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STORAGE PROCESSES IN POISSON
APPROXIMATION SCHEME

Discrete storage processes, given by a sum of random variables on
Markov and semi-Markov processes, are approximated by the Poisson
compound processes on increasing time intervals.

INTRODUCTION

Renewal storage process (RSP) defined by a sum of independent identi-
cally distributed random variables «,, n > 1 taking values in Euclidean
space R?

v(t)
pt) =u+Y an, >0,
n=1

where the counting renewal process v(t) = max {n DT <t }, t>0,
is defined by renewal moments 7, n >0, (70 =0) on real line R, =
[0, 400 ).

RSP has various interpretations in applications [1-3]. The main prob-
lem is to investigate the behavior of the RSP on increasing time inter-
vals as t — oo . An effective method is to introduce the parameter series

e —0 (¢>0) in such a way that the limit theorems for stochastic pro-
cesses may be used [1-5].

Asymptotic analysis of random evolution process is the most effective
approach to get limit result for RSP in the series scheme. The theorem
of Poisson approximation for RSP is realized under different assumptions
for the renewal process v(t), t >0, driven by Markov or semi-Markov
processes.
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1.1. RENEWAL PROCESSES WITH POISSON JUMPS

Storage processes (SP) in the series scheme with small parameter series
e —0 (g >0) are given by relation

pe(t):u—i—Zozfl , t>0 (1.1)
where the counting process
Z/(t):max{n: Tngt}a Tnzzzzlgkzy nZO, 7—0:07

defined by i.i.d. random variables 6., k >0 with the distribution func-
tion G(t) = P (6 <t), G(0)=0. The random variables «f, n > 1,
take values at the real line (or in R4 d > 1). The Poisson approximation
conditions (PAC) (see [1, Ch. 7]) are given for the distribution functions
O°(u) = P{a;, <u}, uweR.
PAC 1: Approximation of distribution functions:
/R g(u)®°(du) = £ [By + 0], g(u) € Gy (R)

C3 (R) is the measure determining class:
¢, = /Rg(u)@(du).
PAC 2: Approximation of mean values:
/ ud(du) =ela+6;], [pu*®(du) =clc+63].
R
The negligible terms |65| — 0 when ¢ — 0.
Theorem 1. Under the conditions PAC 1-2 the weak convergence

pE(t) = p°(t), €—0
takes place. The limit compound Poisson process
VO(t)

Pt =u+bt+> aff, t>0 (1.2)
n=1

The distribution functions ®y(u) = P (a® < u) of i.i.d. random variables
o’ n>1, defined by the relation

n

By (o) = [ a(0)d°(d) = @,/ (R). (13)
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The counting Poisson process V°(t), t >0, is given by the intensity
EvO(t) = qot, qo = q®(R) =g\, ¢=1/E0, A= (R) (1.4)
The parameter of counting drift

b=gq(a—Aad"), a°=Eaq). (1.5)

Remark 1. The limit compound Poisson process (1.2) can be represented

as follows
vO(t)

P’ (t) = u+ qat + Zdn, &, = ad —a. (1.6)
n=1
el, du = a°,
1—cA du=¢eay,
a = ag+ Ad®,  P,=Ag(a®), D°g)=P(g9)/A, ¥ =d’ b = qla—
—AEQ?) = q (a — Aad®) = qay.

Example 1. ®°(au) = Ea = ¢ (Aa® + ag) + b5,

Remark 2. The intensity ¢o = gA is proportional to average intensity of
the renewal moments and the intensity A of big jumps of the sum (1.1).

Remark 3. Under the conditions PAC 1-2 the small jumps (ag) are trans-
formed into continuous drift, and the big jumps (a") are get as jumps of the
limit compound Poisson process.

