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LOCAL TIME AS AN ELEMENT OF THE SOBOLEV SPACE

For a centered Gaussian random field taking its values in R%, we investigate the
existence of a local time as a generalized functional, i.e an element of some Sobolev
space. We give the sufficient condition for such an existence in terms of the field
covariation and apply it in several examples: the self-intersection local time for a
fractional Brownian motion and the intersection local time for two Brownian motions.

INTRODUCTION

Let (T,B) be a measurable space with finite measure v on it. Let &(t),t € T,
be a centered Gaussian random field with values in R?. Consider the integrals L. =
S f(€(t))v(dt), where f. approximates, in a sense, g as € — 0+ (Jp denotes the mea-
sure with weight 1 concentrated in 0 € R?). If the limit of L. exists, we can say that the
local time exists (in some sense) and we call this limit as the local time of ¢ at 0 € R9.
We say that L. is the approximation for the local time of ¢ at 0 € RZ. Our aim is
to investigate the existence of local time so the question is: When does L. converge as
¢ — 047 The condition for Ls-convergence in terms of covariation is relatively easy to
obtain (see [2],[9]). We consider the convergence in some Sobolev space Dy , defined in
the book of Watanabe [10]. The interest in this topic arises from the possibility to define
the local time as an element of the Sobolev space with negative «, while it does not exist
in the usual sense. It is possible to determine the exact smoothness of a local time in
the sense of spaces Dj o. Sometimes the local time does not exist as an element of any
Sobolev space, but if we modify the approximation by subtracting its mathematical ex-
pectation, we obtain the convergence to the so-called renormalized local time. A classical
example of renormalization is the renormalization of the self-intersection local time for
a two-dimensional Brownian motion. This result can be found, for instance, in [7]. We
introduce some kind of renormalization, and our definition includes this classical setup.

In [5], Imkeller, Perez-Abreu, and Vives found an explicit form of the It6-Wiener
expansion for an approximation of the k-fold self-intersection local time of a Brown-
ian motion. They estimated Hermite polynomials in this expansion and obtained the
convergence of the approximation in some Sobolev space. Albeverio, Hu and Zhou [8]
employed a similar approach, but their result is opposite. They proved that the renor-
malized self-intersection local time of a planar Brownian motion is not differentiable in
the Watanabe-Meyer sense, i.e. it does not belong to the space Dy ;. Another question
was considered in [11] where Nualart and Hu deal with the renormalization of the 2-fold
self-intersection local time for a fractional Brownian motion. They proved the conver-
gence of this renormalization in Ly (which is same as in D3 o) under some conditions.
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Later on, they gave a sufficient condition for the existence of the same renormalized local
time as an element of Ds , for positive « [12].

In [2], we have found a suitable integral representation for the expectation of It6—
Wiener expansion terms for local time approximations and use it here to derive the
condition for the convergence via the covariation of a field. This condition is both neces-
sary and sufficient if the underlying Gaussian field is centered and we consider the local
time at zero. We also get a similar condition for the convergence of a renormalized local
time. In our context, the renormalization is the subtraction of several leading terms
in the It6-Wiener expansion. We also consider some applications including the 2-fold
self-intersection local time for a fractional Brownian motion. We have to mention that
our main ideas were already present in [2].

Let us mention that there are other ways to define the local time as an element of
some generalized space of random variables when it does not exist in the usual sense. In
[1,4], the authors consider the Hida distributions instead of Sobolev spaces.

The structrure of the exposition is the following. In the first section, the necessary and
sufficient condition for the convergence is given in terms of a sequence of integrals. In the
second section, this condition is rewritten in terms of one integral. In the third section,
we introduce the renormalization using a generalization of results from the previous
sections (with an additional condition on approximations). The last section is devoted
to applications.

1. NECESSARY AND SUFFICIENT CONDITION FOR THE EXISTENCE OF LOCAL TIME

Let’s describe briefly the construction of Sobolev spaces and related objects (as it
appears in [10]). To do this, we need to define a probability space more precisely and
impose some conditions on . Let B be a Banach space with Gaussian probability
measure on it, which plays the role of a probability space for £. Denote the covariation
matrix function for £ as K(s,t),s,t € T. Suppose that each £(t) is linear as a function
of w € B, and o({{(t),t € T}) coincides with B(B), a Borel o-algebra on B. Suppose
also that ¢ is jointly measurable (as a function of both ¢ € T and w € B) and that ¢ is
not degenerate v-a.e.: v({t|det K(¢t,t) =0})=0. Let H,,n=0,1,..., be a subspace of
Lo(B, ) generated by all polynomials on B with degree less or equal n. By polynomials
on B, we mean functions of the form P(l1(z),l2(x),... ,lk(x)), where P is a polynomial
in k variables, and [y,... ,ly € B*. By G,, we denote an orthogonal supplement of

