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Investigations of the properties of solutions of impulsive
differential systems in the linear approximation

Ilposederno axicull anaaid saacmueocmets Po3s A3Ki6 HEAHITGHUT IMNYALCHUT cucmem Ou-
Pepenyianvrur pienans i3 36ypennamu va deaxux 2inepnoseprnar {t;(x)}. Ompumaro Ho-
81 Yymo6u obmeorcenocmi, npaxmuwnoi cmitikocmi 3a demacsum (pisnomiprot, crmuckyowoi),
cmitixkoemi aa JIanyrnosum (pieHOMIPHOL, acumnmomuurot), npumseysarns po3e’askie 36ype-
HUT CUCMeEM 304 AHITHUM HAGONUHCERHAM.

In work [1], two-parametric scale increasing functions were first considered to investigate the
problem of stability of solutions of the nonlinear system dx/dt = A(t)x + F(t,z) in the linear
approximation dy/dt = A(t)y (shorted system). The Cauchy matrix of the shorted system sati-
sfies such an estimate: ||C(t,7)| < cexpla(t — 7)|[t/7]°, for 7 > 1, where @ > o* 4+ ¢, € > 0,
ot = max ar(k =1,2,...,n), ag = Et_l In ||yx(t)]|, k = 1,n, (ay is the characteristic index
of a Lyapunov nontrivial solution y(¢) of the shorted system), 8 > 3 = max B, k = 1,n, where
the characteristic degree by Lyapunov i = @[(ln )" In{||yx(t)|| exp[—at]}], k = T, n.

In work [2], the author investigated the problem of stability by Lyapunov of solutions of a
nonlinear system in the linear approximation by using an estimate of the Cauchy matrix of the
shorted system of such a type: ||C(t,7)|| < n(t)I(1), n(t): Rt — RY n(t) € C(RY), (1) € C(R™).
Later on, Borysenko and Martynyuk (Mat. Fizika, 1980, N 2) used this estimate to investigate,
in the linear approximation, the problem of practical stability (by Chetaev; uniform, attractive)
of solutions of a nonlinear regular system with nonlinearities on the right-hand side of the system
either the Lipschitz or Holder type (the evolution of processes which describe the system can
be either finite or infinite). The estimate from [2] was also used to estimate the Cauchy matrix
of a system of variations and to investigate the problem of stability of solutions of a nonlinear
system in the nonlinear approximation [see Mat. Fizika, 1981, N 1 (Borysenko)|. These results
are generally based on the method of integral inequalities for continuous functions [3] and its
applications. In 1983 (Ukr. Math. Journ., N 2), Borysenko considered a generalization of the
idea of Demidovich [1] by using the two-parametric scale of increasing functions to investigate
the properties of solutions of nonlinear impulsive differential systems in the linear approximation
(linear impulsive differential systems) and used the following estimate of the Cauchy matrix of
an impulsive shorted system: ||C/(¢, to)| < ce® %) [t /t0]°, where ¢, a, and § are some constants,
and t > tg > 1.

In the monograph by Lakshmikantham, Bainov, Simeonov [4], the problem of stability by
Lyapunov of solutions of the impulsive nonlinear differential system under a pulse influence at
fixed time moments,
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was investigated by assuming that the Cauchy matrix of the linear system dz/dt = a(t)z without
pulses satisfies the estimate ||C(t, 7)|| < ¢(t)¥(7) [2], and that the Cauchy matrix of the impulsive
linear system

dr
i
satisfies the estimate ||C(t,7)|| < p(®)¥(t) TI Yet)v(t), where ¢: RT — RT; ¢: RT —
Tt <t
— R, gt )| < D@le|™, m > 1, 1(6): RY — R, I(t) € CRY), [L@)| < %llzll, % =
= const > 0.

In the monograph by Samoilenko, Borysenko, Matarazzo, Toscano, Yasinsky [5], the problems
of the stability by Lyapunov and the practical stability by Chetaev of solutions of system (1) were
investigated by assuming that the Cauchy matrix of the shorted system (2) satisfies the estimate
ICE,n) < n@®)i(r), 7: R — RY, I: RT — Rt 7 € C(RY), I € CR") and ||g(t, )| <
< A@)[JzlI™, m = const > 0, [|L;(@)]| < villz|.

