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ROBUST ESTIMATION PROBLEMS FOR STOCHASTIC
PROCESSES!

We deal with the problem of optimal linear estimation of the functional
A€ = fOL @(t)€(t)dt which depends on the unknown values of a multi-

—

dimensional stationary stochastic process £(t) with the spectral density

—

F()) based on observations of the process £(t) + 7j(t) for ¢ € R\[0, L],
where 77(t) is uncorrelated with £(¢) multidimensional stationary process
with the spectral density G()) (interpolation problem), and the prob-
lem of optimal linear estimation of the functional A = o at)E(t)dt
which depends on the unknown values of a multidimensional stationary
stochastic process £(t), t > 0, from observations of the process £(t)+77(t)
for ¢ < 0 (extrapolation problem). Formulas are obtained for calculation
the mean square errors and the spectral characteristics of the optimal
estimates of the functionals under the condition that the spectral density
matrix F'(A\) of the signal process 5(t) and the spectral density matrix
G(\) of the noise process 7j(t) are known. The least favorable spectral
densities and the minimax spectral characteristics of the optimal esti-
mates of the functionals are found for concrete classes D = Dp X Dg
of spectral densities under the condition that spectral density matrices
F()\) and G(\) are not known, but classes D = Dp x D¢ of admissible

spectral densities are given.

1. INTRODUCTION

Traditional methods of solution of the linear extrapolation, interpolation
and filtering problems for stationary stochastic processes may be employed
under the condition that spectral densities of processes are known exactly
(see, for example, selected works of A. N. Kolmogorov (1992), survey arti-
cle by T. Kailath (1974), books Yu. A. Rozanov (1990), N. Wiener (1966)
and A. M. Yaglom (1987)). In practice, however, complete information on
the spectral densities is impossible in most cases. To solve the problem
one finds parametric or nonparametric estimates of the unknown spectral
densities or selects these densities by other reasoning. Then applies the
classical estimation method provided that the estimated or selected density
is the true one. This procedure can result in a significant increasing of the
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value of error as K. S. Vastola and H. V. Poor (1983) have demonstrated
with the help of some examples. This is a reason to search estimates which
are optimal for all densities from a certain class of the admissible spectral
densities. These estimates are called minimax since they minimize the max-
imal value of the error. A survey of results in minimax (robust) methods of
data processing can be found in the paper by S. A. Kassam and H. V. Poor
(1985). The paper by Ulf Grenander (1957) should be marked as the first
one where the minimax approach to extrapolation problem for stationary
processes was proposed. J. Franke (1984, 1985, 1991), J. Franke and H.
V. Poor (1984) investigated the minimax extrapolation and filtering prob-
lems for stationary sequences with the help of convex optimization methods.
This approach makes it possible to find equations that determine the least
favorable spectral densities for various classes of densities. In the papers
by M. P. Moklyachuk (1994, 1997, 1998, 2000, 2001), M. P. Moklyachuk
and A. Yu. Masyutka (2005, 2006) the minimax approach to extrapolation,
interpolation and filtering problems are investigated for functionals which
depend on the unknown values of stationary processes and sequences.

In this article we considered the problem of estimation of the unknown
value of the functional A & = Ik a@(t)£(t)dt which depends on the unknown
values of a multidimensional stationary stochastic process £(t) = {¢ k(t)}f:1 ,

—

E¢(t) = 0, with the spectral density matrix F'(\) = {fij()\)}zjzl based
on observations of the process £(t) + 7j(t) for t € R\[0, L], where 7j(t) =
{m.(t)}]_, is an uncorrelated with £(t) multidimensional stationary sto-
chastic process with the spectral density matrix G(\) = {gij()\)}z:jzl (in-
terpolation problem), anc_l’ the problem of optimal linear estimation of the

functional AE = o @(t)&(t)dt which depends on the unknown values of a

multidimensional stationary stochastic process £(t), ¢ > 0, from observa-
tions of the process £(¢) + 77(t) for t < 0 (extrapolation problem). Formulas
are obtained for calculation the mean square errors and the spectral char-
acteristics of the optimal linear estimates of the functionals under condition
that the spectral density matrices F'(A\) and G(A) are known. Formulas
are proposed that determine the least favorable spectral densities and the
minimax-robust spectral characteristics of the optimal estimates of the func-
tionals for concrete classes D = Dp x D¢ of spectral densities under the
condition that spectral density matrices F'(A), G(\) are not known, but

classes D = D x D¢ of admissible spectral densities are given.

2. HILBERT SPACE PROJECTION METHOD OF INTERPOLATION

Let £(t) = {& (D) }my » BE() = 0, 71(t) = {m(t) Yoy, Ei(t) = 0, be uncor-
related multidimensional stationary stochastic processes with the spectral
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density matrices F'(\) = {fk’l(A)}f,lzl and G(\) = {gkl()\)}ilzl, which sat-
isfy the minimality condition
(1) / b (F(A) +G(\) 0" (\)dA < oo

—00

for a nontrivial vector function of the exponential type b(\) = fOL at)etdt,
where @(t) = {a;(t)}._, . Under this condition the error-free interpolation
is impossible (see, for example, Yu. A. Rozanov (1990)).

Denote by Ly (F') the Hilbert space of vector-valued functions p(\) =
{ox(N)}1_, which are square integrable with respect to measure with the

density F'(\) = {sz(A)}f,z:li

o0 o

[ eFQE i = [ 3 a0 S < .

k,l=1

Denote by LL~(F) the subspace in Ly(F), generated by functions e*dy,
0 = {0u}y, k=1,T , t € R\[0, L], where 0pp = 1, 6y = 0 for k # L.
Any linear estimate A}E of the functional A Lé’ based on observations of the
process £(t) + 7(t) for t € R\[0, L] is of the form
oy T
A= / h(X) (Z5(d\) 4+ Z7(d)N)) / th M(ZE(dN) + Z](dN)),