H,_1 in H, for n € N. Let P, be a projector on GG,,. Then we have % G, = La(B, 1)
n=0
(polynomials are dense in La(B, ). The corresponding decomposition h = Y P,h,h €
n=0
Lo(B, p) is called the 1t6-Wiener expansion (or the chaos decomposition [6]). We can
define a set of norms for each h € H,, as

oo

1750 =YL +n)* Al

n=0

where || - ||2 is the norm in Ly (B, u). Then Ds ,, is the completion of OLCJJO H,, by the norm
ne=

2,a°

We define an approximation for dy as

folw) = 5 G p e S@DY, 20, [ fade =1
Rd
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We denote
G(s,t) = K~Y2(t, 1)K (s, t) K /% (s, s),

v(ds) v(dt)
I _/// 16 Dl (dx)\/detK(s,s) Vdet K(t,t)

where Sy is a unit sphere in R%, and ¢ is the uniform surface measure on S;. The matrix
G is defined as v x v-a.e., thus the integral is well defined.

Theorem 1. Fiz a € R. The following statements are equivalent:
1. L = L,e = 04 in Da 4,
2. lim ||L
it I 5H2,a < F09,

3. 3 Lp(2n+1)0+4/271 < o0,
n=0

Proof. We will prove the following implications 1 = 2 = 3 = 1.

1 = 2 is obvious.

2 = 3. Let’s write a formula for ||L.[[, , using the It6-Wiener expansion. By def-
inition, L. is bounded so L. € L2(f?) and we may write the It6-Wiener expansion

Le = 3 an(e). We have ||Lc|l,, = Y- (n+1)*E(an(e))?. We know that (from [2])
n=0 n=0
E(a

W) =
~ [ L] [t [ et o st dudwdsdge syt

where

1"
qn(S, t,u, w) _ (27T)—2d ( |) (K(s, t)u, w)ne—%(K(s,s)u,u)e—%(K(t,t)w,w).
n.

From (2), we get @+ E(ag(€))? < +00. On the other hand,
E—

2
a0(e))* = 4 6_%8(K71(t’t)l’vl‘)w v
Eao(e))” = <~/T A R @)

We can see that E(ag(¢))? is a monotonous function of € with maximum at e = 0. We

conclude that
v(dt)

T /det K(t,1)

< +00.

Let’s estimate E(a,())?:

(1) / / /]Rd Rdf / / |gn (s, t, u, w)| dudwdzdyv(ds)v(dt) =

:/// lgn (s, t, u, w)| dudwv(ds)v(dt) = J,.
T JT JRE JRE
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We want to transform J,,.

/ |gn (8, t,u, w)| dudw =
Rd JRd

1
(2m) ™ / |(K (s, t)u, w)["e —3(K(ss)uw) =3 (K(tL0w,w) gy gy —
Rd JRd

= (2m) / [(G(s, t)u,w)|™ ezl =2 1wl gy oy =
nly/det K (t,t) det K (s, s) Jra Jra

—2d 2 1 2
_ (27) / el ( I(G(s, t)u, w)["ez vl dw) du =
nly/det K (t,t) det K (s, s) Jra Rd

—2d
_ (27) / e 3 G s, ™ (/ wr[" e§|w|2dw> du =
nly/det K (t,t) det K (s, s) Jra Rd

(27.()72(1 n -1 2
= lwi|™ e 21 gy
nly/det K(t,t) det K (s, s) Jra

/ - hr? ntd-1 (/ IG(s,t)x|™ g(dx)) dr =
Ry Sa

—2d
- ) o] e HI g

nly/det K (t,t) det K (s, s)

/ g3 prtd=1gy |G(s, t)x||" o(dz) =
R+ Sa

B C(n,d)
B Vdet K(t,t)det K(s,s) Js,

|G(s,t)x||" o(dz).

As we can see, J,, = C(n,d)I,, where

2 —2d N
C(Tl,d) = ( 7T)| / |w1| e‘%HWHde/ e—%TQTn-i-d—ldT _
n: Rd Ry

_ 3'(27T)—(3d+1)/2/ v?e‘”f/de/ rn+d—1€_r2/2d7,:
n: 0 0

2n+(d71)/2 0o 0o
_ — (27T)7(3d+1)/2/ x(n+d72)/2€7zdx/ x(nfl)/Zefrd'r —
: 0 0
2nt(d=1)/2 n+d,. n+1
- —@Bd+1)/2p T

We need to find the asymptotics of C(n,d) for large n. We can use the asymptotics of
the gamma function (the Stirling formula),

D) ~ vz ()2 = +oo,
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and the equality n! = I'(n 4+ 1). We have

gnt+(d—1)/2 n+d,_ n+1
_ —(3d+1)/2 ~
Cn.d) = oy (2m) LS
8w
~ 2((171)/2 2 7(3d+1)/22n .
(2m) i d

n+d (n+d)/2 n+1 (n+1)/2 e n+1 B
2e 2e n+1 N
— Q(d_l)/2(27T)_(3d+1)/22_(d+1)/2(87T)1/2€_(d+1)/2'

%(1 n %)(n+l)/2(n + )/
N(27T)_3d/2nd/2_1,n—>—|—oo.

