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ESTIMATION IN AN IMPLICIT MULTIVARIATE MEASUREMENT
ERROR MODEL WITH CLUSTERING IN THE REGRESSOR

An implicit linear multivariate model DZ = 0 is considered, where the data matrix D
is observed with errors, and Z is a parameter matrix. The error matrix is partitioned
into two uncorrelated blocks, and the total covariance structure in each block is
supposed to be known up to a corresponding scalar factor. Moreover, the row data
are clustered into two groups. Based on the method of corrected objective function,
the strongly consistent estimators of scalar factors and the kernel of the matrix D
are constructed, as the numbers of rows in the clusters tend to infinity.

1. INTRODUCTION

We deal with an implicit multivariate model DZ = 0, D = D + D, where Z is the
parameter matrix, D is the data matrix, D is the unobserved matrix, and D is the error
matrix. The model is important for the system identification. In fact, our model can be
obtained from an explicit model AX ~ B, where the matrices A and B are observed with
errors, and X is a matrix parameter. The approximate equality AX ~ B means that,
for certain unobserved matrices A and B, the equality AX = B holds, and A = 4 + fl,
B = B + B, where A and B are error matrices. For this model, there are some results
concerning the estimation of the parameter. In [1, 2], the covariance structure of [A B]
was known up to a constant, and the consistency of the total least squares estimator
was proven. In [4], the consistent estimator was constructed for the situation when the
covariance structure of [A B] is unknown. In [3,8,9], the model AX ~ B was studied
when the covariance structure of A is known up to one scaling factor, while the covariance
structure of B is known up to another scaling factor. For identifiability reasons, it was
assumed in [3,8,9] that the data consist of two independent clusters, and, in [4], the
number of clusters depended of the size of X. The idea of the use of clusters belongs to
A. Wald [6]. He used it for a linear scalar model and proposed a slope estimator based
on the first empirical moments. In [4], similar moments were used, while, in [3,8,9], the
second empirical moments were exploited.

We modify the results of [3]. But our model is more general, although the matrix D
can be considered as a compound matrix [A B], here the input and output signals are
not separated.

The paper is organized as follows. Section 2 describes the model and introduces main
assumptions. In Section 3, we use the method of corrected objective function to derive
an estimator of the kernel of Z in case of known scalar factors A and \9. A preliminary
attempt to derive an objective function for A} and A, when they are unknown, is made
in Section 4. In Section 5, we introduce a model with two clusters and the final objective
function for the scalar factors and state the consistency result. In Section 6, the consistent
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estimator for the kernel of Z is proposed, and Section 7 concludes. The proofs of the
results are given in Appendix.

In the paper, we use a standard notation: ||A|| is the Frobenius norm of a matrix A;
the symbol tr denotes the trace of a matrix; I, denotes a unit matrix of size p; and
the symbol E denotes the expectation of a random matrix. All the vectors in the paper
are column vectors. For a symmetric matrix C, p1(C) < ... < p,(C) are p smallest
eigenvalues of C.

2. THE MODEL AND ASSUMPTIONS
Consider the model of observations
(1) DZ =0,

where Z € R(™P)XP is the unknown matrix parameter, and the data matrix D €
R™*("+P) is observed, D = D + D. Here, D is the unknown nonrandom matrix, and
D is the matrix of random errors. For the true matrix D, we have

DZ =0.

We want to estimate the matrix parameter Z with fixed n and p and increasing m.
We assume that dim KerD = p, and the kernel is not changed with increase in m. Let
Z =z, ..., #p) and rankZ = p. Then

Dlz1, ..., 25) =0, Dz; =0, i=1,...,p,
and B
span(zi, ..., zp) = KerD =: V.
Thus, we have to construct the estimator Vp of the kernel KerD.
Let DT =[dy, -+, d,]. By concerning the error vectors d;, we make some assump-
tions:

(i) Ed; = 0, for all i.

(ii) There exists § > 0 such that sup;-, E|d;]|**° < .

(#ii) The sequence of random vectors {d;, i > 1} is independent.

(w) There exists nq, 1 < nq < n+p— 1, such that D = [D1 Dg], Dy € R™*™1 and
ED Dy = 0.