—00

T
where Z¢(A) = {Zﬁ(A)}k X and Z"(A) = {ZZ(A)};‘:_l are orthogonal

random measures of the stationary processes &(t (t) and 7j(t) correspondmgly,
h(A) = {he(\)};_, is the spectral characteristic of the estimate ALE The
function h(\) € LY~ (F +G). The value of the mean square error A(h; F, G)

of the estimate A€ is calculated by the formula

A(h; F,G) = ‘ALg ALﬂ _
o= | (AL = hOV) F) (Ap(3) — hO)YdA+ o [ BO) GO) b ()ax
where
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The spectral characteristic h(F, G) of the optimal estimate of the functional
Ar€ in the case of given spectral density matrices F'(A) and G()\) is deter-
mined by the extremum condition

A(F,G) = A(h(F,G); F,G) =

(2) = min A(hF,G)=minFE ’ALﬁ ALﬂ
heLl™ (F+G) AL€
The optimal estimate A€ is a solution of the extremum problem (2). It is

determined by two conditions (see, for example, selected works of A. N. Kol-
mogorov (1992))

(3) A€ e H[g(t) +m@), k=T,T,t € R\[0,L]];

(4) A€ — ALELH [&(t) +mi(t), k=T1,T, t € R\[0, L] ,

where H [&(t) + mi(t), k =1,T, t € R\[0, L]] is a subspace generated by
the random variables {&(t) 4+ mi(t), k = 1,T,t € R\[0, L]} in the Hilbert
space H of the second order random variables with zero mean value. These
conditions give a possibility to find the spectral characteristic h(F,G) and
the mean-square error A(F,G) of the optimal estimate of the functional

A€ under the condition that the spectral density matrices F(\), G(\) are
known and satisfy the minimality condition (1). In this case

h(F,G) = (AL(\) F(A) = CL(N) (F(A\) + G(\) ™ =
() = A (\) — (AL(N) G\) + CL(\) (F(A) + G(N) ™!

A(FG)= o / (AL(N) GV + CL(N) (FOV) + GN) ™ FA)x

— 00

< (FO) + GO)) ™ (AL GO + CLOV)) dA+

+$ / (AL(A) F(A) = CLO)(EA) + G) "G (FON) + G(\) ™!

(6) X(AL(A) G(A) + CL(N)*d\ = (Bre, ¢) + (Rra, a),

where
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(Rpe)(t) = / / u)FN)(F(A) + G\) TGN e =D ddu,

0<t< L;
From the preceding formulas we can conclude that the following theorem

holds true. . .
Theorem 1.1. Let £(t) = {&.(t)}i_,, EE(t) = 0, and 7(t) = {m(t)}}_, ,

Ef(t) = 0, be uncorrelated multidimensional stationary stochastic processes
with the spectral density matrices

FO) ={f;(M} oy and GO\ = {g;(N}; -,
that satisfy the minimality condition (1). The value of the mean-square
error A(h(F, G), F,G) and the spectral characteristic h(F, G) of the optimal
linear estimate of the functional ALE = Jo 6(t)€(t)dt which depends on the
unknown values of the process g(t) based on observations of the process
(t) +7(t) for t € R\[0, L] are calculated by formulas (5), (6).
Corollary 1.1. Let £(t) = {&()Y1_, be a multidimensional stationary

stochastic process with the spectral density matriz F(\) = {fkl(A)}Z,z:u
that satisfies the minimality condition

o0

/ bA)(F(N) " (\)dA < oo

for a nontrivial vector function of the exponential type b(\) = fOL at)ettdt.
The wvalue of the mean-square error A(F) and the spectral chamcteristic

h(F) of the optimal linear estimate of the functional AL = Jo a)é(t)dt
which depends on the unknown values of the process §( ) based on observa,-
tions of the process (t) fort € R\[0, L] can be calculated by the formulas

(7) h(F) = AL(\) = CL(d) (F(\) ™
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) AF) = o [ Colh) (PO (CON)dA = (Bua, @) = (e
where

(Bra)(t) = L / / a(u)(F(\) e @D d du, 0<t< L.

ExAMPLE 1. Consnder the problem of estimation of the value of the func-
tional A;( = J, @(t)¢(t)dt based on observations of the process ¢ (1) =
(C1(t),¢(t)), t € R\[O 1], where (1(t) = &(t) is a stationary stochastic
process with the spectral density f(A), and (o(t) = £(t) + n(t), where n(t)
is an uncorrelated with £(t) stationary stochastic process with the spectral
density g(A). In this case

N
””‘(f@)ﬂm+mm)'
)

The determinant D = |F(\)| = f(A) g(A\), and the inverse matrix

FN)+9(N) -1
F™ = FNgN) 9
FIEYRTOV)
Let f(A) = ez, 9(\) = gz, @(t) = (1, 1). Then A;() = €2-1G(t), and

the function ¢(t) = (c1(t), co(t)) are determined by the equation (Bjc)(t) =
da(t), where

1

1 ,
(Bic)(t / / “Leiw=DA g\ du.
27r

0 —©

We get the following system of integral equations with respect to ¢1(t) and

C2(t)
/ / al + A2 Z(u_t)AdAdU _ 2’

0 —o0
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1 oo
1 aj + N2 i(u—t)A
il ) —1
5 // (co(u) — c1(u)) R d\du =1
7r 1

0 —o©

Transform these integral equations to the differential ones and get
c1(t) = Pix(t), 2" (t) — aqz(t) + 2 = 0,2(0) = z(1) = 0,
eo(t) = e1(t) + Pay(t), ¥ () — azy(t) + 1 = 0,y(0) = y(1) = 0.

Solutions to these equations are of the form

2P, a1 —1 1 —1
ci(t) = 21 ( ‘ L 1) ;

a7y \e M —eM e —eM

Py e*? —1 e —1
ot)=ct)+—= | ————e @ - — et 1],
2( ) 1( ) Oé% <6—a2 — 02 e—a2 — 60426 )

The spectral characteristic of the optimal estimate of the value Alf is of
the form h(F) = A;(A) — C1(\) F(\) 7t = (h1(N), ha())), where
hi(A) = (h1 — ha) + (hy — ha)e™,  ha(\) = hy + hoe™,
2 1

2_ a1 a1 h:
e A D)

hy =

(2 — €™ —e ).

The optimal estimate of the value Alf is of the form

A = (hy — h2)Ci(0) + haCa(0) + (hy — h2)Ci(1) + haa(1).

