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CHERKEZ AGAYEVA

ON ONE STOCHASTIC OPTIMAL CONTROL
PROBLEM WITH VARIABLE DELAY

A stochastic optimal control problem with variable delays in control
is considered. The maximum principle for nonlinear stochastic con-
trol system with constrains in the right end of trajectory is proved.

1. INTRODUCTION

The stochastic differential equations with delay find much exhibits in
description of the real systems, more or less are subjected to the influence
of the random noises. Many problems in theories of automatic regulation,
mechanical engineering, economy, automatics are described by stochastic
differential equations with delay. Therefore problems of optimal control for
systems, described by such equations, are actual at present [1,2]. Earlier
the problems of stochastic optimal control with variable delay in phase [3]
and with constant delay in control [4] were considered. The present work is
devoted to the problem of stochastic optimal control with variable delay in
control with constrains on right endpoint of trajectory. Our objective is to
obtain a necessary condition for optimal control, when diffusion coefficient
contains the control variable with delay.

2. STATEMENT OF THE MAIN PROBLEM

Let (2, F, P) be a complete probability space with filtration {F* :
to < t < t1} generated by Wiener process w;, F' = o(wsty < s
<t). Let L3%(to,t;, R™) be a space of predictable processes z; (w) such that

t1
E [ |2 dt < +o0.
to
Consider the following stochastic system with variable delay in control:
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dl‘t - g(xtv Uy, ut—h(t)7 t)dt + f(xtv Uy, ut—h(t)7 t>dwt7 t S (t07 tl] ) (1)

Tty = Lo (2)

uy = Q(t), t € [to— h(to),to) (3)

u(w) € Uy = {u() € LE(t, t1; R™)| w(w) € U € R™, a.s.} (4)

where U is a nonempty bounded set, @) (t) is a piecewise continuous

non-random function, h(t) > 0 is a continuously differentiable, non-random

function such that %(tt) < 1.

Let it is necessary to minimize the following functional inside the set of
admissible controls:

t1

J() = B4 plaw,) + / e, un, 1)t (5)

to

with a condition

Eq(z,,) € G C R", (6)

where G is a closed convex set in R*.
Let assume that the following requirements are satisfied:
I. The functions [, g, f and their derivatives are continuous in (z,u,t) :

Iz, u,t) : R" x R™ x [to, t1] — R';
g(x,u,v,t) : R" x R™ x R™ X [tg,t;] — R";
flz,u,v,t) : R x R™ x R™ X [to, t1] — R™*".

I1. The functions [, g, f are twice continuously differentiable with respect
to x, lyzy Gz, foz, bounded and of linear growth:

L+ 2D (g, w, v, )1+ | (@, u, v, ) + | gal@, w, v, )| + | folw, u, v, 1)]) < N

(L + 2D~ (1, w, B)]) + (@, u, b)) < N.
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III. Function p(x) : R® — R' is twice continuously differentiable and

Ip(2)] + [pe(x)] < N1+ |2[); [pea(z)| < N.

IV. Function ¢(z) : R™ — R* is twice continuously differentiable and

|9(2)] + g2 (2)| < N1+ [2]); |gea(x)] < N.

At first the stochastic optimal control problem (1)-(5) is being consid-
ered.

Theorem 1. Let conditions I-1II hold and (z9,u?) is a solution of prob-

lem (1)-(5). Then there exist random processes (¢y, 3;) € L3 (tg,t1; R™)

X L3(to, t1; R™™) and (®y, K;) € L (to, t1; R™) X L3(to, t1; R™™), which are

the solutions of the following adjoint equations:

dwt —H (wt, xt,ut, Vt? )dt + @dwt, to <t< tl,

0 (7)
¢t1 - pm<xt1)

d®; = —[g; (), uf, v, )Py + Pyge (2], uf, v, 1)+

+/z (xtvugvytv t)®; fw(xtvutvytv t)dt + fx (xtvutvytv t) K+

+ K fo(2d ud v t) + Hyp (Y, 20,4l 02, 1)|dt + Kydwy, to <t < ty,
(I)t1 = pm’(xgl)

and ¥ u € U a.s. the following equations hold:

(A H(¢67$9>U9a7/979) [A H(@DZ,ZE u?, /9 z)—|—

z) Tz Tz

+0.5A, f* (2%, ul, 10, 2)®, A, f (22, 10,10, 2)] s'(0)+

+0.5A, f* (29, uy, vy, 0)Pe A, f (2], uf), V5, 0) §

\ a.e.0€ [to,ts — h(ty)) (9)
(¢9,x9,u V979> (Wa%vuev’/@ve)