Th1s means that the error matrix D can be partitioned into two uncorrelated blocks.

(v) ED,ID;C = )\2 Wy, where Wy, are the known positive definite matrices, and )\2 are

the unknown positive scalars, k = 1,2.
(vi) =||D||* < const, m > 1.

3. THE ESTIMATOR UNDER KNOWN SCALAR FACTORS

Suppose that A} and \J are known. We will use the corrected objective function
method [5]. The least squares objective function is

Qw(D; Z) := | DZ|?, 7 € RUp)xp,
or
QIS(D§ Z) = tI‘(ZT\Ills(D)Z);
where
¥y4(D) := D' D.
By the corrected objective function method, we have to construct a matrix Q.(D;Z)
such that
E[Q.(D; 2)] = Qis(D; Z), for all Z.
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It is possible under the known A} and W, j = 1,2, defined in conditions (iv) - (v). Let

0

0 AW,
Then

Qc(D; Z) =tr(Z" ¥ (D)Z).
We minimize this objective function under the condition Z " Z = I,,. Consider the ordered
eigenvalues of W¢(D), p1 < pa < ... < lp4p, and the corresponding orthonormal eigen-
basis {¢;,i =1,2,...,n+ p}. The function Q.(D; Z) is minimized at Zy = [p1, ..., ©p)-
Therefore, we obtain the estimator V,, = span(eps, ..., ¢p). It is a linear span of p eigen-

vectors which correspond to p smallest eigenvalues. The next lemma is similar to the
corresponding lemma in [3].

Lemma 1. Assume (i) to (vi). Then

1 1 _
H—\IIC(D)——\IHS(D)H—%), as m— 00, a.s.
m m

4. THE ESTIMATOR UNDER UNKNOWN SCALAR FACTORS

Let )\9, j =1,2, be the unknown scalar factors. Then, for any A, As > 0, we define

MW 0
\I’C(D;/\1,)\2) = \I/c()\laAQ) =D'D - |: 1O ' )\2W2:| ’
and
- _ — PATH_ (A = AN 0
\Ills(Dy A17)\2) - \Ills()‘la AQ) =D D |: 0 (>\2 - A(Q))W2 .
By Lemma 1,

1 1
H—\IIC()\l,/\g)——\I'ls(/\l,)\g)H—>0, as m — 00, a.s.
m m

We will study the properties of the approximating matrix %\Ills(Al,)\Q). Assume the
following condition.

(vid) im inf,,— o0 pp+1 (DT D/m) > 0.

For large m, we have the approximate equality

1 1
E\Ifc(h, Az) ~ E\Ills(Ah)\Q)v
and, for the approximate matrix Wi5(A}, \9), we have
ui(\Ills()\(l), )\g)) =0, foralli=1,...,p,
and fip41 (¥is(A, X)) > 0. Note that
V,(A),09) = span(zy, ... , 2,) = Ker(¥15(A], A9)).

Therefore, in order to estimate \?, \J, it seems natural to use the objective function

p
QO e) = D i (el X)),
i=1
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Unfortunately, its minimization does not yield a consistent estimator of A}, Ay, since, for
the approximating matrix-valued function Wis(A1, A2)/m, there could exist other values
i and A3 which are separated from \) and A9, and such that

,ui(\lﬁs( ’1‘,/\5)) =0, foralll<i<np.

Therefore, we cannot estimate the scalars A} and A9 by this way.

5. MODEL WITH TWO CLUSTERS

Consider two copies of model (1):
(2) D(k)Z =0, k=1,2,

where Z € R("tP)X?P is the unknown parameter matrix to be estimated with rankZ = p,
and D(k) € R™*("+P) are observed,

D(k) = D(k) + D(k),

D(k)Z =0, k=1,2.
Here, D(k)~ are the unknown nonrandom matrices, and D(k) are the error matrices,
DT (k) = [dy(k) -+ dm,(k)], k = 1,2. We assume that dim KerD(k) = p, k = 1,2. We
want to estimate V, := KerD(1) = KerD(2) for increasing m; and mg under fixed n and
p. For each k = 1,2 we assume the following.

