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TETYANA YAKOVENKO

STOCHASTIC PROCESSES IN SOME BESOV
SPACES

The norm of increments of stochastic process in space Ly|a, b] is esti-
mated and conditions under which trajectories of process belong to
some Besov spaces are found.

1. INTRODUCTION

In this paper the stochastic process from L,(2) is considered. We find
conditions under which trajectories of this process belong with probability
one to the Besov space BgP[a,b] when 0 < a < 1 and p < ¢.

The paper consists of 4 sections. In Section 2 the norm of increments of
the stochastic process is estimated. In Section 3 the definition of the Besov
space is given. Then, it was obtained the estimation for the modulus of
continuity of stochastic process. It gives the possibility to find the condition
under which the trajectories of stochastic process belong to some Besov
space with probability one. Section 4 is the conclusion of this paper.

2. ESTIMATES FOR INCREMENTS OF THE STOCHASTIC PROCESSES

Let’s consider stochastic process X = {X(¢),t € [a— 8,0+ ]}, a < b, § >0
and denote the increments of this process as A, X(t) = X(t + h) — X(¢),
t € la,b], |h] < 0.

Theorem 1. Assume thatl < p < q < oo. Let X = {X(¢),t € [a—6,b+0]},
a < b, d >0 to be separable measurable stochastic process from space L,(§2)
for which the following condition on its increments holds true:

sup  [ARX (Dl = sup  (E[X(t+h) — X)) <o), (1)
t € [a,b] t € [a,b]
|n| <6, |n| <6,

where o(6), d > 0 is a continuous nondecreasing function such that () — 0
as 6 — 0.
Then
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1) there exists m =m(h) € {1,2,...} :

b L ;
}’LP(Q): (E </a |X(t+h)—X(t)|th> ) <

o0

<2 —a)r Y (ki)

k=m—1

128X s

Q=

"3 [0(62p41) + o(6e1)] =: B,

where sequence {ep > 0}r>o is such that for all k > 0 e > €xqq,
er, — 0, k — oo and there exists the sequence {0 < oy < 1}>o, for
which the fraction =2 ( — 0, k — 0o and the series Y ;- o < 00,

2) if By, < oo then ||AX(-)||Lq[a7b] belongs to L,() and for all x > 0

P{IIAX(')HLq[a,b} > 33} < <%)p'

Proof. Let’s divide the interval [a — d,b + 0] into measurable sets { B}, r =
1,2,..., N(ex) br>0 with respect to the sequence {ex > 0}x>o according to
partition procedure placed in [1]. This partition has the following properties:

1) Bl =la—6,b+0], (e = 5% +6);

2) Vk>1B'NB, =0 if usrand UYSH Br = o — 6,0+ 6];
3) Vk > 1VB; 3B, _|: By C B._, and BiN\B._, = B};
4) Vk > 1VB}, 3t} : Vt € B}, 2ey, < |t — t}]| < 6¢y.

Now we can define the process:

N(ek

]_ B'I’.
Z (te)xsy(t), k20, ¢ € la—0,0+0], ngz{o’iszZ’

As long as the proof of this theorem is similar to the proof of the
lemma 3.5 [1] it was reduced to the statements that are essentially different.

So, if the points ¢ and t+h belong to the same set Bj, then Xy () = X (t+
h) with probability one and A, X (¢) = 0 with probability one. Further we
will assume that process X is not degenerate. The properties of the sequence
e imply that there exists the number m = m(h) € {1,2, ...} starting from
which the points ¢ and t+h will be in different sets of the partition { B}, }:™,
Then, taking into consideration that X,,_i(t) = X,,—1(t + h) we have for
some n > m:

[ARX ()] = [X(t+h) =X (B)] = [X(E+h) = X1 (E+h) + X a (1) = X ()] <
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n—1

<|X(E+h) = Xt +h)|+ D | Xpa(t+h) — Xe(t+ h)|+
k=m-—1

n—1

HX(E) = Xa®)] + D [Xea(t) = Xi(t)]-

k=m—1
So, for all ¢t € [a,b] as n — oo:

[ARX ()] < 3 [ Xisa(t+ ) = Xilt + h)| + [ X (8) — Xi(0)]].