1.2. PREDICTABLE CHARACTERISTICS OF STORAGE PROCESS

It is easy to calculate the predictable characteristics of the storage pro-
cess (1.1) [4]: B*(t) = ev(t/e)[a+ 0], C°(t) = ev(t/e)[c+ 0], Py(t) =
ev (t/e) [®, 4 0], According to renewal theorem [7, Ch. 9]: ev (t/e) = qt,

e—0, ¢g=1/Ef .

Under the conditions of Theorem 1 we have the following limit re-

sults for ¢ — 0 : B(t) = qat, C°(t) = qct, ®5(t) = qP,t = gAD)L.

PE(t) = qPyt = q/ g(u)® (du)t = qA/Rg(u)Qo(du)t. Here ®%(du) =

R
¢ (du) /P(R); A :=P(R).
Now the predictable characteristics B°(t) = qat, C°(t) = qct, ®)(t) =
qACDgt define the limit compound Poisson process with the drift:

po(t):u—l—aqt—i—Z(ozg—ao), t>0
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or, another form, is (1.2) with
b=q(a—Ad’), a”=Ead = [,ud’(du)
2.1. STORAGE PROCESS AT MARKOV PROCESS

Markov storage process (MSP) in a series scheme is defined as follows

PF)=u+ Y of(k,), t>0 (2.1)

where Markov process k (t), ¢t >0, at a standard phase space (F,¢) is
given by a generator [1, Ch. 1]

Qea) = a(o) [ P, dy) [ol) ~ (o) (22
Counting process
v(t):=max{n:7, <t}, Tor1=Tn+ 01, n>0 (2.3)
and renewal moments 6,, are defined by conditional distribution functions
G.(t) =P (0, <t)=P{bp1 <tlkp=a}=

=1—¢ 9 >0 z€E. (2.4)

The embedded Markov chain (EMC) &,, n >0 is defined by a stochastic
kernel
P(x,B)=P(kp1 € Blkp,=2) , v€E, Bee. (2.5)

We suppose that the EMC is uniformly ergodic with the stationary distri-
bution p(B), B €¢e. The family of random variables o (z),x € E,n > 1
is defined by a family of distribution functions

P (u) = P(as(x) <u), ueR, xze€k. (2.6)

The conditions of Poisson approximation are also supposed [1, Ch. 7]:
PACL: [, g(u)®5(du) = e [Py(x )+9€( )], g(u) € C5(R),
PAC2: [, uds( du)—s[ (x) +05(2)], [puP®s(du) = e [c(z) + 05(x)]

with the negligible terms sup |05(x)| — 0 , € — 0.
€L

Theorem 2. Under the conditions PAC 1-2 the storage process (2.1) con-
verges weakly to a compound Poisson process

A0
P°(t) = u+ bt + Z al  t>0. (2.7)
n=1
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Distribution function ®°(u) = ®(u)/®(R) = P (al < u) of i.i.d. random
variables o, n > 1, is defined as

(u) = q [, p(dz) P, (u), = [r9(u)®,(du), g€ Cs5(R).
The compound Poisson process V°(t), t > 0 is given by the intensity
EP(t) = qot, qo = g/, A := ®(R).

The velocity of continuous drift b= q(a — Aa®), a® =Ea® . The average
intensity of Markov process

¢= [E r(dz)q(x), 7 (de) q(x) = qp(da),

where w(B), B € € is the stationary distribution of Markov process k(t),
t>0.

2.2. PREDICTABLE CHARACTERISTICS OF MARKOV STORAGE PROCESS
(MSP)

According to the theorem about the representation of semimartingale
(see [4, Ch. 2]), predictable characteristics of MSP are given as:

vit/e]

Z E o, (Kn) [Fro1],

v[t/e]

C*(t) = Y E[al (k) [Far.], (2.8)

n=1

vit/e]

= 2 Bl (e (s [Fua),

where F,,_{ := a{ Kr, T<n—1 } , n>1 isa family of o-algebras.