(a) Ed;i(k) =0,i> 1.

(b) There exists & > 0 such that sup;s; E[|d;(k)[*T° < .

(¢) {d;(k), i > 1} are two mutually independent sequences of random vectors.

(d) There exists n1, 1 < ny < n+p—1, such that D(k) = [D1(k) D2(k)], Di(k) €
R™ %™ and ED] (k)Da(k) = 0.

(e) EDJ (k)Dj(k) = XJW;(k), j = 1,2, where W;(k) are the known positive definite
matrices, and A) are the unknown positive scalars.

() m%@”[)(k)”2 < const, my > 1.

(¢9) iminf,,, 0o Mp+1(DT(7k)D(k7)/mk) >0. )

(h) liminf,,, my—oo opt1 (DT (1)D(1)/my — DT(2)D(2)/msa) > 0, where o,41(C) is
the (p + 1)-th singular value of the symmetric matrix C'.

[We mention that, for the matrix C' in brackets in (h), 01(C) = ... = 0,(C) =0].
Let Z = [g;], Zi € RmXP Zy € R™*P ny +ny = n+p. Then D(k)Z =
D1 (k)Zy + Do(k) Zs.

(7) liminf,,, oo tr(ZfW#gUZj) > 0, j = 1,2, for certain fixed Z = [z1 ...zp] with
span(zi,...,zp) = Vp.

() Whib(11) - WTI7’L(22) - 0) as mi, mgz — 00, .7 = 152

Let, for A := (A1, A2) € [0,00) x [0, 00),

& AT MWy (k) 0

and let p15(A) < por(A) < ... < ppr(A) be p smallest eigenvalues of the matrix \I/l(gk)(/\)
with the corresponding orthonormal eigenvectors fig(A), for(A), ..., fos(A), & = 1,2.
Note that if the given eigenvalues are multiple, then the eigenvectors are not uniquely
defined. In this case, we define them in such a way that they are Borel measurable vector
functions of D(k) and A.
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Let Vi (A) = span(fix(N), for(N), .., fye(A)). Then an objective function for estimat-
ing A is

2
Qe(N) = > (V) +cll sin O,
k=1 i=1
where c is a fixed positive constant, ©()) is a diagonal matrix of canonical angles between
the subspaces V},, (A) and Vj,, (A), and sin ©(\) is defined as the diagonal matrix with the
sines of these angles as diagonal elements. Recall the next definition of canonical angles.

Definition 1. [7]. Let R(X) and R(Y) be two subspaces in R™ with the same dimension.
The given subspaces are spanned by columns of matrices X and Y, respectively. Let the
columns of the matriz X | form an orthogonal basis for (R(X))* which is an orthogonal
complement to R(X). Then nonzero singular values of the matriz XTY are the sines of
nonzero canonical angles between the subspaces R(X) and R(Y).

Let {&¢,t > 1} be a fixed positive sequence, and €, — 0 as ¢ — co. Then the estimator
A = A(t) is defined as any measurable solution to the inequality

(3) Qc(\) < _inf  Qc(N) +e,

T AAe>0
where ¢ := min(mq,mg).
Theorem 1. Suppose that conditions (a) to (j) are satisfied, then

A= A= (A N)), as my,my — o0, a.s.

6. ESTIMATOR OF THE KERNEL

Under the conditions of Theorem 1, one can obtain the estimator \ for the unknown
scalars A\° and then construct two estimators Vj, (A\) and V), ()) for a subspace V,,. But
we want to construct a single subspace estimator using both clusters. It is reasonable to

D(l)] and W, = W;(1) + W;(2), j = 1,2.

consider a compound data matrix D, := { D(2)

Then D, = D, + D, and

Define the matrix

Let V})(ﬁ ) denote the subspace spanned by the first p eigenvectors of H corresponding
to the smallest eigenvalues, then Vp = Vp(ﬁ) = span(Z1, Z2,. .. , Zp)-

Definition 2. Let Vi and Vy be two subspaces in R™ with the same dimension p, sin©
be a diagonal matriz of the sines of canonical angles between the subspaces Vi and V. A
measurement of the proximity of the subspace Vi to the subspace Va is a norm || sin®©| =

/ . 2
Ei21 sin” ©;;.