k=m—1

The condition (1) yields:

[ Xk (t) = Xe ()l 2,0 < N Xkr1(t) = X ()|, + X (E) — Xi()] 2,0 <
U(6€k+1> + U(6€k).
Then
b 1/q
18X o = 10+ = XCO1) <

= { | X1 () — X (t)]
o X1 (1) — Xk () 2,0

| Xgr1(t + h) — Xi(t+ h)|
| X1 (t 4+ h) = Xp(t + )| 2,0

P H | X1 (t + h) — X3t + h)|
= X (E+ B) = Xi(t+ 1) 0

<

[ X541 () = Xi ()| ) +

<

| Xpi1(t+h) — Xp(t + h)Hme)}
Lgla,b]

_|_
Lgla,b]

|Xk+1 X (t)]
0(6egy1) + o(6eg)| <
H ||Xk+1 ( )HLp(Q) Lq[a,b] [ " }
S H | Xpq1(t+h) — Xi(t + 1) N
ket [ X1 (t + ) — Xi(t + h) HLP(Q) Lyla,b]

| X1 (t) — Xi(t)]
[ X1 (8) = X ()|, (@)
The expression for B,, we will get from the fact that Condition M (see

[1]) is fulfilled for the space L, with constant (b — a)'/?.
The second statement follows from lemma 3.1 [2,p.66].

Corollary 1. If the stochastic process X = {X(t),t € [a—0,b+0]} fatisfies
the conditions of theorem 1, then for all 0 < 01 < 1 the following inequality

takes place:
b 5\
o= </ IX(t+h) — X(t)|th> <

11
+ ‘ } (2ep11)a P [a(GekH) + a(65k)} = By,.
LP[aﬂb}

1ARX s
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< 2(b — CL)% 1+ 91 /elg(bTa+6) (O'(_l)(u))

at-2 01 —0)Jo

Proof. Lets choose the sequence {ej}r>0 in such way

b— =1 (pk
2a—|-5, Yo = o(€o), g = ATV éﬂO)‘

Eo =

This sequence has appropriable for theorem 1 properties. So,

T =

, X 0_(—1 ek—i-l %_
By, =2(b—a)r (M) [0+ 0 + 01y0] <
k=m—1

oo e 0550 /oD () \ 77
<ob—a)t 3 01 %+9170/6 VO(U (U)> du <

k+1 k+2
k=m—1 9 91 ]1€+2F)/0

2(b— a)% 1+6, o gy, yiod ~
< . a P = .
- 3%_% 91(1 - 91) /0 <U <U)) du Bm

Corollary 2. Assume that in the theorem 1 function o(§) = Cd7, where
C’ > 0 is some constant, T > l — l. Then the increments of the process
= {X(),t € [a— 9,0+ ]} belong to the space Lg[a,b] with probability

one and for all 0 < 6, < 1 the inequality follows:

; 5\
AX Ol ], g = (E ( | 1x+n) —X<t>|th) ) <
2.3575C(—a+28)i" 14+6, =(A-)pma1
~ 1 1 1 . 1 — 9 . 91 .r = Bm
)t !
Proof. Indeed, in this case
~ Y orC (52 46)" 1(1-1
e (L
3¢ 91(1 — 91) C
11 1 m b—a %(E_E)—H
23 ib—ap 146 (0rC(4+0)) < B
ctG3)  0(l-6) L(i-1)+1 -

Remark 1. Similar results hold for stochastic processes in more general
case when stochastic process belongs to the Orlicz space of random variables.
The estimation for the norm of increments in various functional Orlicz space
could be obtained by the same way. More information can be found in [1,2].
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3. CONDITIONS UNDER WHICH TRAJECTORIES OF THE PROCESS
BELONG TO SOME BESOV SPACES

Let’s remind the definition of the Besov space at first. We start from intro-
ducing the moduli of continuity of the first and the second order and some
of their properties.