The mean-square error of the optimal estimate can be calculated by the
formula

A(F) = 20 (1 ALz e (e — 1)>+i (1 L2z er)(e - 1)) .

ap(e— — o) a3 a2 — eo2)

ExamMpPLE 2. Consider the problem of estimation of the value A@ =
fol a(t)C(t)dt, where a@(t) = (1, 1 —t). In this case
1 2
t) =P, | Ae ™! 4 Be™! — ¢t 4+ =
Cl() 1(6 + be Oé%—{—a%)’
1 2e* —1
a? e~ — e
—aint a2t ]‘ ]‘
Cg(t) :Cl(t)+P2 Oe 2 +D6 2t — —2t—|——2 5
%) Qs
1 e*? 1 e 2

C: _—, D: ——7’

oz% e — e Qe %2 —e*?

er—1 1 1 €*
&W:(iA’ﬁ_J_F)

The spectral characteristic of the optimal estimate is of the form
R(F) = (hi(A),h2(N)), hi(A) = (hy — ha) + (hg — hy)e™, ho(X) = hy + hye™,

1 2e —1

A= ;

Y

a? e — e
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where
2—2(e7 +em) 1 Le®4e*2 1
hy = = - hy=
aj(e™™ —en) as ay e —e2 o
4—(e7™ 4+ eM 1 2 1
h3 _ (_ ) —, h4 — — + —5-
ap(e @ —ex)  f as(e™2 —e®2) a3

The optimal estimate of the value A15 is of the form

AyC = (hy = ho)G1(0) + (hs — ha)Ci (1) + haGa(0) + huCa(1).

The mean-square error of the optimal estimate can be calculated by the
formula

1 1 e 1 1 e 1
AF)Y=2P, | — + A — S Bl-—4+ - _ —
() 1@@* (m+cﬁ a9+ (cn+ﬁ a9>+

1 1 e 1 e 1
+P2< +C(—+e—2— >+D(——+e—2——2)>.

ww| =

~ 6a3 a;
EXAMPLE 3. Consider the problem of estimation of the value A;( =
fol a(t)((t)dt, where @(t) = (1, €°'). In this case
oA _ 1 eMB _ 1)

Ai(N) =

1Y) <zA "N+

()= Py (Acit 4 pemt ¢ 4 1
IR T B A

Bt
ca(t) = ci(t) + P <Oe“’2t + De® + 26 2) ,
o —
1 e —ef e 1
A=
e ()

1 e —ef e
B=-—
= (g )
C— 1 60‘22—657 Do _ 1 G_ZZ—GB.
e—02 _ a2 as — 52 e~ 02 _ pa2 as — 62
The spectral characteristic of the optimal estimate is of the form
h(EF) = (hi(A), ha(N), hi(N) = (hy—hg)+(hs—hg)e™, ha(X) = hy+hge™,

where

b a;  2eP —e —em N 2—e M — e N I}
e a? — (32 e —em ap(em —ex)  a? — (327
B — 2 —ef(e™ +e™) N 2—e M —e™ BeP
2 af — (32 e~ — e aj(em —ex) a2 — (%
ay(2ef — e — g2
hy = a( ), P

(722 —e2)(af — §?)

oF—
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(2 — efem2 — e22) 16 5

(e —e=)(03 = ) af -

The mean-square error of the optimal estimate can be calculated by the
formula

hy =

1 e —1 e —1 ed—1
AF)=2P | —=—-A B
() l(ﬁ o +ﬁ@?ﬁ%)+
ef=a2 — 1 efter — 1 e —1 )
+P | C——+ D + .
2< B— B+ 20(a3 — (4?)

3. MINIMAX-ROBUST METHOD OF INTERPOLATION

Formulas (5)-(8) may be used to determine the mean-square error and the
spectral characteristic of the optimal linear estimate of the functional ALE
when the spectral density matrices F'(\) and G()) of multidimensional sta-
tionary stochastic processes £(t) and 7j(t) are known. In the case where
the spectral density matrices are unknown, but a set D = D x D¢ of ad-
missible spectral density matrices is given, the minimax-robust method of
estimation of the unknown values of the functional ALg is reasonable (see,
for example, the survey article by S. A. Kassam and H. V. Poor (1985)). By
means of this method it is possible to determine the estimate that minimizes
the mean-square error for all spectral density matrices F'(A) and G(\) from
the class D = Dp X D¢ simultaneously.
Definition 3.1. For a given class of spectral density matrices D = Dpx Dg
spectral density matrices F°(\) € Dp, G°()\) € D¢ are called the least
favorable for the optimal linear interpolation of the functional ALg if the
following relation holds true

A(F° G =A(h(F° G%; F° G°) = max A(h(F, G); F, G).

(F,G)eD

Definition 3.2. For a given class of spectral density matrices D = Dp x
D¢ the spectral characteristic h°(\) of the optimal linear estimate of the
functional A LE is called the minimax-robust if the conditions

R (\) e Hp = Lt (F
WeHp= 0 Li(F+G),

min max A (h; F, G) = max A(ho; F, G).

heHp (F, G)eD (F,G)eD
are satisfied.

Taking into account relations (1)—(8), it is possible to verify the following

propositions.
Proposition 3.1. The spectral density matrices F°(\) € Dp, G°(\) € D¢
are the least favorable in the class D = Dp X D¢ for the optimal linear
interpolation of the functional ALE if the density matriz functions (FO(\) +
GO(\)7L, FON)(FON)+GO(N) 7L, FON) (FON)+GO(N)7IGO(N) determine
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operators BY, DY RY which give solutions to the conditional extremum
problem
o Dra,B;'D (R DYa, (BY)"'DY R)

(FmGauecD« La, ra) + (Rpa,a)) = ra)+ (Rja,a).
The minimaz-robust spectral characteristic h® = h(F°,G°) of the optimal
linear estimate of the functional Ar& can be calculated by formula (5) if the
condition h(F°,G°) € Hp holds true.

