to the second order in g.

Let us consider the Liouville equation with an infinitesimally
small source on the right-hand side (we set A = 1 throughout this
Appendix)
9p(t)

2 4 Zp(e), HO] = ~<p(t) — pa(),

where € — 0 after the thermodynamic limit (V' — oo, N — o0).
The quasiequilibrium distribution is defined as

pq = exp {—cb(t) -3 Fn(t)Pn} .

Here, ®(¢t) is a Massieu—Planck functional. The Lagrange multi-

(11)

pliers Fy, should be found from the self-consistency conditions
(Pm)" = (Pm)g.,

where P,, are the basic dynamic variables that describes the
nonequilibrium state.
In our case, the Hamiltonian has the form (5)

H = Ho(t) + H' (1),

where H'(t) is treated as a perturbation. In such a situation, it is
useful to pass to the interaction representation.

Let us now rewrite the Liouville equation (11) in the form suit-
able to integration:

(%ﬁ) o)+ [p(t"), Holt] = o ()~ < [p(¢"), H' ()]

Multiplying this equation by exp(et’), as well as by Up(t') =
exp{—iHot'} and U (t') = exp{iHot'} (from left and right, re-
spectively), integrating over the time (from —oo to t), and using
the property of the evolution operators, we find

t
p(t) =< [ dt exp(—elt ~ ) Uo(t, Do)V (1,8~

t
- / at' exp(—c(t — #)Un(t, )< [p(t"), H' ()] (1,8,

—o0

Here, Uo(t, ') = Uo(t)US (¢').
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By integrating the term proportional to € by parts, we obtain

Apqg(t')
ot’

t
)= pa(0)— [t expie(e— )0, 1) {

t
+%[Pq(t,)aH0(t/)]}U(;r(tvt,)_ / dt exp{—e(t — t')} x
XUo(t, ') 2 o(#"), H'UF (2, '),

i
Opq(t
W %() depends on the interaction. We have

(12)
We now find ho

9pg(t) _ = Fpq(t) O(Pn)' = 9pq(t)
at > S(P)t ot > 5 (Pp)t

n n

X > Qu(t) (Po)' + Jn(t)} , (13)
l
where §2,,; satisfies the relation

i3 QP = lpa(0), Ho(0)]
l

The quantity Jy(t) is defined as

Jn(t) = =i ([Puy H'))' = —iSp([Pu, H']p(1) ). (14)
Taking relations (13) and (14) into account, we obtain
00 0)_ilpu(), Ho0)] = 2 ff ;S)t Ta(t). (15)
Substituting (15) in (12), we find
t
p(8) = pa(t) — / dt’ exp{—e(t — ¢')}Uo(t, ') x
X {; ;{;qi%]m(t’) - i[p(t’),H’]} Ug (). (16)

Such a form of the Liouville equation is useful for using the
perturbation theory.
Let us assume that

p(t) = pa(t) + 3 pM (1), Ju(t) =Y I ().
k=1 k=1

Here, p(*) and J,gk) are proportional to g* (g is a constant of
interaction).
Notice that, due the space homogeneity,

IO (t) = =i ([P, H'))! = 0.

Iterating (16) to the first order in H'(t), we have

t
p(6) = po(t) ~ i [ dt exp(—c(t ~ ) Un(t, )
—o0
X[H' (1), pa (1)U (t,1). (17)
In the first approximation for an arbitrary dynamic operator
O(t), the expectation value can be expressed as

t

(OO = (0N, ~i [ dt'exp{-clt ~ ¢)}x

—o0
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x { [Wo(t, t’)O(t)US‘(t,t/),H/(t)}>t/ .
q

First, we consider the three-field correlation function (1[1*1[}1[))
To the lowest order in the interaction g, the three-field correlation
function is given by

t
q .

<1Z+W>t=<q/3+u?z&> —i / dt’ exp{—e(t — t')} x

< ([Wolt, ) GO0 (1.0, 1 (0)]) (18)

The first term on the right-hand side of (18) gives the initial

correlation. Since the initial anomalous correlations regarding the
broken symmetry in the quasiequilibrium statistical operator are

o\t
absent, the term <w+1j)w> vanishes. In addition, we kept only
q
those parts of H{ and H} which include the equal numbers of
creation and annihilation operators.

Thus,

t
<1Z~1+1Z~J1Z~1>t =4 / dt’ exp{—e(t —t')} x

{00t ) B (0,0, HL0) + H30])

Suppose that the hydrodynamic variables vary slowly in space
and time. Thus, the effective Hamiltonian contains the terms aris-
ing from r’ and t’ close to r and t.

Let us assume that

(19)

nc(rlr t/) = TLC(I', t)v ﬁ(rlv t/) = ﬁ(lﬁ t)7 U(rlv t/) = U(I‘,t),

O(r',t') ~ 0(r,t) + %(t/ —t)+VO-(x' —r)=
=0(r,t) +ec(t' —t) +mve- (r' — 1), (20)
t/

Uo(t,t') = Tr exp {7 i/Ho(T)dT} ~ exp{—iHo(t — t')}.