The integral [ [|G(s,t)z||" o(dz) can be calculated explicitly in terms of eigenvalues
of G(s,t), but it is more convenient for us to leave it in the form of integral. Indeed, we
can use that the expression taken to the n-th power under integral, which is ||G(s, )|,
is less or equal than 1 when ||z|| = 1 (from the definition of G). Therefore, the condition
Iy < +00 (this is our assumption) gives us I, < +00,n € N. Using the Lebesgue theorem
of dominated convergence, we get El_i)r51+ E(a,(€))? = J, for even n and 51—i>%1+ E(a,(¢))? =

0 for odd n. We can see now that

“+o0o
< Nim .
ZOJQn(27’L+ 1) >~ al—1>I(IJ1+ ||L€H2,a <+oo

Using the asymptotics of C(n,d), it is easy to complete the proof of this implication.

3 = 1. Using the Holder inequality, we get Iop11 < M+/Ionlonia,n = 0,1,...
(the constant is independent of n). So if we include Is,41 into the infinite sum, then

3> Iu(n+1)2+4/271 < 400, Using the formula for Ea,(e1)an(2) (see [2]) and the
n=0

condition I, < 400, we conclude that Fa,(e1)a,(e2) is convergent to J,, for even n and
to 0 for odd n. Thus, ay,(e) is convergent in La(€2). Define a,(0) = Ly — li%1+ an(e).
E—

From inequality (1), we get

Consequently,
Zn+1 Zn—i—l C(n,d)I, < +o0,
and there exists L = Y a,(0) € D3 o. Now all left to do is to use a uniform bound for
n=0

tails of the It6—Wiener expansion for approximations. We get

oo

1L = Lellyy = 3 (24 1) E(an(0) — an())® — 0, — 0+ .
n=0

Note that if statement (3) in the theorem is not fulfilled, then it is not possible to
construct the local time as an element of Ds, using approximations of this kind and
some Sobolev space with smaller «. Indeed, suppose that we have convergence to some
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L in D ,, with ap < « (while there is no convergence for our fixed ). Then using same
arguments as in theorem’s proof, we can prove

“+oo “+oo
1Ll = Bla2a(0)*2n +1)* = Y Jou(2n + 1) = oo,
n=0 n=0

Thus L can not be an element of D5 ,.
For some values of «, it is possible to simplify the condition of the theorem.

Corollary 1. Ifa < —%, then statements in the theorem above are equivalent to

v(dt)
T +/det K(t,t)
2
Proof. Note that Iy = O’(Sd)<fT %) . Obviously, statement (3) of the theorem

yields Iy < 4o0. This proves one side of equivalence. Now suppose that Iy < 4+00. As
we have seen already, I,, < Ip,n € N. Taking into account that « + % —1 < —1, we have

S Lo (20 + 1)0+4/271 < 400,
n=0

< +00.

2. INTEGRAL FORM OF THE CONDITION FOR LOCAL TIME EXISTENCE

We want to give a different form of the condition for the local time existence from
Theorem 1, using the following lemma.

Lemma 1. Let (E,§) be ameasurable space with measure pn on it and let f be a mea-
surable function on E with values in [0,1]. Denote:

gy = /E (f(2))" pu(d),
pg:[0,1] — [1,00], 8 € R,

2P, G8<0
pg(z)=¢ 1—Inz, =0
1, 8> 0.

For any v € R. the following statements are equivalent:

1. > Ju(n+1)7 < 400,

n=0

2 [pporer(l— f(2))n(dz) < +oo.

Proof. Note that if v < —1, then both the sum and the integral converge when p is
finite or diverge when p(F) = 4+00. So it is enough to consider the case v > —1. It is
obvious that the sequence (n 4 1)Y may be replaced by the sequence of positive numbers
cn,n € Ny if ¢, ~ (n 4 1)7. We use this and take ¢, to be coefficients near ¢™ in the
Taylor series of p_y_1(1 — ¢) at the point ¢ = 0. We can write an explicit form for ¢,:

[e%) 1 . %) .
'7:_1:p—v—l(l_Q):1—111(1—(1):1-1-25(] Zchq
n=0

n=1

> lipaa(l-g)=(1-q7 =) (H(% + 1)) "= cng"

n=0 \k=1 n=0
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All sums converge if |g| < 1. It can be verified that ¢, satisfy the needed property. The
condition f € [0,1] allows us to write

E;L@riéggqm»%mmmwiépv1a—fm»mmy

Lemma 1 is proved.
Now we apply Lemma 1 to get a different form of the condition of Theorem 1. Note
that, for a < —%, we have already done this above.
Corollary 2. Fiz o € R. The following statements are equivalent:
1. Le = L,e — 0+ in Doy,

2.
B s OzlDo(ds v(ds) v(dt) ~
AA@famﬂHﬂiﬂ)@%mm@@wmmMﬁ+'

Proof. We choose u(dr,ds,dt) = o(dr) \/dyt(i(sz )\/dyfi?(t 5 to be the measure and

IG(s,t)x|| to be the function f from Lemma 1. Now Corollary 2 is a direct conse-
quence of Theorem 1 and Lemma 1 (we also need the fact that we can include terms
with odd numbers into sum (3) from Theorem 1, but we showed it in the proof of this
Theorem).