Proposition 3.2. The spectral density matriz F°(\) € Dp which satisfies
the minimality condition is the least favorable in the class D = Dp for the
optimal linear interpolation of the functional A& based on observations of
£(t), t € R\[0, L], if the density matriz function (F°(X))™' determine the
operator BY which gives a solution to the conditional extremum problem

0)
(10) }ré%x<BL 'a,a) = ((B})"a,a).
The minimaz-robust spectral characteristic h® = h(F°) of the optimal lin-
ear estimate of the functional ALE can be calculated by formula (7) if the
condition h(F°) € Hp holds true.

The least favorable spectral density matrices FO(\) € D, G°(\) € Dg
and the minimax-robust spectral characteristic h’ = h (F°, GY) € Hp form
a saddle point of the function A(h; F,G) on the set Hp x D. The saddle
point inequalities

A (W5 F,G) <A (W% F,G%) < A (h F°,GY),
Vh € Hp, VF € Dp, VG € Dg
hold true if h° = R(F° G°) € Hp and (F° G°) give a solution to the
conditional extremum problem
(11) sup A(h(FO,GO);F,G) :A(h (FO,GO);FO,GO),
(F,G)eD
where
A (h(F°G%;F,G) =

o0

= L (400 600 + 00 (PO + 6 P

—00

X(FO()‘) + G0<)\>>_1(AL()\> G0<)\> + Cg()\))*d)\—I—
dom [ (AL PO = CRONE) + C) G

X (FON) + GO(N)HALN) GO(N) + CY(N)*dA.
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This conditional extremum problem is equivalent to the unconditional ex-
tremum problem

(12) Ap(F,G) = —A(h(F°,G"); F,G) + 6((F,G)| D) — inf,

where 0((F, G)|D) is the indicator function of the set D = Dp x D¢. A solu-
tion to this problem is determined by the condition 0 € OAp(F°, GY), where
OAp(F° G°) is the subdifferential of the convex functional A (F,G) at
the point (F°,G°) (see, for example, B. N. Pshenichnyi (1982)).

The following propositions holds true.
Proposition 3.3. Let (F°, G°) be a solution to the conditional extremum
problem (11). The spectral density matrices F°(X\) € D, G°(\) € Dg are
the least favorable in the class D = Dp X Dg and the spectral characteristic
hY = h(F° G°) is minimaz-robust for the optimal linear interpolation of the
functional ALE if the condition h(F°,G°) € Hp holds true.
Proposition 3.4. The spectral density matriz F°(\) € Dp which satisfies
the minimality condition is the least favorable in the class D = Dpg for the
optimal linear interpolation of the functional ALE based on observations of
£(t), t € R\[0, L), if the density matriz function FO(X) gives a solution to
the conditional extremum problem

(13) sup A (h (FO); F)=A(h (FO) ;FO)’

FeDp

where
A((F):F) = 5o [ CHNE ) T FOEN) ERW)dr

The spectral characteristic h° = h(F°) is minimaz-robust for the optimal
linear interpolation of the functional AL if the condition h(F°) € Hp holds
true.

4. LEAST FAVORABLE SPECTRAL DENSITIES IN THE CLASS D% x D&

Consider the problem of minimax estimation of the functional A LE based

—

on observations £(t) 4+ 7(t), t € R\[0, L] under the condition that spectral
density matrices F'(A\), G(A) of the multidimentional stationary processes
£(t), 17(t) are from the set of spectral density matrices D% x D%, where

o

FQ)%: FOd =P, b
(M)

— 00

D%{
DY ={G i-mGumA—P
@ 2w 2

— 00
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With the help of the Lagrange multipliers method we can find the follow-
ing relations that determine the least favorable spectral density matrices
(F°(A),G°(N) € Dy x Dy,

(14) AL(NG'(N) + CL(N) = @ (F'(\) + G°(N)),
(15) ALVFO () = CE(N) = B+ (F' () + G°(V),
where @ = (o, ... ,ar), ﬁ = (f1, ... ,Br) are the Lagrange multipliers.

It follows from these relations that the the following theorems hold true.
Theorem 4.1. Let the spectral density matrices F°(\) € D%, G°(\) € DY,
satisfy the minimality condition (1). These spectral density matrices FO(\),
G°(\) are the least favorable in the class D = D% x D2 for the optimal
linear interpolation of the functional ALE if FO(X), GO(N) are solutions to
the equations (14), (15) and determine a solution to the extremum problem
(9). The spectral characteristic h(F°, G°) calculated by the formula (5) is
minimaz-robust for the optimal linear interpolation of the functional ALE.
Theorem 4.2. Let the spectral density matriz F'(X\) be know and let spectral
density matrices F(\), G°(\) € D% satisfy the minimality condition (1).
The spectral density matriz G°()\) is the least favorable in the class DY for
the optimal linear interpolation of the functional ALE if

G0 = max {0, &' (ALWF(Y) — C2N) = FN)}
where
al= (E, ,@Y, D=la*+ ...+ ar|,
D D
and F(X), G°(\) determine a solution to the extremum problem (9). The

spectral characteristic h(F,G°) calculated by the formula (5) is minimaz-
robust for the optimal linear interpolation of the functional ALg.

Theorem 4.3. Let the spectral density matriz F°(\) € DY satisfies the
minimality condition (1). The spectral density matriz FO()\) is the least
favorable in the class D = D% for the optimal linear interpolation of the
functional ALE based on observations of £(t) for t € R\[0, L] if @- FO(\) =
CY(\) and F°()\) determine a solution to the extremum problem (10). The
spectral characteristic h® = h(F°) calculated by the formula (7) is minimaz-
robust for the optimal linear interpolation of the functional ALE.

