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THE NORMAL LIMIT DISTRIBUTION OF THE
NUMBER OF FALSE SOLUTIONS OF A SYSTEM OF
NONLINEAR RANDOM EQUATIONS IN THE FIELD GF(2)

The theorem on a normal limit (n — oo) distribution of the number of false solutions
of a beforehand consistent system of nonlinear random equations in the field GF(2)
with independent coefficients is proved. In particular, we assume that each equation
has coefficients that take values 0 and 1 with equal probability; the system has a
solution where the number of ones equals [pn], p = const, 0 < p < 1.

STATEMENT OF THE PROBLEM. FORMULATION OF THE THEOREM
Let us consider a system of equations over the field GF(2) consisting of two elements

gi(n)

(1) Z Z ayl)___jkle cee gy, = bi, = 1, ,N,

k=1 1< <...<jr<n

that satisfies condition (A).

Condition (A):

1) Coefficients ag-ll)___jw 1<ii<...<jx<n, k=1,...,9i(n), i =1,...,N, are
independent random variables that take value 1 with probability P{ag? i =1} = pir
and value 0 with probability P{ag-?._.jk =0} =1—pi.

2) Elements b;, i =1,..., N, are the result of the substitution of a fixed n-dimensional
vector T°, that has [pn] /n—[pn]/ components equal to one /zero/, p = const, 0 < p < 1
on the left-hand side of system (1) .

3) Function g;(n), ¢ =1,..., N, is nonrandom, g;(n) € {2,... ,n}, i=1,...,N.

Denote by v, the number of false solutions of the system (1) , i.e. the number of
solutions of system (1) different from the vector Z°.

Put m = n— N. We are interested in the conditions, under which the random variable
v, has a normal limit (n — oo) distribution.

Theorem. Let, for an arbitrary i, i =1,... , N, there exist a nonempty set
(2) T; C {2737 780(/”)}7 Tl#q)?
such that
1
(3) Pit =3 for t €Ty,
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where the function (n) takes integer values,

nl_p
(4) 2<¢(n) <eq—,
(5) p=-const, 0 <p<l1,
(6) € is a positive number, 0 <& < g,
and
(7) m = [log, ({7 logy n)].
Then
(8) A — 00, n— 00,

where A = Muv,, and the random wvariable ””\}/\ has asymptotically (n — o0) standard

normal distribution.
AUXILIARY STATEMENTS

Proposition 1. ([1]) Let X and Y be random wvariables that take non-negative integer
values, and X = M X . If the distributions of the random variables are changed so that

) sup. (M), (4(¥)) 1] 2 0
1<r<7A VA

and, for all r < 7,

(10) MY), <CX

with some constant C, then

(11) max |P{X>t} P{Yy >t} —0.

1<r<2
Proposition 2. ([2]) If condition (A) holds, then the expectation of the random variable
Uy equals

n—[p n] [on] N gi(n)

11 -
where Ty :Cfﬂpn] +C[pn] C[pn] e t=1ugin), i+ > 1L

Proposition 3. ([3]) If condition (A) holds, then, for integer r > 1,
(13) M (vy), =27V S(n,1;Q),

where

n—[on] -1
S(n,r; Q) = ZZn—pn ((n—[pn]—s)!Hi!) X

i€l
(14) -1

[pn]

ZZ pa)t{ (ol =) ]3] @

jeJ
s +s>1
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gi(n)

(15) Q= H 1+Z > IT @ —2pa) rise! ,

rv=11<u;<...<u, <r t=1

the sum Y ( >.") is taken over all i € I (j € J), where I = { igy, .y 1 <up <
< uy <ryv=1.,r}, J= {j{uh___mu} 1<u <o <uy < V:l,...,r} ,
such that

(16) Si=s [Yi=s):
icl jed
the numbers i (i € I), j (j € J) satisfy the relations

(17) Z t+5)>1, u=1,..,r7

€10y J€ET (uy
in equality (14),

Z Z (s pir oo} T Fur e} F uzpir ey + Juspneeegy) = 1,
=0 1< <...< <r

1<u <ug <r;

for1<uy <..<u, <r, ve{l,..,r} andt € {1,...,n}, the inequality

holds true, where T'= Iy, . u,y X Jfus,...uy 5 and if

(20) pn] = ' > 1,

then

(21) D D A
(i,9)€T

Here,

I{u,‘,...,uu} = {i{al,...,a¢,u1,...,ul} : A(’l/)v lv T)}v

Ty ey = {j{al,---,ow,m,...,m} F AW, 1 T)} )
where A (¢, 1, r) is a notation for the following set of restrictions: 1 < o1 < ... < gy
r, 0 € {ur,.ut, 2=1,..,¢, v=1.,v, v =1(mod2), 1 < p < ... <y
Ty f1y e it & {01, unt, =0, 0 — v