Definition 2. Let f be a function in L,(T), 1 < ¢ < 0o, T C R. Let’s
denote A f = f(t +h) — f(t) and A2 f = ApAyf. For 6 > 0 the moduli of
continuity are determined as

we(f,0) = sup [|AnfllL,my,  wilf,0) = sup [|A}fllL,)-
|R|<8 |p|<d

Remark 2. For any function f from the space Ly(R) wy(f,d) and w?(f,9)
are non-decreasing functions of ¢ and

wi(f,0) < 2w, (f,8) < A4 fll Ly

Let 1 < p < oo be given, and let the function y(J) on [0, 00) be such
that [|y(d)[|; < oo, where

* - p do ;oo < )
)= (G ly@P )7, i1 <p< oo
esssupg [y()],  if p = oo.

Clearly, || - || is a norm in the weighted L,-space L, ([O, 00), %5), if p < o0.

Definition 2. Let 1 < ¢,p < oo and s = n+ «, with n € {0,1,...} and
0 < a < 1. The Besov space B;?(T') is the space of all functions f such that

feWHT) and W™, 8) = y(6)"

q

where W7 (T') is the Sobolev space and [[y(d)][; < co.
The space B;P(T) is equipped with the norm

wi(f™,9)
501

*

If1

s =l +
p

Remark 3. If 0 < o < 1 we can use w, instead of w? in the definition of

Besov spaces. But this is not true in the case if a =1 (See [3]).

Definition 3. The stochastic process X = {X(t),t € T} belongs to Besov

space B:P(T') with probability one if all its trajectories belong to this func-

tional space with probability one.

Remark 4. Further, when convergence of the integral [ f(¢)dt doesn’t

depend on value ¢ we will use the sign [y, .

Theorem 2.Assume that 1 < p < g < 0o and separable measurable stochas-

tic process X = {X(t),t € [a—0,b+ 0]}, a <b, 0 < < oo belongs to the

space L,(Q2). Besides, let its increments satisfy two conditions:



STOCHASTIC PROCESSES IN SOME BESOV SPACES 313

0 s IAX Ol = sw (BIX(+ ) - XOF)? < G,
t € [a,b t € [a,b]
|h| <6, |h] <6,

5 s AWl = s (BIX(E+R) - XY < Com
t € [a,b] t € [a,b]
|h| <6, |h| <6,

where C,, Cy > 0 are some constants, 7, > % - % and 7, > 0.
Then

1) W (X,6) = supjpes (J21X (¢ + ) — X )]edt) " € L,(9)

g\ P\ 1/P
2 1 (X.O)llyie0 = (B (sumcs (171X +1) = X (o)) ™)) <

21/P+27ch(b_a)2/q627'q

2 2, 2790, b-a)l/as T
Z)—1+2T40q(b—a)1/q67q—2\/(p1)2+ -

Proof. Let’s determine the stochastic process {(h) = [|As X (*)||z,(a8]s |P| < 6
(50, wa(X,8) = supp,<5&(h)). We can conclude from the corollary 2 that
¢ € L,(Q). Then, Lyapunov inequality, Fubini theorem and condition b)
yield

Bi=sup [[€(h1) = E(ha)llr,(0) =

h1,h2€[—6,0]

T hszlelp HHAhl (I Lgfa) = [[An, X (- )HLq‘”’]HL @ S
< A A X : a =
. hilép HH X (1) = Ap, X( )HLq[ bl ’Lp(ﬂ)

1
P

b ‘
=  sup (E (/ | X (t+ hy) —X(t+h2)|th> ) <
h1,h2€[—6,6] a

b q
< sup (E/ |X(t+h1)—X(t+h2)|th> =

h1,ha€[—5,0]

b q
= sup (/ E|X(t+h1)—X(t+h2)|th> <

h17h26[_676]

< (/ab ((,1](2(5)%)‘%%)1 < Cy(26)(b — a)V? < 0.

Since, the entropy integral

5\ d
/ <——1—1> dew/ 16 <oo, as p>1,
0+ \ € o+ el/p

then the theorem 3.3 [2, p.120] implies that
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1) suppcs €(h) = wy(X,6) € Ly(Q)
2) [suppics €], o = lea(X.9)

. 1/p
< mflh\éé 1€(R )HL )y T infocg, <1 m g (S + 1) de.