The conditions for the stability, as well as for the practical stability, of the trivial solution
of system (1) in the linear approximation (2) were found in [4, 5| by using analogies of the
Gronwall-Bellman—Bihari lemmas for the discontinuous functions for integral inequalities of such

a type:

a(t)x, 13 75 Li, Az = B:Ea t 75 Li, (2)

u(t) <c+ / v(T)u™(7)dr + Z kiu(t; —0), m > 1. (3)

io to<t;<t

In report [6], Danylo S. Borysenko found the integral inequality

t

u(t) < o(t) + / vy (rydr + 3 kaP(t - 0) ()

io to<t;<t

and obtained new analogies of the Gronwall-Bellman—Bihari lemmas for the discontinuous functi-
ons (see Remark 2).

In works |7, 8] with the use of results obtained in [6], the new estimates of solutions of
impulsive nonlinear systems with nonlinearities on the right-hand side of a system not only of
the Lipschitz type but also of the Holder one were obtained.

The investigations in |9, 10] are devoted to the problems of the stability and the practical
stability of solutions of impulsive nonlinear systems in the linear and nonlinear approximations
under assumption that the pulse forces are characterized by functions of the Lipschitz type.

In the monograph by Borysenko, Iovane [11] and in works [12-15|, the method of integral
inequalities for discontinuous functions and its applications to the qualitative analysis of properti-
es of the solutions of impulsive differential systems with nonlinearities of different kinds on the
right-hand sides have obtained the further development (by including also the impulsive systems
of partial differential hyperbolic equations).

In this article, we use the results of investigations performed by Bainov, Iovane, Lakshmi-
kantham, Leela, Martynyuk, Samoilenko, Simeonov (see, e.g., [1-15]).

Preliminary considerations. Let us introduce the impulsive system of ordinary differential
equations of such a form:

d

d_f = flt,x), t#F(®), Az = Li(2). (5)
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Let the following assumptions be fulfilled:
(H1) f, I; are defined in the domain Q = {(t,z): t € J = [to,T], T < o0, to > 1, ||z| < h}
and f(t,0) = L;(0), Vt € J, Vi € N;
(H2) f(t,x) = A(t)x + r(t,z), Ii(z) = Bjx + J;(x), where A(t), B; are some matrices;
E) # 0 Vi;
() }: t1(z) < ta(x) < ---, ilin(t)lo ti(z) = oo uniformly for z € ;
onst > 0: inf ¢;(x) — sup t;—1(z) =6 >0,VieN;
lzll<h llzll<h
(t) = x(t,to, zp) the solution of Cauchy problem for system (5) and ¢;-moments of
(t)N(t = ti(x)), then inf ¢ (x) > t7 > sup t;—1(x), Vi € N;
lzll<h Izl <h
(H6) 30; = const > 0: 017 < i(t,t +7) < b7 to < t] < t5 < ---, Zli)rglo t7 = oo; where i(a,b)

s
—
St

8
SN—

a -

is a number of points {t;} € [a,b] C [to,T], T < oo (6; depends only on 7);

ati 8ti Ii
(H7) 3L = const > 0: () <LVieN,zeQ, sup w,h(m) <0;
ox 0<o<l Ox
(H8) 37(t): RY — RT, #(t) < r = const < oo, 7 € C(RY): ||[r(t,z)| < 7@t)|z||*, a* =
= const > 0; 3k; = const > 0: ||J;(z)|| < kil|z||®, 3 = const > 0, i € N;
(H9) the Cauchy matrix C(t,to) of the shorted system
dx " X
i A(t)x, t#t7, Az = Bz, t=1t; (6)

satisfies such an estimate: ||C/(t,t0)|| < cexp[(@ + 6; In ) (t — to)][t/to]®, where the & parameter
is the characteristic index of a Lyapunov nontrivial solution of the system dx/dt = A(t)z, the
parameter is connected with the characteristic Lyapunov degree of this system, and