<
<

Remark 1. The explicit expression I‘fﬁl"“’u"} for 1 <wy <..<wu, <r, ve{l .,r},
t=1,2,...,9;(n), i=1,...,N is given in [3].

Let W be a set of all nonempty subsets of the set 2, the potency of which equals
| =k, 1<k < oo. Let us define two subsets Wa and I of the set W:

Wa CW, Wa ={w1,...,wa}, Wal=4, A>1, w #wj
fori#£j, i,5€{l,...,A}
Isgvvv IS:{mlv"'ams}v |IS|:$7 3207 m1¢m3

fori #3j, i,5€{1,...,s}.
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Proposition 4. ([3]) Let

(22) Im; Nw;| = (mod2), i =1,....s, j=1,..., A;
(23) Ac2rt2r—1], 1<r<k.

Then

(24) s <2k 1.

Proposition 5. ([3]) Let @ = {1,....,k}, 3 <k < 0. If conditions (22),
(25) A=2"—1, s=2F"_1 1<r<k-2

(26) wil 23, j=1,...,A,

hold for the sets Wa and I, then there exists such a number o, « € {1,..., A}, that, for
some m;,, m;, €Ils, v=1,2 3,

(27) lwa Nm;, | =2, v=1,2,3, |waN(aUb)| =3,
where a #b, a,be {m;, : v=1,2,3}.

Remark 2. Condition (26) does not hold for » = k — 1 and s = 1. This fact follows from
the proof of Proposition 5 (see also [3,p.45]).

PROOF OF THE THEOREM

Let us show that, under the conditions of the theorem, we can use Proposition 1.

Let the random variable Y in the mentioned proposition have the Poisson distribution
with parameter 2, while the distribution of the random variable X coincides with the
distribution of the random variable v,.

Provided that condition (3) holds, Proposition 2 implies

m 1
(28) My, =2™ — N
Next, using relation (28), conditions (5) and (7), it is easy to show that (8) is valid and
inequality (10) is fulfilled with C > 2 for all n, beginning from some ng, n > ng.
Let us proceed to the verification of condition (9).To achieve this, we will use equal-
ity (13) written as

2"—1

(29) M (), = = 3 S@ (n,1:Q),

27‘N
A=0

where S(®) (n, r; Q) differs from S (n,7; Q) so that all i and 5, i € I, j € J, participating
in the notation S (n,r; Q) given by (14) take only such values that there exist precisely
A various sets

We = {uga), ...,uéoa‘)}, 1< uga) <. < uéj) <r,

En€{1,2,..,r}, a=1,2,.. A,

(30)

for each of which a number ¢(*) € {2, ..., (n)} can be found such that
(31) F(:(C;),T =0,
and, for the sets {¥1,...,9,}, 1 <1 <..<9,<r, y=1,..,r, satisfying the relation

(32) {01,..,0,} #wa, a=1,2,.., A,
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the estimate
(33) S

is valid for all t € {2,...,p(n)}.
Let us show that
SO (n,r; Q) e

34 su ————— — 1| —=—0, n— .
(84 1erdm | 2ZNM(Y), VA

Firstly, we state that the equality A = 0 can really be achieved.

Indeed, if the inequality i > ¢ (n), j > ¢ (n), holds for all 4, ¢ € I and (or) j, j € J,
then, by virtue of (19), estimation (33) holds true for all sets {¥1,...,9,}, 1 <¥; < ... <
Uy <7, y=1,...,r,andt € {2,...,¢ (n)}; and the inequality max (|I| ¢ (n), |J|¢ (n)) <
min (n — [pn], [pn]) holds for r < 7A.

Thus, the equality A = 0 can be really reached.