According to the main assumptions PAC 1-2, the predictable character-
istics of MSP have the following form

B(t) = By(t) +0,(t), C°(t) = C5(t) + 05(1), Py(t) = P o(t) +0,(t), (2.9)
where the main parts are normalized increment processes

v(t/e) v(t/e) v(t/e)

Bg(t)zeza(mn),C’S:eZc( —5ZCI>5/€”
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Now the weak convergence of predictable characteristics (2.8) is equiva-
lent to the weak convergence of normalized processes with increments (2.10)
that follows from the Theorem 3.2 [1] . Limit predictable characteristics are
the following;:

B(t) = a%, COt) =ct, Y(t) = P, (2.11)

where
a’ =qa, =qc, B)=qd, P,=T)A, (2.12)

a= [yp(dr)a(z), c= [,pldr)c(z), ®4= [,p(dr)Py(z). (2.13)
Predictable characteristics (2.11)-(2.13) define the limit compound Pois-
son process (2.7).

3.1. SEMI-MARKOV STORAGE PROCESS (SMSP)

SMSP in a series scheme is defined by a correlation (as in (2.1))

pe(t) = u+ Z ar (kp) , t>0 (3.1)
with semi-Markov switching process k(t), t >0, that is defined by a semi-
Markov kernel [1, Ch. 1]

Q(2,B,t)=P(z,B)F,(t), x€E, Bee, t>0 (3.2)

Stochastic kernel P (x,B), x € E, B € ¢ defines the transition proba-
bilities of embedded Markov chain k,, n > 0.
Counting process

v(it)=max{n: 7,<t}, n>0 (3.3)
is defined by renewal moments
Tn+l = Tn + en-l—la n >0

where the times between renewing 6,.1, n > 0 are defined by conditional
distribution functions

F,(t)=P(0p41 <tlr,=2)=:P(0, <t.) (3.4)

The main assumption is that SMP k(t), t >0 is uniformly ergodic
with stationary distribution m(B), B € ¢, that satisfies the correlation

m(dz)q(x) = qp(dz), q= [ym(dzx)q(x), (3.5)
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where the averaged intensity
q(z) =1/m(z), m(z)= [ F.(t)dt, F,(t):=1—F,(t). (3.6)

Stationary distribution p(dz) of EMC k,, n >0 satisfies the corre-
lation
p(B) = [y p(dx)P (x,B), Bee, p(E)=1.

The family of random variables of(z), z € E, n>1 that are in-

dependent in general, is defined by the distribution function ®¢(du) =
P (a&(z) € du).

Theorem 3. The conditions of Poisson approximation are the following:
PAC 1: [ ui(du) =[afe) + 65(0)),  fyuBild) = [e(o) + 65 (o).
R

PAC 2: [, g(u)®5(du) = ¢ [D4(x) + 65(2)] . g(u) € C5(R),

B,(x) = [ g).(du)
R
Under the conditions PAC 1-2 the following weak convergence
pE(t) = p°(t), €—0

takes place.
The limit compound Poisson process p°(t) is defined by its predictable
characteristics

B(t) =b°t, COt) =%, ®Y(t) = qP,t (3.7)
where

P, = / p(dz)®y(x) = AD) , V" =qb, & =qc
B

b= / pldz)a(x)e = / pldz)e(2).A = @y(R), B, = / g()®,(du). (3.8)

3.2. PREDICTABLE CHARACTERISTICS OF SMSP

Predictable characteristics of SMSP (3.1) have the following form:

v(t/e)

Bi(t) = Y Elof (k) [F, 4]

n=1
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v(t/e)

Co(t) = D E[(ag (k) [Fi ] (3.9)
v(t/e)

®(t) = > E[g(af (k) [F ]

According to the assumptions PAC 1-2 predictable characteristics (3.9)
are the following

B(t) = Bj(t) + 05(t),C°(t) = C(t) + 05(1),5(t) = D o(f) + 05(2), (3.10)

where
v(t/e) u(t/e) o(t)e)
BS(t)zeZa(fin),Cg(t)zaz (Kn) @ (1 —ez D, (kn) (3.11)
n=1 n=1

and negligible terms |05(¢)| — 0 when ¢ — 0 .
Now the process of increments (3.11) at Markov chain #,, n >0 con-
verges weakly at ¢ — 0 according to Theorem 3.2. [1, Ch. 1]