3. RENORMALIZATION

We want to define the renormalization for local time approximations, but before we

need to prove a more generalized form of Theorem 1. If we define local time approxima-

. . . . . ll]l?
tions more precisely taking f to be a Gaussian density, f(x) = We‘ 2, then we

can prove a result similar to Theorem 1 in the case where the convergence of L. is in
the sense of some seminorm on the space of square integrable random variables on our
probability space (its values may be infinite). We define this seminorm as

o0

S, {ea}) =Y caBry,

n=0

where n is a square integrable random variable,

oo
n=>_m
n=0

is the It0—Wiener expansion of n and ¢, > 0,n = 0,1,..., is an arbitrary sequence of
non-negative numbers. Norms in Sobolev spaces can be considered as partial cases of
this seminorm.
Theorem 2. The following statements are equivalent
1. L. — L,e — 04 with respect to seminorm S(-,{cn}),
2. 1ir51+ S(Le, {en}) < +o0,
E—

3. ) Lpen(2n+ 14271 < 4oo.

n=0

Proof. 1 = 2 is obvious.
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oo
2 = 3. As in Theorem 1, we consider the It6—Wiener expansion of L. = > an(¢).
n=0
Using the explicit form of a,, we get

/ / / / / (@) fy)e @@ (st u, w)dudwdrdyv(ds)v(dt) =
Rd JR2 JRE JRE

(2n) / / / d / anlss ) exp(— = (ull* + [w]®))duduwn (ds)v (de).

We note that the function f is even and ¢n(s,t,u, —w) = (=1)"¢qn(s,t,u,w). As
a consequence, the expression is zero for odd n. For even n, the function ¢, is non-
negative, so the expression above is a monotonous function of €. We can see now that
the same considerations as in Theorem 1 are valid in this case (we choose the smallest
even n such that ¢, > 0, then all reasonings are the same with the substitution of I
with I,).

3 = 1. Because members of the Ito—Wiener expansion with odd index are zero, the
proof is the same as that of Theorem 1.

Such a kind of seminorms is interesting because of the following considerations. If
we take ¢, = 0,n < 2ng;c, = (1 4+n)%,n > 2ng, where « - arbitrary real number, ng
- arbitrary integer, then the convergence with respect to seminorm is equivalent to the
convergence of renormalized local time approximations L. p, (first 2no members of the
It6-Wiener expansion of L. are subtracted) in D3 . We can also apply Lemma 1 to this
case.

Corollary 3. Fix o € R, ng € N, and {c,} as above. Then the following statements are
equivalent:

1. Lepy, — Le — 04 in Do o,

/ /T [ 16t bl
v(ds) v(dt)

Pa—d/2(1 = [|G(s,t)z[])o( \/detK S VA KD < +4o00.

Proof. We let pu(dx, ds, dt) = ||G(s, t)z||*" o(da) ngd;gs v ¢de°§?@  to be the measure

from Lemma 1, and let the function f be the same as that in Corollary 2. Now we apply
Theorem 2 together with Lemma 1. The only thing we need to check (like in Corollary
2) is why we can add terms with odd numbers to condition (3) for the convergence in
Theorem 2. But here, because of the form of ¢,, we can use the same arguments as we
did in Theorem 1.

It is interesting to observe here some immediate conclusions about this integral condi-
tion. Possible singularities which come from (det K (s, s) det K (¢, t))fl/2 can be refined
with [|G(s, t)z]|*"°. We can expect all kinds of situations here because G(s,t),s,t € T
and K (s,s),s € T are in some sense independent (i.e. we can define one independently
of the other). Also we can not obtain the convergence for bigger « using renormalization
(it is obvious from the definition of renormalization, so we only confirm that) because
we can not refine the singularities of p_,_q/2(1 — ||G (s, t)z||) with G (s, t)z||>™.

4. APPLICATIONS

In this section, we apply our results to some Gaussian fields. First of all, we have to
mention when the construction of the needed probability space for our Gaussian field is
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possible. If T is a separable metric space and our Gaussian random field is stochastically
continuous, then we have the sequence of values {£(¢,,),n € N} which generate a o-field
of the field. Let H be a subspace of L2(2) generated by linear combinations of {£(¢,,)}.
It is well known (see [3],[6]) that we can construct (as a part of the abstract Wiener
space) a Banach space B and a probability Gaussian measure p on it such that H is the
space of admissible shifts for p (subspace of all linear functionals on B). In this setting,
(B,B(B), 1) is a replacement for the probability space, and our field will be defined
naturally on it as linear functionals on B. That is exactly the construction we need. In
all cases, we suppose that the function f from the approximation is a standart Gaussian
density and use corollaries 2,3. All our assumptions can be easily verified for processes
below. So, in proofs, we need to verify the corresponding integral conditions only.