With A = 0, estimate (33) and condition (3) imply

(35) Q=1

Hence, by the polynomial theorem,

(36) SO (n, 7 Q) = 5 (n,r; 1) =2 — 0y,
where

271
(37) op=1+ Z Séo) (n, r; 1),

qg=1

Séo) (n, r; 1) differs from S (n, r; 1) so that the numbers ¢ € I and j € J on the right-
hand side of (14) are changed so that there exist precisely ¢ expressions of the type

Ft{j? ""’u”}, for each of which
(38) Pl _ g,

where g =1, 2, 3,..., 2" — 1.
Let all expressions 1",;{,“; """ u”}, 1<u <...<wuy, <r, ve{l,..r} be numbered by
1,2, 3,...,2" — 1. Then the sum Séo) (n, r; 1) can be written as

(0) S — (0)
(39) S (n, 75 1) = > Sis)

1<y <. <yg<27—1

yeeey

correspond. Denote, by A (v1,..., 74) /B (’yl’, s Yq) /s the set of all those i € I /j € J/
that are used in estimate (19) for all v1, 72, ..., 74. By virtue of (38), the number of
elements in the set A (y1, ..., 74) /B (71,..-, 74)/ is not less than 27~ 1:

(40) |A(717"'7 7q)| 2 27«717

(41) 1B (71,5 7g)| = 2771



THE NORMAL LIMIT DISTRIBUTION OF THE NUMBER OF FALSE SOLUTIONS 121

Now, the sum Séo) (n, r; 1) can be given as
n—[pn]

SO (n, ry 1) = Z Z Co_(pm X

1<y1<..<yg<27—1 s=0

s1! S9!
D S D (R P s il

sitea=s P€A(Y1,+,Ya) A€EINA(Y15-+5Yq)
pn
o] o sq! sh!
x> N, | |
s'=0 s/ +sl=s’ 3 X H j' 4 . H .]'
1hre JEB(V15--57q) JEINB(71,--,7q)

where ), is the sum over all i € A (71, ..., 7,) such that ) i =s1, ) , is the sum over
all i € I\A (71, ..., 7¢) such that ) i = s, )5 is the sum over all j € B (71, ..., 74) such
that ) j = s}, and )", is the sum over all j € j\B (71, ..., 74) such that > j = sb.

Relations (37), (39) — (42), and the polynomial formula allow us to obtain the following
estimate for og:

(43) op < 92" —1g9(r—1)n Z szl—[pn] (2r71)51 Z o (2r71)51

[pn]
$1>0 s1>0

Since s1 < 2"p (n) and s§ < 2"¢ (n), relation (43) can be rewritten in the following way:

27 (n) 27 (n)

2" —1o(r—1)nor2" 1y (n) s s

(44) g < 2% ~llr—Dngr2e ool l X o
s1=0 s1=0

Next, we can use the fact that, under the conditions of the theorem for 1 < r < 7\,
(45) 2" (n) < min (n — [pn], [pn]).
This allows us to proceed from (44) to the estimate

oy < 271 mgr T (g () O 8 (O A,

from whence, with the help of the Stirling’s formula, we can obtain

o < 92— 1oG—1)n 279 (1) ((n—[pn]) [pn]e® 2o
(46) 0 <2212 A ( a0l ) |

Now it is easy to verify that

oo €2

47 su ——0
(47) 1§r£7)\ PARCRVAN

as n — 0o.
Indeed, by virtue of (46), we can find

g0 62)\ 1 o\
1<su§)7)\ 2rnﬁ < Eexp{2 In24+7AIn2+
(48) -
2 (n—[pn]) [pn] €? 1
+2 <p(n)ln< 2 () —|—lngp(n)+2)\—§1n)\—nln2 .
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Conditions (4), (7) and relation (28) allow us to conclude that

(49) 0<2™p(n)<e

In response to (48) and (49), we can apparently obtain (47).
From the relations (36), (47) and equality M (Y), =2""™, (34) follows.

By virtue of (29) and (34), in order to complete the checking of condition (9), it is
necessary to establish that, for 1 <r <7\,

1 2" —1 62)\
(50) — S (n,r; Q)| —=—0
2TN+rm A; \/X
as n — o0.

Let us show that the restriction (Rp)

(51) lpn] —¢(n)+1<s <[pn],

where s’ is the summation parameter introduced in (14), implies (50).