B§(t) = at, C§(t) = ct, P§(t) = Dt (3.12)

Under the conditions PAC 1-2 and main assumptions the following weak
convergence of predictable characteristics takes place:

Be(t) = (1), C=(t) = t, D5(t) = Pt

where %, ¢ and ®, are defined in (3.7)-(3.8).
The limit predictable characteristics define the limit compound Poisson
process p°(t) in Theorem 3 with predictable characteristics (3.7).

4. STORAGE PROCESSES SUPERPOSITION OF TWO RENEWAL PROCESSES.

4.1. The superposition of two renewal processes is given by two sequences
of sums (see [2, Ch. 1])

=S 00, n>1, 70 =0, i=12 (4.1)

of i.i.d. positive random variables Qlii), k>1, i=1,2 , defined by dis-
tribution functions P;(t) = P {9,(3) < t} ., PR(0)=0, i=1,2

The superposition of two renewal processes is defined by a sum

v(t) = v1(t) + va(t) (4.2)
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where 4(t) :max{ n: Tr(f) <t }, 1=1,2.
The superposition of two renewal processes (4.2) may be described using

a semi-Markov process
k(t), t>0

at a phase space
E={iz, i=1,2 >0}, 0,=00Az

The first integer component ¢ stands for an index of renewal moment,
the second continuous component x > 0 stands for the time left till the
moment of renewing with another index. The embedded Markov process

Kn =k (Tn), n >0 ,is defined by a transition probability matrix (see [2,
Par. 1.2.4])

P (x —dy) P (x+dy)

P p—
Py (x4 dy) P (x—dy)

(4.3)

The distinguishing specialty of embedded Markov chain x,, n >0,
with transition probabilities (4.3) is its ergodicity with the stationary dis-
tribution

pi(dz) = p1 Py (z)dz, pa(dx) = po Py (x)dx (4.4)

where by the definition
Pr(x) == Py(x /mz, Pi(x):=1—- Pyx) ,

pP1 = pMa, P2 = P,

here m; = Ql(c) = fo (z)d.
The storage process at superposition of two renewal processes is defined
in an ordinary way

() = u+ "0z (k,), >0, (4.5)

i.i.d. random variables of(z), = € E are defined by distribution func-
tions

®5 (du) = P{aj(ix) € du}, i=1,2
that satisfy Poisson approximation conditions:
PACI: [ u®s, (du) = € [a;(z) + 65,(2)], i=1,2,
[ @5, (du) = e [¢;(x) + 05(x)], i=1,2,
PAC2: [ 9(u)®5,(du) = & [®y(iz) + 05, (2)], i=1,2,
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where ®,(iz) = [, g(u)®i(du), g(u) € Cs(R).

Corollary 1. Under the conditions PAC 1-2 the weak convergence p.(t) =
p°(t) , e — 0 takes place.

The limit compound Poisson process p°(t), ¢ >0, is defined by its
predictable characteristics

Bo(t) = gbot, Co(t) = qeot, @)(t) = q®t,
bo = piEay (03) + p2Eas (07), co = p1Eci(03) + p2Ecy (67),
Y = p1/0 Py (z)®,(1z)dr + p2/0 Py (z)®,(2z)dx
CONCLUSIONS

1) Asymptotic behavior of stochastic storage processes with critical
jumps in random media, described by Markov or semi-Markov processes,
at increasing time intervals are approximated by compound Poisson process
with continuous drift.

2) Critical stochastic events like catastrophes, large payments, etc. take
place by an exponential distribution of event’s time. Thus, in the models
of stochastic storage processes studied here the forecast of critical events is
impossible. Only statistical estimation of the intensity of critical events is
possible.
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