We start from the case of fractional Brownian motion. Suppose {X () € R%, ¢ € [0, 1]}
is a fractional Brownian motion with the Hurst parameter H € (0,1). Coordinates are
2H (y2H | 4 2H

independent and each has the covariation function rg (s, t) = =

Example. Let T = [0,1];v(dt) = dt;£(t) = X (¢). In this case, the local time does not

exist in any Sobolev space if d > % Ifd < %, then the limit exists in Ds , for a < % —%

and doesn’t exist in other cases. The value of ng does not affect the convergence of L. ,,
(renormalization does not work).

Example. Let T' = [1/2,1];v(dt) = dt;(t) = X (t). The local time exists if o < & — 4
(and doesn’t exist in other cases). Renormalization does not work.

Proof. We have

K(s,t) =ru(s,t)I

|$|2H _"_ |t|2H _ |t _ $|2H
2tH gH

so the integral with respect to z in the integral condition (2) from Corollary 3 can be

dropped. This condition now has form

/1 /1 $2H +t2H _ |S—t|2H 2n0
o Jo 2sHtH

_f2H _ (gH _ $H)2 —a—d/2
~<|5 | (s ) ) (st) " dtds.

G(s,t) = ry (s, t)(ru(s, s)ru(t, 1))~ /21 = I,

2sHtH
We use the polar coordinates: s = rsin¢,t = rcos¢. We can extend or reduce the
domain of integration:
{s?+t*<1,s>0,t >0} C
C{s<l,t<1,s>0,t>0}C
C{s*+t*<2,5>0,t>0}.

For both cases, we get similar integrals and the same conditions for their finiteness. We
consider only the case of a reduced domain (the second one can be treated in the same

way):

Lo rm/2 £ (cos ¢)2H + (sin ¢)2H — | cos ¢ — sin ¢[2H 2no
A e B
. <|cos¢ — sin ¢ — (cos™ ¢ — sin’? ¢)2>

2 cost psin’? ¢

—a—d/2

- (cos ¢ sin @)~ dgnr! 2 dr < 400
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Our integral becomes a product of two integrals. The integral with respect to r is finite,
if (and only if) dH < 1. The integral with respect to ¢ can be infinite only near ¢ = 0,
¢ = 5 and ¢ = 7, because the integrand is continuous and finite away from these points.
Note that the expression taken to power ng is bounded. Since

|cosd — sing|? — (cos™ ¢ — sintlp)?
2cos™ ¢psint ¢ n
|sing|?  |cosp — sing|*H — | cos ¢|>H
2| cos p|H 2cosH psinH ¢ -

2H | cos ¢|*~1sin ¢
2cosH psinH ¢

as ¢ — 0+, then integral with respect to ¢ is finite in a neighbourhood of ¢ = 0if dH < 1

(because only one important multiplier under the integral is (sin¢)~%# ). The behavior

of the integral in a nelghbourhood of ¢ = I is similar. Now we investigate the behaviour

in a neighbourhood of ¢ =

™

| cos ¢ — sin |2 — (cosH ¢ —sin? ¢)? ~ 2| — %|2H — {2 (g - Z)2

~oH|y_ T 2H ™
o= TP, 6 - 2

From this relation, we get the sufficient condition for the integral to be finite 2H (—a —

%) > —1. It is also necessary, because the expression taken to power ng can not refine

this singularity, as we mentioned earlier.
Now let T = [1/2,1]. In this case, the points s = 0 and ¢t = 0 lie away from the

integration domain. So, if we make same calculations as above, we get that ¢ = 0 and

¢ = Z are away from the integration domain. The only one condition for the finiteness

2
. 1 _ d
herelsa<ﬁ 5-

Now we turn to the interesting case of the self-intersection for a fractional Brownian
motion. Here, we generalize the results from [5,8,11,12].

Example. Let T = [0,1]%;v(dt) = dt1dt2; £(t) = X (t1) — X (t2). The renormalized local
time exists as an element of the Sobolev space D5 , if and only if

< 1 d d< 3 S dH —1

a< — — = —.m —_

H 27" 2H""7 2(1-H)

Example. Let T = [0,1/3] x [2/3,1];v(dt) = dt1dte; &(t) = X (1) — X (t2). The local
time exists in Dy o for o < i — % Renormalization does not work.