Oilna, 0<a<l1;
o? = m]axkj[(Bj + E)T(B; + EB)), Oilna = { 9; lnoz: a<> 1‘< ’
Remark 1. As for the notion of stability and practical stability of solutions of system (5),
see, e.g., [5].
Remark 2. To estimate the solutions of system (5), we will use such results [6-8]:
A. Let u(t) be a nonnegative piecewise continuous function at ¢ > ¢y, with first-kind disconti-
nuities at the points {¢;} satisfying the “integro-sum” inequality

u(t) < o(t) +/9(7)U(7) dr+ Y au™(t; - 0), (7)

to to<t;<t

where ¢(t) > 0, g(t) > 0, a; = const > 0, {t;}: t1 < ta <---, lim ¢; = co, m = const > 0, and
1— 00
©(t) is nondecreasing on J = [to,T], T < oc.
Then

u() <o) ] <1+ai<,om—1<ti>>exp[l/ g(s)ds], (8)

to<t;<t o
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where 0 < m < 1, Vt > tg;

u(t) <o) ] (1+wm—1<ti>>exp[m / g(s)ds], (9)

to<t;<t

where m > 1, Vit > t.
B. Let the function u(t) be nonnegative piecewise continuous on J with first-kind disconti-
nuities at the points {t;} to < t1 <ty < ---, lim ¢; = oo and satisfy the inequality

1—00
t

u(t) < ot) + / gy (rydr+ 3 aqm(t —0), (10)

io to<t;<t

where ¢(t) is a positive function monotonously nondecreasing on J, g > 0, a; = 0, m > 0, m # 1.
Then

t 1/(1-m)

u(t) < a; 0" (Y -m m=L(g(T)dr ,

(t) <w<t>t0g<t<1+ o)) [1+ (1 - m) / o1 (7)g(r) ] -
Vi>ty, O<m<l;

u(t) <pt) T[ (1+ame™ (1) x

m—1 t
I] o+ aimc,om*(ti))] [ ratryar

to<t; <t

X [1—(m—1)

t

Vit >ty: /g(T)(pm_l(T) dr < %, m > 1; (13)
to
H (1 +azm§0m_1(tl)) < <1 + ;) 1/(m—1).
m—1

to<t;<t

Main results. In this section, we obtain the new conditions of boundedness of the solutions of
system (5) by using the property of boundedness of the shorted system dz/dt = A(t)x, t # t;(z),
Azly—y,(z) = Biw; in addition, the conditions for the stability by Lyapunov and the practical
stability (uniform, attractive) by Chetaev of the trivial solution of system (5) will be found.

Theorem 1. Let assumptions (H1)-(H9) be valid for system (5), and let the following condi-
tions be fulfilled:

ay @+ 6;lna = E: 0; " =1,0< B < 1;

b Ja = conlst > 0: ||A®)]| < a;

1 .
¢) L < (a+r)h’
d') 3my(ty) = const > 0: H (1 + PEi|lzol|”~Y) < (@ 4+ ma(to)|zol|®~Y) VEt € J;
to<t: <t
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¢
e') Ima(to) = const > 0: /7“(7’) dr < ma(tg) < oo Vt € J;
to
F1) el + mato) M) explema(to)] < A/A;
g") Img(to) = const > 0: [|zo|[(1 + m(to)l|zol|”") < ma(to)|lzoll”’;

YY) X < {/A(ems(to) explema(to)]) L.

Then

I a?) all solutions of system (5) are bounded in K, if conditions a' e hold;

II. Trivial solution (t.s.) of system (5) is

b?) practically stable (p. s.) relative to \, A, J, if conditions a*—f1 or a*-e', g*, h' hold;

) uniformly practically stable (u.p. s.) relative to to, if conditions b* hold and m1(ty) (i =
= 1,2,3) are independent of tg.

Remark 3. If ¢;(z) = t; = const, § = 1, A(t) = A, the result of Theorem 1 is similar to
Theorems 4.3.13 and 4.3.14 in [5], pp. 287, 288); if B = 1, it coincides with Theorem 4.1 in
[11], p. 86.

Theorem 2. Let the following conditions be fulfilled:

a®) assumptions (H1)~(H9) hold;

b¥)a+6;na=08<0a =1,0<8<1;

c3) conditions b', ¢!, €' of Theorem 1 take place;

d®) 3my(ty) = const > 0: H {1 +° [t—l] k:iH:EoHﬁ_l} < (1 + my(to)|Jzo|®~1)
to<tr<t fo
Vt € J = [to,T],’

¢®) e(A + ma(to) %) explema(to)] < A;

£%) 3ms(te) = const > 0: [zl (1 4 malto)lzoll”™") < ms(to)||zoll”;

%) A < (A(ems(to) explema(to)]) ™) /*

Then (t.s.) of system (5) is:

a®) (X, A, J)-stable; moreover, attractive practically stable (a.p.s.) relative to (A, A, A*,J),
here, A < A* < A; if only a®—€® or a®>~d3, f3, ¢ take place;

a®) (u.p.s.) relative to (X, A, J), only if ma, my, ms are independent of to; moreover, attracti-
ve (u.p.s.) (a.uw.p.s.) relative to (A, A, A", J).