Lp(Q) —

Let’s calculate each term of latter inequality.

b (€0, @) = i [IXC+ 1) = Xl o) =0, when h =0,

08 [ § 1/p 5 (95\ /P 02C4(26)7a (b—a)/a
/ <— + 1) de = / — de + / ’ 21/P e =
0 £ 0o\ € 5

= (26)t" L e CRIRUE P (62C5(20)7(b — a)'/? —6) =
p E—
oL/p
= 0+ 2Pt C (b — a)'/96710y = A + Bbs.

A+B6>
02(1—062)

B2
(2A+B)—2/ A(A+B)

Function possesses its minimum value at point

A(A+B)—A

g, = YAUHA g

B

21/p+2rq03(b — a)?/1§%7a

. . 2 970 Cy (b—a) /96170
]%JrQqC’q(b—a)l/q(Sq—2\/(pf1)2+ 1Cq(b=a) q

p—1

g (X, 0)

<
Lp(Q) —

And now let’s find the conditions under which stochastic process X =
{X(t),t € [a—0,b+ 6]} belongs to the Besov space when 1 < p < g < o0,
n=0,0 < a < 1. Under this assumptions we can use w, instead of w?
in definition of the Besov space and norm in this particular Besov space
BP[a, b] is following:

wy(X,0) [
5(1

XN Bg7(aer = 1 X N 2glay +

p

1/p

; Va (o |supycs (21 + ) — X @ledt) "] a5
:(/ |X(t)|th> |/ < - =

Theorem 3. If for stochastic process X Sup;e(qy (E|X®)[P)"? < oo and
all the assumptions of the theorem 2 hold true, then:

1) for 0 < 1, < 1 the stochastic process X belongs to the Besov space
BgPla,b], 0 < a < 7, with probability one;
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2) for 7, > 1 the stochastic process X belongs to the Besov space BgP|a, b]
with probability one for all 0 < o < 1.

Proof. Applying the theorem 4.1 [1] to the process X we will get that it
belongs to the space L,[a,b] with probability one. Then:
for 0 < 7, <1 the estimation for Hw; (X, 5)HL - from the theorem 2

QL/p+214 02(] — )2/152ma
(0 =) ~dasd—0

- - 2 274 Cy(b—a)l/a'+
2 497 Cy(b — a)V/a570 — 2\/(pfl)2 Bl 20 T

p—1
)TaP

_/ ||w (X,0)]| L, ) 6ap+1~/0+5ap+1d5<oo, as 0 <a <7y

for 7, > 1

and

Wl
L ( d—éz/oJrE‘w;(X,é)’pd—é:

5 §owtT

0+

91/p+274 C’g(b — a)?/1§%7

. . 2 974 Cy (b—a) /961+7
%—FQqu(b_a)l/(I(Sq_2\/(pi1)2+ 1Cq(b—a) q

p—1

~ 62Tl as 5 — 0

and

wHX,6) " ds 62 a1\ " dj

E/ A B @ 97, — 1.
o 5o 5 0+< 5o ) 5 <oo, as 0<a<?2r

Since, 27, — 1 > 1 the last statement is true for all 0 < o < 1.

4. CONCLUSION

In this paper the processes in the Besov space are investigated. It was found
the conditions under which the trajectories of the stochastic process from
space L,(€2) belong to certain Besov space B.F[a,b] when s = a and p < ¢.

BIBLIOGRAPHY

1. Kozachenko, Yu.V. and Yakovenko, T.O., Conditions under which stochas-
tic processes belong to some function Orlicz spaces. Bulletin of Kiyv Uni-
versity 5 , Kiev, (2002), 64-74.

2. Buldygin, V.V. and Kozachenko, Yu.V., Metric characterization of random
variables and random processes, Amer. Math. Soc., Providence, RI (2000).

3. Hardle, W., Kerkyacharian, G., Picard, D., Tsybakov, A., Wawvelets, Appro-
zimation, and Statistical Applications, Springer-Varlag, New York, (1998).

DEPARTMENT OF PROBABILITY THEORY AND MATHEMATICAL STATISTICS,
Kyiv NATIONAL TARAS SHEVCHENKO UNIVERSITY, KYIV, UKRAINE
E-mail address: yatad52@univ.kiev.ua