Proof. The covariation in this case is given by K(s,t) = 3(|s1 — t2|* + [s2 — t1* —
|s1 — t1]2 — |sg — t2|?H)I, and the correlation equals G(s,t) = g(s,t)I, where
|81 _ t2|2H + |$2 _ t1|2H _ |$1 _ t1|2H _ |52 _ t2|2H

2|Sl — 82|H|t1 — t2|H

The integral from Corollary 3 has the form

1 1 1 1
/ / / / lg(s, )P0 11— lg(s, )|~ %51 — sa| " |ty — to| = dtrdtads ds,.
0 0 0 0

By introducing the new variables x = s; — t1,y = s2 — s1, 2 = t1 — t2 and extending the
integration domain, we simplify this integral to

d
|D2H(x7y7z)| 2 — —
W ] dH|Z| dexdde,

g(S,t) =

2110

DQHI Y,z )

1 —
C2yz[F
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where D, (z,y,2) = |z + y|" + |z + 2|7 — |2|” — |x + y + z|7. This new integral is finite
if and only if the starting integral is finite (because we can obtain a multiple of this
integral by reducing the integration domain instead of extending it). Now we make the
change of variables x = ru,y = rcos ¢, z = rsin ¢ and reduce the integration domain by
an additional constraint y2 + 22 < 1 (we get almost the same integral by extending this
domain, so this procedure is also two-way):

“+o00 2
[

Ca_d

2110 5

D2H (U, COS ¢7 sin ¢)
2| cos ¢ sin ¢|H

DQH (U, COS Qb, sin ¢)
2| cos ¢ sin ¢|H

min(1/|ul,1)
| cos || sin ¢p| 4 / 2728 drdpdu.
0

Integrating with respect to r, we obtain the necessary condition for finiteness, dH < %
To proceed, we need some inequalities describing the behavior of Do (z,y, 2).

Lemma 2.

1. For all v € (0,1) U (1,2], there exist the positive constants C1 and Ca such that
if 3ly| < |x|,3|z| < |z, then

Cilyz||z["72 < |Dy (@, y, 2)| < Colyz||z["2.
If v =1, then, for the same x,y, z, we have |D,(z,y,z)| =0, and so we can take
Cy =Cy=0.
2. Ify€(1,2), then
D5 (,y,2)] < 2277 ([lyl + [2]]” = [yl = [21]7)

Additionally, if y,z > 0, then the inequality changes into an equality if and only

ife=—(y+2)/2.
3. Ify€(0,1), then

1Dy(,y,2)] < lyl” + |27 = [lyl = [=1]" -

Additionally, if y,z > 0, then the inequality changes into an equality if and only

ife=—y,—z.
4. If y =1, then

1Dy (z,y,2) < |yl + 2] = lly| — =]]-
Additionally, if y,z > 0, then the inequality changes into an equality if and only
Zf T e [_ max(y, Z)v - min(yv Z)]

Proof. The first inequality is equivalent to
1 1
Culun| < 1Dy (1,u,)| < Colunlsu] < 3, o] < 5.

Because u, v is small enough by our assumption, it is possible to use the representation

lyl  plel
Dy(z,y,2) = —y(y — 1)/0 /0 (z + sign(y)v + sign(z)w)? ?dvdw

which is valid for all # > max(0, —y, —z, —y — z) (here we denote sign(y) = 1if y > 0
and sign(y) = —1 if y < 0). We have

[ul  plvl
Do) = =1 [ [+ sign(uyy + sign(oyu)dydu| <
0 0

< |y(y = Dl sup (1+y+w)> <3777 |y(y — 1) |uv]
|yl <1/3;]w|<1/3
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and similarly
S99
|Dy(1, u,v)] = (g)2 Ty = Dl fuvl.

Note that, for v =1, we have |D.(1,u,v)| = 0 under the same assumptions on u, v.
To prove other inequalities, it is enough to consider the case 0 < y < z. Indeed, if we

have both y and z negative, then we can introduce new variables ¥ = —z,y = —y,z2 = —z2
and obtain the same inequality for positive variables. If, for example, y < 0 and z > 0,
then another change of variables helps: & = x + y,§ = —y,Z = z. All other cases are

similar because of the symmetry with respect to the exchange y < z. Moreover, if y = 0,
then all inequalities are trivial equalities, so we may suppose that y # 0. Now we can
prove these inequalities by finding the maximum and minimum of D.,(z,y, z) for fixed y
and z. Using the convexity of a power function, we can find the sign of the derivative of
g(x) = D,(z,y, z) with respect to z. For v € (1,2), we have

g'(x) <0,z € (—00,—(y +2)/2),
g'(x) =0,z =—(y+2)/2
g (x) >0,z € (—(y+2)/2,+x).

For v € (0,1) (note that, in this case, the derivative may not exist at some points):

"() > 0,2 € (—0 - 2),
() <0,z € (—y —2z),
"(z) >0,z € (— z—(y+z)/2)

"(z) <0,z € (—(y+2)/2, —y),
z) >0,z € (—y,0),
x) <0,z € (0,4+00).