+O 5A f (x97u9’V679)q)9A f(%»um’/e»e)

(| fora.e. 0 €[ty — h(t1),t1],

where t = s(7) is a solution of the equation T =t — h(t), vy = U_p(),
Auy(xtv U, Vi, t) = y('xt? U, Vt, t) - y('xt? U, Vi, t)u

Auy(xta Uy, Vt7t) = y(ztyuta u, t) - y(xta Uty Vi, t)?
H(¢t7$t7uta Vtat) = @D;&k : g(ztyuta Vtat) + ﬁt* : f(xtyuty Vtyt) - l(ztaut7t)'
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Proof. Let uy = u? + Au; be some admissible control and z; = 20 + Az,
be corresponding to this control trajectory of system (1)-(4). Let’s use the
following identity:

[ d(Axy) =g (:Bt,ut, v, t) — g(29,u, V2 O)]dt + [f (2, ug, vg, t)—
_f<xt ) u?? Vt ) )]dwt [Aug(‘rtvutv Vi, ) + Avg<xtvutv I/?, t>+
+92 (29, ug, v, ) Ay + 0.5AL] uw (20, ug, vg, t) Ay | dt+

[A f(xtvugvytv ) + A f(xtvutvytv >+fw(xtvu Vi, )A‘rt—i_
+0.5A27 fou (2], ur, v, t) Ay dwy + 1},
L t e (to,tl], Al’t = O, t e [to — h(to),to]

(10)

where

/gm ) A AT, wg, v, t) = ga(x] ug, vy O] Awdper
0

1
+0.5-/Ax:[g;w(x?+uAa:t,ut,1/t,t) gr(a) ud V0 1) Awydp ) dt+-
0
1

+ /[f;(xg+ﬂAztaut>Vtat) f (zgautayta )]Awtdﬂ+
0

+0.5- /Ax;‘ [f;x(:vg + pAxy, wy, vy, t) — fro(2) ud, u?,t)]Axtd,u}dwt.
0

According to Ito’s formula [5] we have:

d(v; - Axy) = dpy Azy +pfdAx, + {57 A, f(xtaumyt? t)+A, f(ztautaygat)+

+ @ W, V) ) Az + 0.5A87 frop(2), ud, v t) Axy) +
1

+ ﬂf/[fx(xg—i-qut,u?,uf, t) — fo(2?,ud v, )} Axidp + 0.5 %

0
1
X ﬁ:/Ax: [fx:c(zg"{'”Axt»ug»VtO» ) fm’(xtau?»’/ta )]Aztdﬂ}dt
0

and

(11)
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d(Azy - &y - Azy) = Ay - dO, - Axy + Az - @, dAzy + dAzy - Oy - Axy +
{ K7 [Auf (@) uf v ) + A, f (a0, v ) + folad w7 t) Ay +
05A$tfx:c(xt>uta’/t> tAz] +[Ay f(xt,ug,l/t, t) + A, fa]uf v t) +
fx(xt,ut, V2 ATy + 0.5AZ7 frn (20, ud, 10 1) Azy] X

o [AGf (@ ) vl )+ A F (] ul, 0] 1) +
f (xg,ut,yt, Az, + 0.5 frp (20, ud, V0 1) Amy] }dt (12)

The almost certainly uniqueness of the solutions of adjoint stochastic
equations (7), (8) follow from [6].

Taking into consideration (10)-(12), the expression of increment of a
functional (5) along the admissible control takes a form:

t1

AJ (UO) =FE p(zh) —p(:p?l) + /[l(xt’ut’t) - l(xz?>ug’t)]dt =
to
t1

_E/[¢: ug(mtuutayta )+wt Vg<xt7uguyt7 >+6tA f(l’t,ut,l/?,t>+

to

+ GrA, f(I?,ut,I/O, t)—A l(‘rtvutv t)+ 0.5 A, f* (xtvutv’/z?vt>><
x O,A f([EO ut,ut, t)ydt + A, f* ([Et,ut,l/t, Hd,A, f(zt,ut,u?,t)+
+ A f (xtvutaytv )q)tA f(xtvutvytv >+A f (xtvut7V?7t> X
X (I)tA f(xtuutvytv )]dt 77th (13)
where
1
s = B [ pilah + ) = pila)] Ay dp+ 05
0
1
< E [ A, [l + pan) - g (02)] A di+
0
t1 1
+ E/ /[l;(x?—l—/LAl’t,ut, ) x (It,ut, )]A$tdﬂ}dt 4+ 0.5 X
to 0
t1 1
X E/ /Azf[lzx(zg—i—qut,ut,t)—l (@ g, ) Az dpydt +