5. LEAST FAVORABLE SPECTRAL DENSITIES IN THE CLASS DY x D,

Consider the problem of minimax estimation of the functional A LE based

—

on observations £(t) 4 7(t), t € R\[0, L] under the condition that spectral
density matrices F'(A), G(A) of the multidimensional stationary processes
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£(t), 7(t) are from the set of spectral density matrices DY x D., where

DY = PV < FO) <00 - [ FjaA =Pt
D. =My | = (1 — )G + W (r /G VA =D, b

where V(XA), U(N), G1(\) are given fixed spectral densfcy matrices, W(\)
ia an unknown spectral density matrix, and expression B(A) > D(\) means
that B(A\) — D(A\) > 0 (positive definite matrix function). The set DY
describes the ‘band’ model of stochastic processes while the set D, describes
the ‘c-contaminated’ model of stochastic processes. For the set DY x D,
from the condition 0 € AAp(F° G") we can get the following relations
which determine the least favorable spectral density matrices

(16) EL’O(A)EL’O(A)* =a-ad +T1(\) + (V)
(17) PN = G- 5+ T30,
where
() = ((AL(N)G(A) + CYN)(F(A) + G,

PO = (AL FON) = CE ) (FO(A) + &)™)

The coefficients @ = (ay, . . ., aT)T, g = (G, - .6T) are determined by the
conditions

1 o
FO()\)d)\ P, —/GO YA = Ps.
o

—00

The matrix functions I'1(A) > 0, I'y(A) > 0, I's(A) > 0 are determined by
the conditions

(19) V) S F'\) SUWN), G°\) = (1—e)Gi(\) +eW(N),

(18)

(20) Ly(A) =0if FOO) > V(N), To(\)=0if FO(\) < UN),
(21) [3(A) =0 if GO(\) > (1 —)Gi(N).

It follows from these relations that the the following theorems hold true.
Theorem 5.1. Let the spectral density matrices F°(\) € DY, G°(\) €
D. satisfy the minimality condition (1). These spectral density matrices
FO(X), G°(X\) are the least favorable in the class DY x D, for the optimal
linear interpolation of the functional ALE if they satisfy conditions (16) —
(21) and determine a solution to the extremum problem (9). The spectral
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characteristic h(F°, G°) calculated by the formula (5) is minimaz-robust for

the optimal linear interpolation of the functional ALE.

Theorem 5.2. Let the spectral density matriz F(\) be known and let spec-
tral density matrices F(\), GY(\) € D, satisfy the minimality condition (1).
The spectral density matriz G°(X\) is the least favorable in the class D, for
the optimal linear interpolation of the functional ALE if

G°(\) = max {(1 —&)G1(\), @ (AL F(\) — CL(N) — G\ }
and (F()\),G%(\)) determine a solution to the extremum problem (9). The

spectral characteristic h(F,G°) calculated by the formula (5) is minimaz-

robust for the optimal linear interpolation of the functional ALE.

Theorem 5.3. Let the spectral density matriz FO(\) € DY satisfies the
minimality condition (1). This spectral density matriz F°()\) is the least
favorable in the class D = DY for the optimal linear interpolation of the

functional ALE based on observations of £(t) for t € R\[0, L] if
FP(A) = max {V(A\), min {UX),a"CL(\)} }
and F°(X\) determine a solution to the extremum problem (10). The spectral
characteristic h® = h(F°) calculated by the formula (7) is minimaz-robust
for the optimal linear interpolation of the functional ArE.
6. HILBERT SPACE PROJECTION METHOD OF EXTRAPOLATION

Let the vector function @(¢) which determines the functional A€ satisfies
conditions:

(22) /OOOZ |ay(t)] dt < oo, /Oootz |ay. (1) dt < co.

Under these conditions the functional Ag has the second moment and the
operator A defined below is compact.
Let the spectral density matrices

F) = {fuM}per and GA) = {gu(N)}y

of uncorrelated multidimensional stationary stochastic processes &(t) =
(&e)}i_,, 7i(t) = {m(t)}_, satisty the minimality condition (1), where
b(A) = [;° alt)e™dt, a(t) = {ax(t)}1_,, is a nontrivial vector function of
the exponential type.

Denote by L, (F) the subspace in Ly(F), generated by functions ey,
t<0,0, = {0}y, k=1,...,T, where dp = 1, dgg = O for k # I. Any
linear linear gxtrapolation AE of the functional Ag based on observations of

the process £(t) 4+ 7(t) for t < 0 is of the form

o

A€ = / h(N) (Z5(dN) + Z7(dN)) = / > " h(M(ZE(dN) + Z](dN)),
Yo k=1

—00
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where h()\) = {hx(\)},_, is the spectral characteristic of the linear extrap-
olation A¢. The function h(\) € Ly (F + G). The value of the mean square
error A(h; F, G) of the linear extrapolation A€ is calculated by the formula

A(h; F,G) = )Ag Af]

o= | (AQ) = BN FO) (A — h(V)"dA + o= / B(N) GO\ B (A)dA,

— 00

where
o

AN = / a(t)e™dt.
0
The spectral characteristic h(F, G) of the optimal linear linear extrapolation
of AE minimizes the mean square error

A(F,G) = A(h(F,G); F,G)
(23) = min A(FG) = mmE‘Aﬁ Aﬂ
heLy (F+G)

With the help of the Hilbert space projection method proposed by A. N. Kol-
mogorov we can find a solution of the optimization problem (23):

h(F,G) = (A(N) F(A) = C(N) (F(\) + G\) ™ =
(24) = A(\) = (AN G(N) + CON) (F(A) + G(\) ™!

o

/ (AN G + V) (F(A) + GN) T F(A) x

—00

x(F(A) +G\)HAN) G\ + C(N)*dr+

1

A(F,G) = 5

o0

+% (AN F(A) = CONFEA) + GN)TIGN) (F(A) +G(V) ™
(25) X(AN) G(N) + C(N)"d\ = (Be, ¢) + (Ra, a),
where

CO\) = / dt)e™dt,  dlt) = (B-'Da)(t),
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(Ra.a) = [ 3" (Ra)u(t) i

operators B, D, R are determined by the following relations

(Bc)(t):%//c*( VF(A) + GO drdu,
(De)(t) = % / / c(u)F(N)(F(N) + G\) e a\du,

-1 ei(u—t))\ .
= / / )+ GG dAd

From the preceding formulas we can conclude that the following theorem
holds true.
Theorem 6.1. Let £(t) = {&(t)}1_, and 7(t) = {ne(t)}1_, be uncorrelated
multidimensional statwnary stochastic processes with the spectral density
matrices F'(X) = {fi;(A )} _, and G(A) = {giJ'()‘)}Z:j:l that satisfy the min-
imality condition (1). Let condition (22) be satisfied. The value of the
mean-square error A(h(F,G), F,G) and the spectral characteristic h(F G)

of the optimal linear extrapolation of the functional AE = 0°° at )5( )dt

which depends on the unknown values of the process g(t) t > 0, based on
observations of the process g(t) +177(t) fort < 0 are calculated by formulas
(24), (25).