/

Q@ @ @ @ Q@

/

()

()

()

"(2) =0,2 = —(y +2)/2,
()

()

g(

For v =1 (here the derivative also does not exist at some points):

We also know that D.,(z,y, z) is continuous and that Dy (z,y,z) — 0, |z| — oo (from
the ﬁrst inequality). As we can see for v € [1,2), the function has its minimum inz =

= and always negative. The right side of the inequality is exactly |D~(=5=,y, 2)|, s
it is proved. For v € (0, 1] by same method, we find the maximum at x = O T=—-y—z
and the minimum at x = —y;x = —2 (values at both points of each pair are the same).

Comparing the moduli of the function values at these points, we get |D,(z,y,2)| <
|Dy(=y,y,2)|. If y,z > 0, then the maximum is achieved only at the points 2 = ==
for v € (1,2) and at x = —y;x = —z for v € (0,1). For v = 1, the maximum is achieved
on the interval x € [—z, —y|]. Lemma 2 is proved.

Now let us look at the integral

I

2710

Do (u, co5 6, 5in 6) |
2| cos ¢ sin ¢|H

| cos |~ | sin ¢| = (max(1, [u]))** " dgdu

Doy (u, cos ¢, sin ¢)
2| cos ¢ sin ¢|H
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once more. We split the domain of integration into several parts by restricting ourself to
the case ¢ € (0, §) (other parts of the domain can be treated similarly):

Dy = {Ju| > M},
T
DQ:{|U| <Ma¢>svz_¢>€}7
D3 = {lul < M, |u| > &,[1+u| > &¢ < e},
Dy = {|ul® + |sin ¢|* < 42},
Ds = {|1 +u|* + |sin ¢|? < 4¢?},

1 T
Dg={lu| < M,|lu+ —=| Z2¢;,—— ¢ < e},
o ={lul < MJut o> 5~ <<}
u
Dy ={|—— + 1>+ |tg¢p — 1|* < 16£2}.
1= {lgeg T 1P+ ltgo - 1P < 162%)

Obviously, the union of these parts covers a selected part of the domain if we choose
e < & and M such that, for |u| > M, we have Ca|u[*=2 < 1, where C5 is the constant
from the first inequality above for H # % We use this inequality for D; and immediately
obtain that the finiteness of our integral is equivalent to the finiteness of two integrals
[oy uProGH=2+2dH=3qy and foﬁ/4 |sing|?mo(1=H)=dH 4 Both integrals are finite if and
only if ng > 2‘?{{—__1}). If H= %, we can choose M such that Dog(u, cosg, sing) = 0 on
D;. In this case, it is easy to see that the condition dH < 1 or ng > 0 (it is true if the
declared conditions for the local time existence hold) is sufficient for the integral over D,
to be finite.

For Do, D3, Dy, D5, Dg, we have that 1 — W is not equal to zero on the

closure of these sets. Indeed, using the inequalities from Lemma 2, we get for H € (0, %)
| Dapr (u, cos ¢, sin ¢)| o | cos @2 + | sin ¢|?H — |cos ¢ — sin >
2|cospsing|H 2| cos ¢ sin ¢|H B
(lcos o] —|sin¢|”)? — | cos¢ — sin ¢
2| cos ¢ sin ¢|H

=1—(|sin¢|" + | cos ¢ — sin ¢| — | cos ¢|T)-
(lcos g™ —[sing|” +[cos¢ —sing|"))

2| cos ¢ sin | H B

=1—(1+]|ctgp— 1" —|etgg|™):
(L= [tgol +]1—tgol) <

<1 —(1+ |etg(n/4) — 1" —|ctg(m/4)[7)-

(1= [tg(m/HT + |1 —tg(x/4)|") = L.

X

For H € (3,1),
| Doy (4, cos ¢, sin ¢)] . 2_2H|COS¢+sin¢|2H — | cos ¢ — sin ¢|*H _
2|cos psing|H | cos ¢ sin p|
=27 (|tg?¢ + ctg®d + 2| — |tg?d + ctg®d — 2|"") <
<27 (|t (m/4) + ctg?(m/4) + 2|7 — [tgP(x/4) + ctg®(m/4) — 2|) = 1.

For H = %, both inequalities are true. As we can see, the equality in these inequalities
is possible only if ¢ = 7/4,u = —\% (from Lemma 2 and the inequalities above). But
the function we consider is continuous on Dy, D3, Dy, D5, Dg and therefore is not equal
to zero. So, this expression taken to the power —a — d/2 can be omitted in the integral.
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For Ds, the integrand is bounded, so the integral is always finite. For Ds, Dy, Ds,
we have to deal only with the singularity of |sing|~?¥ which can be refined by the
renormalization term.

For D3, we have the bound |Dap (u, cos, sing)| < C|¢|, where C is a constant de-

pending only on €, and the condition ng > % is sufficient for the integral to be finite.

Note that, for Dy, D5, this inequality is not true (for 2H < 1), because the derivative of
Doy (u, cosg, sing) with respect to ¢ at ¢ = 0 blows up if u =0 or u = —1. Instead, we
have to use a change of coordinates. For D3, we can also prove that, for H = 1/2, the con-
dition ng > 2‘%{{—__1}) is necessary. It is enough to note that |Dog (u, cos ¢,sin@)| = 2sin ¢
on0< ¢ <e;u€ (—cosp,—sing).