to 0



6 CHERKEZ AGAYEVA

+ F

S —

/@Dt Iz [Et + pAxy, ug, v, t) — gx(:vt,u?,ut, t)]Azdptdt + 0.5 x
0

0

x F Ax; [y gm(xt + pAxy, ug, vy, t) — gm(zg,ut,ut, t)| Az dptdt +

S —
o _

1

t1
+ E//ﬁ:[fx(x;’+uA:Bt,ut,Vt, t) — fx(a:t,ut,yt, t)]Azdpdt + 0.5 x
to

[e=]
—_

X E//Aa::~ﬁ;‘[fm(1:§+qut,ut,Vt, t) — fm(xt,ut,yt, t)| Az dpdt. (14)

Let’s consider the following spike variation:

0, t¢[0,0+¢),c>0
— 0 _ ) ) ) )
Auy = Aut@ - { ut — ug7 te [97‘9+€>7 u* € Lo (Q,FG,P; Rm),
where [EZE is a trajectory corresponding to control uf}s =ud + Auis : uf}s =
ud + Auga.

Then (13) takes a form:

0+¢
AgJ(uo):—E/ [th g(a:t,ut,ut, )+¢t (It,u?,uf,t)—i-
%

‘*’ﬁtA f(xtautayta )"’ﬁtA f(ztautayta )+O5A < f (xtautayw )(I)tx
XAu*f(xtvutvytv )dt+Au*f (xtvutuytv )(I)tA f(‘rtvutvygvt)—i_
+A, f* (ztautayta )(I)A f(xtautﬂ/z?at)"‘
+A - f* (a:t,ut,ut, t) DA, f(:vt,ut,l/?,) —A, l(xt,ut, )]dt—i—n“‘f.

Lemma 1. Let condzétions I-111 hold.
Then E‘xze - x?’ < Ne, if & — 0, where trajectory of systems (1)-

(4) corresponds to control uf . = uf + Auj .

Proof. Let’s designate the following:
Tpe = [Eze —
It is clear that Vt € [ty,0) . =0

Then for Vt € [0, 0 + ¢)

djua = [g($?+5ft7a>U*>Vt0>t) g($?>ug>yt> )] dt+
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+ [f(a) + edpe,u, v) ) — faf,ud, v t)] dwy, t€(6,60+¢)

To,e = —(g(xg,u*,vy,0) — g(xp, ug, vy, 0))
o O+e
Foveie = [ lofad e’ v0.s) — g(al a2 dst
0
O-+e f+e
+ / [g(xf, ug, vy, 0) — g(x2,ul, 12, s)] ds + / [f(2) 4 e@y o, ud, 1), 5)—
0 0
O+<
— (a2, ud,v), s)] dw, + / [9(22,u*, 1), s) — g(xy, u*, vy, 0)] ds.
0
Therefore from the conditions I-II and the Gronwall’s inequality we have
El|Zgiee <N [ ’E sup ‘%a 93?|2—1— e’E sup |a} —:v2\2+
9<t<O-+e 0<t<6+e
+ sup £°F|g(al, v, 1), t) — g(ah, u, 1/2,9)|2 +
0<t<O+e
O+e
42 [ | Flabiaoot) = F(ah, i 0) P des
O+e
1B / (a2, 00, 00, 8) — glal 2. O) dt
Hence:

E|9§t+5,a|2§5N, e—0, Vteld0+e¢)
For Vt € [0 + ¢,14] :

dj:t,s = [Q(Ig + gjt,a U?, U*a t) - g('rgv U(t), Vi, ):| dt+

+ [f(fﬂg + gj't,ay ug» U*a t) - f(xgﬂ U?, Vt7 )] dwt
Consequently we have:

1

djt7a = /gz’(xt + ,uext ) U?, Vi, )th ad”dt+
0

1
+/f (29 + peds e, ud, v, )7, dudt
0
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5:94-6,8 = _(g(xg—l-e? ug—i-e? U*u 9) - g(xg—l-e? ug—i-e? I/g+€, 9))
Hence:
E|Z..]> <eN, forVte[f+e,ti], if € =0
Thus
sup F |;.|* < eN. Lemma 1 is proved.
to<t<ty

From Lemma 1 and expression (14) for 7, ;, we obtain: 7™ = o(e).
Since € can be sufficiently small, we obtain that:

E [A H (g, 29, uy, vg,0) + Ay H(t,, 2% 12 10 z)| s0) S'(0)—

_Au*l(zgau279)+05A f (l'eaueal/e»e)q)eA f(zeaueayea9)+
F0.50, f* (22, ud, V2, 2) @ A f (22, ul, 17, 2) |oms(0)5'(0)] <0,

a.e. 0 e [to,tl — h(tl))

and
E [Au* H(@De,xgﬂtg» Vg>9) - Au*l(xgaug>9)+

+0 5A f (l’e,U@,V@,Q)¢9A f(ze,UQ,Ve,e)] < 0
a.e. 8¢ [tl — h(tl),tl),

in other words (9) is fulfilled. Theorem 1 is proved.