Here, nc(r,t) = |®(r,t)|? is the condensate density, 6 is a phase

of the macroscopic wave function (®(r,t) = |®(r,t)e??®:D),

ve(r,t) = 1/mV0O(r,t) is the condensate velocity, and €. = i
2

c

He + is the local energy of a condensate atom.

Performing the Fourier transformation of the non-condensate
field operators according to

. 1 . N 1 .
P(r) = W g ape’P’, 1/J+(I') = ﬁ g age_””

and using (20) and the definition of H, we obtain

’

(U5 (6,85 (x, t0) (e, 10 ), t0) Ui (8, ), HL(9)]) =

q
_ 1/2 .
~ —2gn(r,t)ne’ “(r,t) exp{if(r,t)} x
1
X —
v
P1,P2,P3,P4

t t
X0py,pe <<a31 ap2>q Op3,pa + <a32 “ps)q 5p27p4>’

e~ (P1e+P1—P2—P3) T i(cctE1—E2—E3)(t—1')

(21)

2
where pc = mve, &p,(r) = 2%1 +U(r).
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By analogy, using Wick’s theorem for the higher order correla-
tion functions, we obtain
- . - t/
(U5 (0 Y0 (e, 10) 9, 0)D e, t0) U1, ), HA(1)]) =
- 1/2 .
~ 2gn(r,t)ne’ “(r,t) exp{if(r, t)} X
1

>

P1,P2,P3

e~ (P1c+P1—P2—P3) T i(cctEr—E2—E3)(t—t')

+ t’ + t’
X Z 5pc+p’1,p’2+p§,(6p2,p’26p3,p§,<ap1ap’1>q+5p27p’2<ap1ap’1>q X
/ / /
P} ,P5,P}

/

t’
+ t’ + ty o+ t +
X<ap3apg>q +5p37pg <ap1ap’1>q <ap’2ap2>q 6p17p’1 Gps, Fp2 . X

t/ ’ t
+ > + t < + >
x{(a’, a + 6 s (al a a’, ag +4 ;X
< ps P3 q p2,p2< P1 P3>q ps P1 a P3,P3

’
+ 't ¢
X <ap1ap2>q <ap/2ap/2>q > (22)
Relation (20) yields
t/
<a;§iap].>q = Sp(pq(to)UJ(t',to)a;;apj Uo(t',to)) ~
~ (Ei—E;) <a:,'iap] >t0 . (23)

q
In view of the properties of the quasiequilibrium statistical op-

erator, we have

¢

(ag,ap,),’ = dp,p, f(Pi. T, t0)- (24)

Substituting (21) and (22) in (19) and using (23) and (24), we
obtain

<7Z1Jr(r7 15)1;(1‘7 If)l@(r7 t)> — _izﬂ.gn}:/2ei9 % %

i 1
X 0(Ec+E1—&2—¢ +7Pf x
pl»PZZ«I)S.[( ' : 3) ™ Ec+51_52_€3}

X0p.+p1—pP2—p3 [f1(1+f2)(1+f3) - (1+f1)f3f3]7

where f; = f(ps,r,t). We emphasize that, by deriving (25), we
used the Sokhotskii’s formula

(25)

t
/ dtlei(z—ié)(t—t’) = w(x) + iP (l) L if € — 0.
. T

We note that the three-field correlation function in (25) is ex-
plicitly proportional to y/n. and the interaction strength g. Thus,
it vanishes above Tggc as well as in a non-interacting Bose gas.

Using similar techniques and approximations, we evaluate the
rest quantities:

. - 1
(e 1) = (0%, 0)) = —irgd - 3 Fpytps 2p, X

P1:P2
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; 1
X[1+ f1+ f2] [6(61 + 82— 28) + ~P—— | .
T €1+ €2 — 2,

For the collision integrals, we find results (7) and (8).
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PIBHSIHHS OB’€IHAHOI TMHAMIKI KOHIEHCATY
TA HAAKOHAEHCATY B 3AXOIIJIEHOMY BO3E-T'A3I

1111, Hluzopin, A.B. Csidsuncoruil
PesomMme

Buxos4u 3 neprimux OpUHIKIIB CTATUCTUYIHOT MEXaHIKHU, 100Y10-
BAHO DPIBHSIHHS JMHAMIKN KOHJIEHCOBAHOIO 003e-ra3y IpU TeMmIle-
paTypax, BIAMIHHUX BiJ Hyss. 30KpeMa, BUBEJECHO DIBHSHHS Py-
Xy It XBUJIBOBOI (PYHKIII KOHZEHCATY Ta KBAaHTOBE KiHETHIHE
piBHsIHHS Ut (byHKHIT po3noaity 30ymkenux aromiB. Omepkane
y3araJjibHeHe piBHsiHHs ['pocc—IliTaeBchbKOro /st KOHIEeHCATY Bpa-
XOBY€ 3ITKHEHHsI 3 HAJIKOHJ[EHCATHUMU aToMamu. KBaHTOBe KiHe-
TU4YHE PiBHAHHS BoJsibliMaHa It HaIKOHJIEHCATY OTPUMAaHO 3a J10-
moMoroi Merony 3ybapeBa HEPIBHOBaXKHOI'O CTATUCTHIHOIO OIlE-
paropa.

559