Corollary 6.1. Let £(t) = {&(O)}1_, be a multidimensional stationary

stochastic process with the spectral density matriz F(\) = {fkl(A)}Z,z:u
that satisfies the minimality condition

o0

/ B (F(O) I (\)dA < oo

—00

for a nontrivial vector function of the exponential type b(\) = 0 at)ettdt.
Let condition (22) be satisfied. The value of the mean-square error A(F)
and the spectral chamctem'stic h(F) of the optimal linear extmpolation of

the functional AE f t)dt based on observations of the process 5( )
fort <0 are calculated by the formulas

(26) h(F) = A(\) = C(O\) (F(V)

27 A(F) = ~ [ C(N) (F(N)T(C(N) A = (Ba, a) = (c,a)

(27) =5 = (Ba, a c,a

— 00
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where c(t) = (B™a)(t),

_ b / / ~Lei=A g \du.
2T
0 —c0

Let the process £(t) admits the canonical moving average representation
(28) )= [ dte—w)det),
where d(s) = {alij(s)}g:lIﬂ is a matrix function and &(u) = {ex(u)};-, is

=TT
a multidimensional stationary stochastic process with uncorrelated incre-

ments. In this case the spectral density matrix F(A) = {f;;(A\)}},_; of the

process £(t) admits the canonical factorization:
(29) FOY = o) ¢" (), o) = [ dluje ™ ar
0

If the process E (t) admits the canonical moving average representation (28),
then the optimal linear extrapolation of the functional AS = [° @(¢)&(¢)dt

based on observations of the process g(t) for t < 0 is determined by the
spectral characteristic h(F') € Ly (F') that minimizes the mean square error

(30) AR, F) = min_ A(h, F) = |Ad]*,

2

where
(Ad)(t):/oooo?(t+u)d(u)du, ||Aal||2:/0 Z| Ad)y | dt.

Note, that ||Ad|* < co under condition (22). The spectral characteristic
h(F) is calculated by the formula

(31) h(F) = AN —r(\)Y (\), (0 = /0 " (Ad) (B dt.

Here ¢ (A) = {¢i;(A )} _T is a matrix function which satisfies the equation

b (N @A) = Ln,
where [,,, is the identity matrix of order m.
For the functional A ¢ = fOL a(t)&(t)d(t) the value of the mean square

error and the spectral characteristics of the optimal linear extrapolation are
determined by the following formulas

(32) Ap(h(F),F) = ||ALd|?,

(33) WME) = AL(A) =LA (),
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where

Aud) = [ e+ wdt) o, Azl = [737 [(Asdo

k=1

AL()) = /0 Qe dt, () = /0 (A d)(t)et it

As a corollary we can get the following formulas for calculation the mean

square error of the optimal linear extrapolation ék(L) of the unknown values
(L), k=1,...,T:

(34) E ’fk:(L) - ék(L)F = / > Jdy(t)[dt.
0 =1

The following theorem holds true.

Theorem 6.2. Let £(t) = {&k(w)}i_, be a stationary stochastic process that
admits the canonical moving average representation (28) with the spectral
density matriz F(X) that admits the canonical factorization (29) and let
condition(22) be satisfied. The value of the mean-square error A(h(F'), F')
of the optimal linear extrapolation of the functional Ag from observations
of the process g(t) fort < 0 is calculated by formula (30) (by formula (32)
if the functional ALE is estimated). The spectral characteristics h(F') of the
optimal linear extrapolation can be calculated by formula (31) (by formula
(33) if the functional ALE is estimated).

7. MINIMAX-ROBUST METHOD OF EXTRAPOLATION

Taking into account relations (22)—(27), we can verify the following propo-
sitions.
Proposition 7.1. The spectral density matrices F°(\) € Dp, G°(\) € D¢
are the least favorable in the class D = Dp X D¢ for the optimal linear
extrapolation of the functional A€ if the density matriz functions (FO(\) +
GOO\) 7 FON)(FON)+GO(N) =L, FOON(FO(N)+G°(N) LGP (N) determine
operators B?, DY R, which give solutions to the conditional extremum
problem

-1 0 0y—1770 0

(35) X ((Da,B™'Da) + (Ra,a)) = (D%, (B°)"'D%) + (R, a).
The minimaz-robust spectral characteristic h® = h(F°,G°) of the optimal
linear extrapolation of the functional A€ is calculated by formula (24) if the
condition h(F°,G°) € Hp holds true.
Proposition 7.2. The spectral density matriz F°(\) € Dp which satisfies
the minimality condition is the least favorable in the class D = Dpg for the
optimal linear extrapolation of the functional Ag based on observations of
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£(t), t <0, if the density matriz function (FO(\))™* determine the operator
B which gives a solution to the conditional extremum problem

(36) max ((B)a,a) = ((B)'a,a).

FeDp

The minimaz-robust spectral characteristic h® = h(F°) of the optimal lin-
ear extrapolation of the functional A€ is calculated by formula (26) if the
condition h(F°) € Hp holds true.

The least favorable spectral density matrices F°(\) € D, G°(\) € Dg
and the minimax-robust spectral characteristic h’ = h (F°, G°) € Hp form
a saddle point of the function A(h; F,G) on the set Hp x D. The saddle
point inequalities hold true if h® = h(F° G°) € Hp and (F°,G°) gives a
solution to the conditional extremum problem

(37) sup A (h(F°,G°);F,G) =A(h(F°,G°); F°,GY),
(F,G)eD

where
A (h(F°G%;F,G) =

o0

_ % (AN GON) + CON) (FOO) + GO(\) " F(A) x
. (F(A) + G (N)HAN) GO(N) + CO (V) dA+

1
+5— [ (A FP) = CPNEN) + GO(N) TGN x
X (FON) 4+ GO°(N)7HAN) GO (M) + CO (X)) .
This conditional extremum problem is equivalent to the unconditional ex-
tremum problem

(38) Ap(F,G) = —A(R(F°,G"); F,G) + 6((F,G)| D) — inf,

where §((F,G)|D) is the indicator function of the set D = Dp x Dg.