Then using the obtained result and variation principle of Ekeland [7]
we prove the following theorem for stochastic optimal control problem with
endpoint constraint (6).

2. PROBLEM WITH CONSTRAINT

Then using the obtained result and variation principle of Ekeland [7]
we prove the following theorem for stochastic optimal control problem with
endpoint constraint (6).

Theorem 2. Let the conditions I-IV hold and (z?,u?) be a solution of
problem (1)-(6).

Then there exist nonzero (Ao, A1) € RFY such that Ao > 0, \; is a normal
to the set G at point Eq(z) ), A5+ IMI? =1 and random processes (1, 3;) €
L%ﬂ(to, t1; Rn) X L%ﬂ(to, t1; Rnxn)’ (q)t, Kt) € L%(to, t1; Rn) X L%ﬂ(to, t1; Rnxn)
which are solutions of the following adjoint system:

{ d¢t (¢t,xt,ut, Vt, )dt + ﬁtdwt, to S t < tl,

Py, = Aopx(fl?tl) Aqu(xl) (15)
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dq)t [.%c(xtvutvytv )(I)t—i_q)tgw(xt?ugv]/??t)_'—
+f (xt,u?,uf, ) tfx(xtautﬁyta )dt+f (xtautﬁyta )Kt+
+ K fo(x) ud v 8) + Hop (U, 20, ud 02, 8)|dt + Kydwy, to <t <ty
(I)tl - AOpxx(xtl) A1Qxx($?1)
(16)
such that Yu € U a.s. it is fulfilled:

(A HWé»%a“@»”@a@ +[
+0.5A, f* (2%, uY, 10, 2)® 2 z)
+0.5A, 1% (Ieauev’/ea ) oA f (Igvuganae)SO,
a.e. Qe[to,tl h(ty)) (17)

(¢6>379au 1/9, ) (¢9,$9,U9,V9,9)+
+0.5A, f* (2, ud, V9, 0)Pg A, f (2, ud, 19, 0) <0,
for a.e. 0 € [ty — h(t1),t]

Proof. For any natural number j let’s introduce the following approximation

t1
functional: I;(u) = S;(Ep(xy,) + F [ Uxg, ug, t)dt, Eq(zy,)) =

to

t1

= uin_{le= 1/ = Epeq) ~ B [ 1o, )atf* + 1y — Eafan) |
c7y
to

where € = {(c,y) : ¢ < J°, y € G}, J° is a minimal value of the functional
in (1)-(6).

Let V' = (U, d) be the space of controls obtained by means of introduc-
ing of the following metric:

du,v) = (1l ®@ P){(t,w) € [to,t1] x Q: vy # us}

V' is a complete metric space. Now we prove some auxiliary results (Lem-
mas 2, 3, 4).

Lemma 2. Let’s assume that conditions I-1V hold, uj be a sequence of
admissible controls from V., x}' be a sequence of corresponding trajectories

of the system (1)-(3).
If d(u},us) — 0, n — oo, then lim { sup E |z} — xt|2} = 0, where

N0 (to<t<ty
Xy 18 a tragectory corresponding to an admissible control u,.
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Proof. Let uj be a sequence of admissible controls from V' and z} be a
sequence of corresponding trajectories. Then for any t € (ty;¢;] we have:

t
o =il = | [ lg(alouv2.5) = gl vass) s
to
t
s [l ats) = Fouves) o]
to

Let’s put both sides of the equation to the second power and take math-
ematical expectations. Due to assumption II we have:

E|z} — mt|2 < NE/ |Ayng(s, us, Vs, s)|2 ds+

t

+NE/|A,,ng(938,us,l/s,s)|2ds—{—NE/|Aunf(:zs,us,1/s,s)|2ds+
to
t t

+NE/|Aynf(938,u5,l/s,s)|2ds+NE/|93?—935|2ds
to to

Hence from the condition I,IT and using the Gronwall’s inequality we have
E |z} — ;> < Cexp(C(t — tg)), where

t
C’:NE/|Aung(a:s,us,1/s,s)|2ds+NE/|A,,ng(xs,us,1/s,s)|2 ds+

—1—NE/|Aunf(:vs,us,1/s,s)|2ds—1—NE/|Al,nf(:vs,us,l/s,s)|2ds

Lemma 2 is proved.