Theorem 2. Under the conditions of Theorem 1, Vp — V, holds, i.e. || siné” — 0, a.s.,

as myi, mg — 00, where O is the matriz of canonical angles between the subspaces V}) and
Vp.
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7. CONCLUSIONS

We considered a multivariate errors-in-variables model DZ == 0 for the case where the
total error covariance structure of the data matrix is known up to two scalar factors. The
main assumption was that we observe two independent copies of the model. In practice,
this means that the data can be partitioned in two separated groups, i.e. clusters. Based
on the objective function method and using the second empirical moments, we have
constructed the consistent estimators of the scalar factors and of the kernel of the data
matrix.
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APPENDIX
Proof of Theorem 1.
1. Behavior of Q.(\°)
We have
2 p
Qc(A) =" uh(A%) + ¢ sinO()|%.
k=11=1
By Lemma 1, o := ‘mLk\Ié“(/\O) - mLkDT(k')D(k')H — 0, as myp — oo, a.s., for k =
1,2. We have p; (DT (k)D(k)/my) =0, 1 <i < p. Let
. 1 - =
oN = mng Ppi1 (m—kDT(lc)D(k)) .

Then, due to assumption (g), imy_,c dn > 0. Thus,
2 p
lim Y (X)) =0,
T ] i

and || sin©(\%)| < §&, by Wedin’s theorem [7]. Then | sin©@x(\%)|| — 0, as my —
0o, a.s., k= 1,2. Here, ©;()\°) is the diagonal matrix of canonical angles between
the subspaces Vp(\I/((;k) (A9)/my) and V,(D T (k)D(k)/my), and V, denotes the span of p
eigenvectors corresponding to p smallest eigenvalues.

Now,

Vo(DT()D(1)/m1) = Vp(DT (2)D(2)/mz) = span(z1, .. , 7).
Hence, || sin©®(A\°)|| — 0, as mq,ma — 0o, a.s. Thus,
Q) =0 as my,my — o0, as.
By inequality (3), we have
(4) Qc(\) =0 as my,my — o0, as.

2. \is eventually bounded
Now we want to construct such a nonrandom L > 0 that, eventually,

(5) 1Al < L.
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("Eventually” means: for all n > ng(w), a.s.) From (4) for any g9 > 0, we have

2
(6) Z Z p2.(\) <eo, eventually.
k=1i=1
By Lemma 1,
1 s 1 “
My — g = _
(7) - T (A) - U () 0, as mi,mg — 00, as.,
where ( 0w, (1)
1) AT/ A B A — AW (1 0
\I/ls (/\) =D (1)D(1) |: 0 ()\2 _ )\(QJ)WQ(].) )

A= (A1, \2) € [0,00) x [0,00). Let Z satisfy condition (7). Then
o (27 (0 ()/m)2)
= —tr (1 = XDZT (W (1)/m1) 23 + (o = M) Z] (Wa(1) /) Zz2)
Suppose that A; — \? > Lo, where Ly > 0. Then
tr (27 (W (N)/miZ) < ~Lote(Z] (Wi(1)/m1) Z1) + const -,
But, due to (i) and (),
liminf tr(Z, (Wi(1)/m1)Z1) > 0.

my,Mm2—00

Thus, for Lo large enough and all mq > m;,, we have
tr (ZT(fog)(&)/ml)Z) <1

So ppt1 (\Ill(sl)(j\)/ml) is negative and separated from 0. Then we have from (7) that
Mp+1(‘1’£1)(5\) /ml) is also negative and separated from 0, starting from some random
number. But this contradicts (6). Therefore, for a large enough nonrandom Ly, A -A) <

Ly holds eventually. A similar inequality can be shown for Ao — AY, based on condition
(¢) for j = 2. Thus, (5) holds eventually.

3. Consistency of the estimator
Let us have any fixed set Qg, Pr(Q) = 1, such that, for all w € Q¢ and for m; >
mio(w), my > mao(w), |A(w)] < L holds. Fix w € Qy and consider a bounded sequence

(8) { Mw;mi,mg) : my > mig(w), ma > mao(w)}.