For Dy, let sing = rsinf,u = rcosd. We obtain the following integral:

2e 2m
/ / ||rcos® + rsinf|* + |rcosf + /1 — (rsind)2|*H — |rcosh|*H —
o Jo

— |rcos + rsind + /1 — (rsinf)?|?H |20 |sing|~H —2noH pl=dH=2n0H gg ).

Here, we already dropped multipliers under the integral bounded above and below.
The expression taken to 2ny power can be bounded (using derivatives) by the expres-
sion Cr™™(2H:1)|sinf|. Thus, our integral is bounded by the product of two integrals
f02s p2romin(H, )+ 1=dH=2n0H gy a1 foh |sing|?no—dH—=2noH gy The conditions for their
finiteness are 2ng(min(2H,1) — H) + 2 — dH > 0 and 2n¢(1 — H) — dH + 1 > 0. Recall
that we have already the conditions dH < % and ng > ﬁ%ﬁ) as necessary and that
ng > 0. We can see that these conditions are sufficient in this case. The case of Dsy is
almost similar. We have to let sing = rsinf,u + 1 = rcosf and obtain a similar bound
for the integrand.

For Dg, the integrand is bounded as we have proved above. For D7, the only un-

—a—24
a—3

1— Doy (u,cosp,sing)

2[cospsing|H and

bounded part under the sign of integral is

2|cospsing|? — Dop(u, cosp, sing) =
= leosg* (21 + wl™ = [+ v+ wT — o =17 + [T + v+ w[*),

u

o5 We introduce w and v as new variables of integration

where w = tgp — 1,v =
and note that the expression above is equivalent to |[v]?# + |v + w|?! (multiplied by a

constant) when v? + w? — 0+. Using the polar coordinates, we obtain two integrals
f048 p1=2H(e+9) gr and fo%(|0050|2H + |cosh + sinB|2H)==24df. The second integral is
always finite and first gives us the necessary and sufficient condition « + % < %

If we set T = [0,1/3] x [2/3,1], then we can get the same integral but on a different
domain. This domain can be treated exactly like the union of Ds, Dg, D7 (for example,
the singularities near s; = s2 and t; = t2 and, consequently, near sin¢ = 0 and cos¢ =0
are outside the integration domain), and we have only the condition on « as necessary
and sufficient for the integral to be finite.

In all previous examples, we had the covariation matrix proportional to the identity
one. In the next one, the situation is different. Suppose that {Wy(t), Wa(t) € R%t €
[0,1]} are two Brownian motions which are not necessarily independent. Suppose that
EW;(s)Wa(t) = min(s,t)Q, where @ is some d x d matrix. We consider the intersection
local time of these two processes. By {)\;,i = 1,...,d}, we denote eigenvalues of the
Qt?T

self-adjoint matrix . Here, we study only the condition from Corollary 1.

Example. Let T = [0,1]%;v(dt) = dt1dte; £(t) = Wi(t1) — Wa(t2). The local time exists

Q+Q”
2

in Dy, for all a < —% if and only if the number of eigenvalues of the matrix
which are equal to 1 is smaller than 2 (#{i: v, =1} < 2) and d < 4.
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Example. Let T = [3, 1% v(dt) = dt1dt2; £(t) = Wi (t1) — Wa(t2). The local time exists
in Dy 4 for o < —% if and only if #{i: v, =1} < 2.

] X [%7 1]7 y(dt) = dtldt27§(t) = Wl (tl) —W2(t2) The local time
d
o < -3

Example. Let T = |

11
12
always exists in D  for

Proof. The integral we have to study has the form

1 p1 d
/ / H(tl + fg - 2min(t1,tg))\i)_l/2dt1dt2.
0 70 =1
Here, we used that
d
det K(t,t) = det((tl + t2)] — mi’ﬂ(tl,tg)(Q + QT)) = H(tl + t2 — 2mzn(t1,t2))\z)
=1

Note that tl +t2—2min(t1, tg))\Z = (tl —|—t2)(1—)\1)—|—|t1 —t2|>\i. If )\1 ;é 1 and consequently
Ai < 1, we have only one singularity near ¢t; = to = 0. Using the polar coordinates, we
conclude that the necessary condition for the integral to be finite is 2 — % > 0. If, for
some ¢, we have A\; = 1, we have to study the singularity near t; = ¢5. Using the polar
coordinates, we conclude that multipliers with A; # 1 can be omitted in the integral with
respect to ¢, and we get the necessary condition 1 — g > 0, where k = #{i : v; = 1}.
Two necessary conditions we obtained are also sufficient, because we do not have other
singularities in the integral. For T = [%, 1)? we do not have singularity near t; =t = 0
and for T = [1,1] x [3,1] we also do not have singularity near t; = to with obvious
consequences.
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