The following propositions hold true.
Proposition 7.3. Let (F°, G°) be a solution to the conditional extremum
problem (37). The spectral density matrices F°(\) € D, G°(\) € Dg are
the least favorable in the class D = Dp x D¢g and the spectral characteristic
h® = h(F°, G°) is minimaz-robust for the optimal linear extrapolation of the
functional A€ if the condition h(F°,G°) € Hp holds true.
Proposition 7.4. The spectral density matriz F°(\) € Dg is the least
favorable in the class Dg for the optimal linear extrapolation of the func-
tional AE based on observations ofg(t), t <0, if F°(\) admits the canonical
factorization

(39) Fo(\) = { /0 h dO(t)e—Mdt} : { /0 h dO(t)e—MdtT,
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where d°(t) is a solution to the conditional extremum problem

(40) ||Ad|® — max, F(\) = { / d(t)e‘mdt} : { / d(t)e—mdt] € D.
0 0

The process £(t) in this case admits the canonical moving average represen-

tation

(41) £(t) = / d°(t — w)de(u).

The minimaz spectral characteristic h® = h(F°) is calculated by the formula
(31) under the condition h(F°) € Hp.

Proposition 7.5. The spectral density matriz F°(\) € Dp is the least fa-
vorable in the class Dg for the optimal linear extrapolation of the functional
A€ based on observations of £(t), t < 0, if FO(\) admits the canonical
factorization

(42) FO(\) = { / ’ do(t)e—“*dt} . { / ! do(t)e—"t*dtr,

0 0
where d°(t), 0 < t < L, is a solution to the conditional extremum problem

(43) ||ALd|]® — max, F(\) = UOL d(t)e—"t*dt} : UOL d(t)e—"t*dtr € D.

—

The process £(t) in this case admits the canonical moving average represen-
tation

t
(44) ) = / Ot — u)dzlu).
t—L
The minimaz spectral characteristic h® = h(F°) is calculated by the formula
(33) under the condition h(F°) € Hp.
8. LEAST FAVORABLE SPECTRAL DENSITIES IN THE CLASS DY x D,

Consider the problem of minimax extrapolation of the functional Ag
based on observations £(t) 4 77(t), t < 0, under the condition that spectral
density matrices F'(A), G(A) of the multidimensional stationary processes

£(t), 7(t) are from the set of spectral density matrices DY x D., where

DY = PO [V < PO < U, - / FO\dA =P, b,

D. = G |60 = (1= )G () + W), % / GO =D, b,

where V/(X), U(X), G1(\) are given fixed spectral density matrices, W (\)
ia an unknown spectral density matrix, and expression B(A) > D(\) means
that B(A) — D(A) > 0 (positive definite matrix function). For the set
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DY x D, from the condition 0 € JAp(F° G°) we can get the following
relations which determine the least favorable spectral density matrices

(45) PN =a-a@ + (N + To(N);
(46) PN =G5+ Ta(N),
where

@(\) = ((ANG ) + CO N F V) +6°)) )"

() = ((ANFO) = O (FOON) +G°(A) )T

The coefficients @ = (ay, . . ., aT)T, g = (G, - .6T)T are determined by the
conditions

1T - 1 -
(47) — | FPydr= £, 27T/G()\)d)\—P2.

The matrix functions I'1(A) > 0, I'y(A) > 0, I's(A) > 0 are determined by
the conditions

(48) V()< F'A\) <UWN), G\ =(1—e)Gi(\) +eW(N),
(49) [ (A) =0 if FOO\) >V(A), Ty(A)=0 if F°(\) <U(N),

(50) D3(A) =0 if G°(\) > (1 —¢)Gi(N).

From these relations we can conclude that the following theorems hold
true.
Theorem 8.1. Let the spectral density matrices FO(\) € DY, G°(\) € D,
satisfy the minimality condition (1). Let condition (22) be satisfied. These
spectral density matrices FO(\), G®(\) are least favorable in the class DY x
D, for the optimal linear extrapolation of the functional AE if they satisfy
conditions (45)—-(50) and determine a solution to the extremum problem
(35). The spectral characteristic h(F°, G°) calculated by the formula (24)
is minimax-robust for the optimal linear extrapolation of the functional Ag.
Theorem 8.2. Let the spectral density matriz F(\) be known and let spec-
tral density matrices F(\), GY(\) € D, satisfy the minimality condition (1).
Let condition (22) be satisfied. The spectral density matriz G°(X) is least fa-
vorable in the class D, for the optimal linear extrapolation of the functional
AE if

G°(\) = max {(1 — &)G1(\), @ (AN F(\) = C°(\)) = G\ }
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and (F(X\), G°(X\)) determine a solution to the extremum problem (35). The
spectral characteristic h(F, G°) calculated by the formula (24) is minimaz-

robust for the optimal linear extrapolation of the functional AE.
9. LEAST FAVORABLE SPECTRAL DENSITIES IN THE CLASS Do.

Consider the problem of minimax extrapolation of the functional AE

—

based on observations £(t) for ¢ < 0 under the condition that spectral den-
sity matrix F'()) is from the set of spectral density matrices

Dy = {F(A): % /: F(\)d\ = P} .

With the help of the Lagrange multipliers method we can find that solutions
to the conditional extremum problem (36) that determine the least favorable
density matrix F°(\) € Dy of the maximal rank is of the form

(51)  F'\) =3 [ /0 h (Ad)(t)emdt} : [ /O h (Ad)(t)e’“dtr 3.