Due to continuity of the functional J; : V' — R", according to variation
principle of Ekeland we have that there exists a control u] : d(ul, u?) < NG
and Yu € Vit is fulfilled: J;(v/) < Jj(u) + /Ed(u!,u), g5 = 3

This inequality means that (xi , u{ ) is a solution of the following problem:

Ii(u) = J;(u) +\/_Ef5 7)dt — min

dry = g(xy, ug, 1y, t)dt + f(l’t, g, g, t)dwy,  t € (to, ] (18)
U = Q(t), t e [to — h(to),to]
Uy € Ua
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Function §(u, v) is determined in the following way:
0,u=v
d(u,v) = { 1w v
Let (z],u]) be a solution of problem (18). Then according to Theo-
rem 1 we have: there exist random processes (¢7,3]) € L%(to,t1; R") x

L2(to, ty; R™™), (®], K]) € Li(to, t1; R™) x L% (to, t1; R**™) which are so-
lutions of the following systems:

{ d,lvbt_ <wt>$tayt>ut> )dt—{'ﬁdwta tOStStl (19)
wtl = )\%pm('rh) )\{q:p(‘rtl)
dq)g [g:p(xtvutuytv )(I)J+(I)tg$(xt7utuyt7 ) (l’ ut7Vt7 )X
Xq)]f:c(xta uta Vt7 )dt + [ (xta uta Vta )K] + K]f:c(fﬂia uta Vt7t)+
—|—Hm(¢t,xt,ut, vl )]dt + Kjdwt, to <t <ty,
(I)gl = _)‘?)pmm(xh) )‘{qmm<xg1>
- (20)
and non-zero (X}, A]) € R*™! meet the following requirement:
t1
(N, M) = (—¢;+1/j+Ep (x{1)+E/Z(xt,ut, t)dt—y;+Eq (1)) /J) (21)
to
then Yu € U a.s. it is fulfilled:
(AH (g, w5, up, v, 0) + [ A H (W, ad,ul, 0], 2)+
+O5Auf (xiyui,l/;, ) ]zAuf(xiauiaV;a )Hz 5(9)5/(9)+
+0.5A, f* (9‘397“97’/97 0) éAuf(xe,ue,ye, 0) <0,
a.e.fc [to, t1 — h(tl)) (22)
('QD@,QS'@,U Vg79) (¢9ax9aug7yg79)+
+0.5A, f*(xy, ug, vg, 0) P A, f (xy, ug, vg, 0) <
\ a.e. 0 e [tl —h(tl) tl]
Here
t1
3 . . . . 2
2= lle;—1/j— Bp(al) - E/z(xg,ug,t Vit + |y — Bq (ad) 2
to

Since ||()\6, )\]1)” = 1, then we can think that (A}, X)) — (Ao, A1).
It is known that S; is a convex function which is differentiable by Gateaux

) t S )
at the point (Ep(x,) + E [I(z],u],t)dt, Eq(z])). Then for all (c,y) € £ :

to

. . i1 o ) )
Ny ¢ = 5 = Ep(x],) = B [U(af,uy, t)dt) + (M, y — Eq(x,)) < 5

to
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Proceeding to the limit in the last inequality we receive that Ay > 0 and A\,
is a normal to the set G at the point Eq(xtl)

Since %1 = )\opm(Im) )\1%(%1) then %1 — ¢y, in L (to, ti; R” )
Similarly, from @} = —Np..(7],) — N ze(x],), for j — oo implies &} — @y,
in L2 (to, t1; R™).

Lemma 3. Let ¥ be a solution of system (19), and 1, be a solution of
system (15)
Then Ef Wt Prl?dt + Ef |ﬁt BilPdt — 0, if d(uta ur) — 0, j — oo.
to
Lemma 4. Let ® be a solution of system (20), and ®, be a solution of
system (16)

t1 .
Then Ef |®] — ®,2dt + E [ |K] — K |?dt — 0, if j — oo,
to to
According to Lemma 3 and Lemma 4 taking limit in (19), (20) as j — oo
we obtain equalities (15) and (16).
Consequently, taking limit in (22) as j — oo we obtain inequality (17).
Theorem 2 is proved.
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