Remark 4. Theorem 2 gives new conditions of (p.s.) (t.s.) (uniform, attractive) of the
perturbed system (5) on some hypersurfaces by using only the second scale of increasing functions
(characteristic degree by Lyapunov), which was first considered by Demidovich [1] (where new
conditions for the stability of solutions in the linear approximation were found). Theorem 2
generalizes the idea to consider the two-parametric scale of increasing functions including both
the Lyapunov indices and the characteristic degree by Lyapunov.

Theorem 3. Let condition a® of Theorem 2 be valid, and let the following conditions be
fulfilled:

VY @+ 6;lna <0, <0, a"=1,0< 8 <1;

c4) condition ¢ of Theorem 2 is fulfilled;

«78(8-1)
d*) 3meg(to) = const > 0: D(to, 1) = H <1 +cf [t—’} exp[(@+60;Ina)(8 —1)(t] —

t
to<ti<t °

- to>]||xouﬁ-1ki) < (14 mglto)llaol*1), ¥t € J = [to,T];
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et) e(1 4+ mg(to) N 1) explema(to)] < A/A;
£*) Ima(to) = const > 0: [la||(1 + me(to) zo] 1) < me(to)|lzo|1”;
') A < (A(emg(to) explema(to)]) ~)M?
Then (t.s.) of system (1) is:
a®) (N, A, J)-stable; moreover, (a.p.s.) relative to (N, A, A*,J) if only (H1)~(H9), b€ or
brd*, f*, g* take place;
a’) (u.p. s) relative to (A, A, J), if ma, mg, my are independent of to; moreover, (a.u.p.s.)
relative to (A, A, A", J).
Remark 5. Estimate (11), in which we use the two-parametric scale of increasing functions,
generalizes the estimate by Demidovich [1] to the case of the impulsive differential system (5).
Remark 6. For 0 < § < 1, the constants k; must be sufficiently small, and lim k; = 0.

1— 00

Analogously, for Theorems 1-3 (case 0 < [ < 1), the next statements take place:
Theorem 4. Let us assume that
a*) a+6lma=6=0a"=182>1
b') assumptzons (H1)—(H9) hold;
Yy b, ¢t el of Theorem 1 take place;
d") Elml(to) =const > 0: [ (1+ killzoll®") < mi(to) < oo, Vt € J;
to<tr<t
e™*) emi(to) explBema(to)] < A/A.
Then
L. All solutions of system (5) are bounded in 2, if conditions a'* — d* hold;
II. (t.s.) of system (5) is:
b>*) stable by Lyapunov, if conditions a'*~d™* hold (stable uniformly, if m}, msy are inde-
pendent of to);
) (u.p. s.), if d*),b%*) hold and mj(to), ma(to) are independent of ty.
Theorem 5. Suppose that conditions a®, ¢ of Theorem 2 take place and
a®) @+ 6;lna = 0, B<0,0"=1,03>1;

t* 5(5—1)
b**) Imi(tg) = const > 0: H <1 +c [ ]
to<t: <t fo
3) emi(to)Aexplfemato)] < A/
Then (t.s.) of system (5) is:
i) asymptotically stable by Lyapunov, only if a®*, b** take place (stable uniformly, if mj(to),
ma(ty) are independent of to);
i) (p. s.) if only a>* — > take place (stable uniformly, if m5(to), mo(ty) are independent of ty).
Theorem 6. Assume that
a®™) assumptions (H1)~(H9), conditions b*, c', e' of Theorem 1 hold;
b4*) Im3(tg) = const > 0: D(to, t) < m3(to), Yt = to;
*)a+91na<05 =1,0=1;
d4*) ems(to) exp[ﬁcmg(to)] < A/)\,
Then (t.s.) of system (5) is
iii) asymptotically stable by Lyapunov, if only a™ ™ take place (stable uniformly, if m}(to),
ma(to) are independent of to);
w) (a.u.p.s.) (if mi(to) = ms, ma(ty) = my), @i and d** hold.

9}

\lfﬂollﬁ_lki) <mi(tg) < o0, Vt € J;
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Remark 7. For the case a* = 3 > 0 (o™ # 1), it is possible, by using result B of Remark 2,
to make a similar qualitative analysis of the properties of the solutions of system (5).
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