The unknown 3 = (B,...,0,)7 and {d(t), t > 0} are determined by the
canonical factorization (39) of the density matrix F°(\) and the condition

FO(\) € Dy.
For solutions d = d(t), t > 0 to the system of equations
(52) (Ad)(t)=cd'(t), t=0, c=(c,...,cn),
such that

1 o0
53 — d(t)d*(t)dt = P
(53) 5 [ dodea =P

the following equality holds true

(54) F(\) = { /0 N d(t)e‘mdt} { /0 h d(t)e—mdt] *

_3 [ /0 b (Ad)(t)emdt} [ /0 " (Ad) (t)emdt] s

Denote by 1’ the maximal value of ||Ad||®, where d = {d(t), t > 0} are
solutions to equation (52) that satisfy condition (53) and determine the
canonical factorization (39) of the density matrix of the maximal rank
F()\), F(\) € D,. Denote by pf the maximal value of ||Ad||>, where
d = {d(t), t > 0} satisfy condition (53) and determine the canonical fac-
torization (39) of the density matrix F°(\) € Dy. If there exists a solution
d® = {d°(t), t > 0} to the equation (52) that satisfy condition (53) and
such that v’ = ul’ = |Ad°||*, then the least favorable in Dy is the density
matrix of the maximal rank (39). The stationary process £ (t) in this case
admits the moving average representation (28). The minimax (robust) spec-

tral characteristics of the optimal linear extrapolationof the functional AE
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is calculated by formula (31) since the functions A(A) and () are bounded
and h(F°) € Hp.

The following theorem holds true.
Theorem 9.1. If there exists a solution d° = {d°(t), t > 0} to equation

(52) that satisfy condition (53) and such that v{’ = put = |Ad|| , then the
least favorable in Dy for the optimal linear extrapolation of the functional
AE is the density matriz of the mazimal rank (39). If vE < ub, then the
least favorable in Dy density matriz is determined by conditions (39), (40).
The corresponding stationary process g(t) i this case admits the moving
average representation (28). The minimaz spectral characteristics h(F') of
the optimal linear extrapolation is calculated by formula (31).
For the functional A,€ the density matrix (51) is of the form
L L *

(55) F'(\) =3 / (Apd)(t)e™ dt / (Apd)(t)e™dt| 5"
0 0
In this case the equality holds true

re(MNri(A) = [L(ALd Z’“dt} L{L" (Apd)(t mdt]* =
|

(And)(t) = / G(L — t + u)d(u)du.
0
For these reasons for all solutions d = {d(t), 0 < t < L} to equations
c=

O O —,

L *
(ALd)(t ”Adt} {f (ALd)(t ”Adt} ,
0

where

(56) (ALd)(t) - Ed*(t)7 0 S t S La (Cla teey CT)7
(57) (Ard)(t) = bd*(t), 0<t<L, b= by,...,br),
such that

(58) / d(t)d(t)dt = P,

the equality holds true

L L *
F(\) = / d(t)e "™ dt / dt)e™dt| = Fro(\)ri(\)5"
0 0
_2
Denote by 1/ the maximal value of ||A.d||* = HALdH , where d = {d(t),

0 <t < L} are solutions to equations (56), (57) that satisfy condition (58)
and determine the canonical factorization (29) of the density matrix FO(\).
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Denote by piF the maximal value of ||A.d||*, where d = {d(t), 0 <t < L}
satisfy condition (58) and determine the canonical factorization (29) of the
density matrix F°(\) with FO(\) of the form (55). If there exists a solution
d® = {d°(t), 0 < t < L} to equation (56), or equation (57), that satisfy
condition (58) and such that 27 = pL? = ||ALd°||?, then the least favorable
in Dy is the density matrix

*

L

(59) F'(\) = / d°(t)e " dt / d°(t)e " Adt

The following theorem holds true.
Theorem 9.2. If there exists a function d° = {d°(t), 0 < t < L}, that
satisfy condition (58) and such that vET = pl?f = ||ALd°||?, then the least
favorable in Dy for the optimal linear estimation of the functional ALg is
the density matriz (59). The corresponding stationary process £ (t) in this
case admits the moving average representation (44). If vEY < uk®, then the
density matriz (55), that admits the canonical factorization (42), is the least
favorable in Dy. The vector 3 and the function d® = {d°(t), 0 <t < L} are
determined by conditions (43), (58). The minimax spectral characteristics

h(F) of the optimal linear estimate of the functional ALg s calculated by
formula (33).
ExAMPLE 4. Consider the problem for the functional

1
A= [ amEe)r,
/

where E is a two-dimensional stochastic process. The least favorable in Dy
for the optimal linear estimation of the functional A€ is the density matrix

1 1 *
F(\) = / d(t)e " dt| - / d(t)e ™ dt|
0 0

where the matrix function d = {dy;(t), 0 <t < 1;k,j = 1,2} is a solution
to the conditional extremum problem

1 min(z,

/1 / /( y)a(wd(y —u)d*(x — u)a”(v)dydr — max,

0

/ d(t)d*(t)dt = P.
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—

The corresponding process £(t) in this case admits the canonical moving
average representation of the form
t

(t) = / d(t — u)d&(u).

For more results on minimax-robust extrapolation of multidimensional
stationary processes in the case of observations without noise see article [16].
For the corresponding results for multidimensional stationary sequences see
article [15].

10. CONCLUSIONS

We propose formulas for calculation the mean square errors and the spec-
tral characteristic of the optimal linear estimate of the unknown value of the

functional A& = IN @(t)E(t)dt which depends on the unknown values of a

—

multidimensional stationary stochastic process £(t) based on observations of

— —

the process £(t) +7j(t) for t € R\[0, L], where 7(t) is uncorrelated with &(¢)
multidimensional stationary process, and formulas for calculation the mean
square error and the spectral characteristic of the optimal linear extrapo-

—

lation of the unknown value of the functional AS = o d(t)€(t)dt which

depends on the unknown values of a multidimensional stationary stochas-

— —

tic process £(t) based on observations of the process &(t) + 77(t) for ¢t < 0
under the condition that spectral density matrices F'(A) and G(\) of the

—

signal process £(t) and the noise process 7j(t) are known exactly. Formu-
las are proposed that determine the least favorable spectral densities and
the minimax-robust spectral characteristics of the optimal estimates of the
functionals for some classes D = Dp x D¢ of spectral density matrices un-
der the condition that spectral density matrices F'(A), G(A) are not known,
but classes D = Dr x D¢ of admissible spectral matrices are given.
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