We will show that sequence (8) tends to A%, as my,ma — oco. Let
{X(w;ml(qhmz(q))? q>1 }

be any convergent subsequence, i.e. for a certain A € R?
qlggo X(w;ml(q),mg(q)) =A%

We want to prove the convergence of (8) and show that A = \°. Let

M™ (my,) := diag(pik, tak, - - - + fpk)

and
YO (my) = [fF ) o ()]
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be a matrix, the columns of which are the first p eigenvalues of the matrix, gk (5\) /.
These columns form an orthogonal basis for V,i (). According to (4), M® (my,) — 0, as
my — 0o. Moreover, sin @(;\) — 0, as ¢ — oo. Here, \ = X(ml(q),mg(q)). Therefore, we
can assume

HY(l)(ml) - Y(Q)(mg)H — 0, as mj,mg — 00,

where my = mg(q), k = 1,2. Then

(9) L)Y (mg) = MO (mg)y ) (my.).
my

We suppose that

(10) y (k) (mk(q)) — chok), q— 00, k=1,2,
and YO(Ok) = [yélgi yg)] (Otherwise we should consider an embedded subsequence of

numbers mg(¢’)). The matrix O(A) is a matrix of canonical angles between

span(fl(l)(ml) .. fz(,l)(ml)) and span(fl(z) (m2) ... f;”(mg)).

Then, due to (10), we have sin©,, = 0, where O, is the matrix of canonical angles
between span(yc(i,)1 . yg))p) and span(yég)1 . yg)p) Thus, these spans coincide. Since
Y ®)(my,)(q) are matrices of orthonormal columns, the matrices Y and Y4 have the
same property. Then, from the coincidence of the linear spans of the columns of the
matrices, we have YO(Q1 ) = Yo(o2 )U, where U is the p X p orthogonal matrix corresponding
to the choose of another basis in the linear span of columns of the matrix Yo(o1 ). Due
to (9),

1 1
sup ||— ¥R () - —\Ifl(sk)()\)H — 0, as ¢q— oo.
[PV ES A REC M
Thus
L \Il(k)()\OO)Y(k) —0, as g—oo, k=1,2.
mk(q) Is oo ’ ’ ’
Let Yoo = YO(OQ). Multiplying it by U for k = 1, we obtain
L o®
U (M) Y — 0,
mk(Q) Is ( )

but this also holds for k = 2.
Next,

1 4o L0 )

U (AP) = —=""(A\°) ) Yo = 0, as g — oo.
(0% = g0

Due to (j), we have

L pt D — L pt D — as — 00
<m1(q)D (D) = D (2)D(2)>Yoo 0, g — 0.

On the other hand, assumption (h) yields

Yoo = [Yooy - - - Yoo,) and span(yeo, - - - Yoo, ) = span(zi, ... ,z,). Due to (9),
1
\Ifl(sk)(/\‘x’)Z —0, as g— oo, k=1,2.
my(q)
Therefore,
(A = AW (1)/ma(q) 0

0 (A — A)Wa(1)/ma(g) | Z 0



ESTIMATION IN AN IMPLICIT MULTIVARIATE MEASUREMENT ERROR MODEL 125

(AF° — )\?)tr(ZJTWj(l)Zj/mj(q)) —0, as t—o0, j=12.
Conditions (i) and (j) imply that A?° = )\9, j = 1,2. Hence, any convergent subsequence
of the bounded sequence (8) converges to A\’; therefore, the sequence (8) itself converges
to A%. The convergence holds for all w € Qq, Pr(Qg) = 1. Thus, A — A0 as my, mg — o0,
a.s. O

Proof of Theorem 2.
By Theorem 1,

1
mi + mso

Due to condition (g),

and, by Lemma 1, 141 (D;'_DC / m) > 0 for large m1, my. Moreover, the kernel equals
1 _
Vo (7DCTDC> = span(z1,... ,2p).

By Wedin’s theorem [7], this implies that © — 0, as my,my — oo., where © is the

diagonal matrix of the canonical angles between L,(H) and span(z1,...,2p). O
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