(&) . .
Let Si R o)iviriva a) (n, r; 1) with the ad-
ditional condition (Rp). Then, under condition (51), we have

yeeey

) (n, 7; 1) be defined in analogy to Sé?y)l

2"—1 T 2% —1

A
(2 > SVmr@=3 > 2 S 75 Q).
A=1 z=1 A=25=11<y<...<7a<27—1
Each term on the right-hand side of (52) can be estimated as

(a) . N G(a) .
(53) S((Royimra) (73 Q) S (A+ 1) S )00y (1573 1)

Denote, by M; /M;/, the set of all i, i € I /j, j € J/, that do not belong to
I, /Ju,/s a=1,..,A and put Mg—I\Ml, My = J\M,.
Let z be the mlnlmal integer number such that

(54) A<2°—1, 1<z<r.
Then by Proposition 4, the number of elements of the set M; / M, / does not exceed
(55) IMy| <277 1, ’Ml’ <2

With the help of (55), we find the estimate

S’gé‘%)o)m a >(n7 r; 1) <
—[pn] s
< Z Cem @1 Y -1
(56) <D (n)
[pn] s , ,
x (272 — 1) S, Y -,
s'=[pn]—p(n)+1 55=0

55<(27=1)p(n)

where so = > i, sh= 2 J
JEM>

€My
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Relations (52) — (54) and (56) provide the inequality

271 } 1\ [ ,
Z S(A) (TL, r Q) < 22’ +rn—m <1 _ ) (2r _ 1)2(2 —1)p (n) v

27‘—1
57) At
( (2"=1)¢ (n) (2"=1)¢p (n) @ (n)
X Z CnQ— lpn] Z C[p n) Z C[P n]*
so=0 5’2:0 s'=0

Let us observe that

2"-D¢(n) n—lpne (2"=1)¢ (n)
(58) >y s (i) CREnEm

= Dl
- (2"=1)p (n) C [ TL] e 2"-1)p (n) 5 -
(59) Szz_:o on] < <m> (2r=1)¢(n),
¢ (n) e\ ¥
(60) > cpa< (L) e,

s'=0

Using (58) — (60), (7), and (29), we find that when the restriction (Rp) holds for 1 < r <
7X and all n, beginning from some nq, n > nq,

1 2"-1 N 2A g7A_ 1 [pn]
orNtrm > s¥ Q) \/——2 <1_27/\—1> X

(61) A=t
(n—[pn) [pn] 2\ & 7VFD pnje\eM e 3/2
() (L) FeP-nem

With the help of relation (61) and conditions (4) and (7), it is easy to verify that (50)
follows from (51).
Let now

(62) 0<s <[pn]—¢p(n).
Next, we will use the following lemma.

Lemma. If condition (62) and restriction (R*),
(R*): there exists i € My and (or) j € Ms such that

0<i<pm) and (o) 0<j<p(n),
hold, then, for an arbitrary A, 1 <A <2" —1,

1\ [pm] 0 \ 227 —De(m)
(63)  0<SB) (n,r; Q)< Ch_j2rnTmAT (1 — —) (W) o (n) .

27 n

With the help of the lemma, we find that (62) and (R*) imply the inequality
2"-1 [pn]
1 A) 2)\ 1 2"+rn—m 1
2rN+rm (ZS( n, 1 Q)> \/—— 2rN+rm2 1_2_r x

X<%>2(2T 1)<p()\/m£'
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Hence, for 1 < r < 7\, we obtain

2" —1 2
rvlﬂm (Z @) (n, r; Q)) £ <exp{2Pm2-mn2—
(64) A=1 2
[pn] 72 ne 1 1
7 2@ - Demh s+ Snem) £ 23— 5l A

Using (4), (7), and estimate A < 2™, we find that

142+1

20 o)y, e o¢ <1+i1nf) <1
[pn] e(n) = p Inn 2

holds for 0 < ¢ < § and n — oo.

Relations (64) and (65) allow us, apparently, to conclude that (50) holds true under the

conditions of the lemma.

The validity of condition (9) follows from relations (29), (34), and (50). Hence, the

conditions of Proposition 1 hold. Using Proposition 1, we obtain

(65)

>t — > .
12?5,\|P{V" >t} —P{Y > t}|njOO0

The statement of the theorem follows now from the last relation and the fact that the
random variable (Y — 2™) (2™/2)~! has the standard normal distribution as m — oo .

Proof of the lemma. Indeed, for S(&) (n, r; @), we have the obvious estimate

(66) S® (n, Q) < 3 S (1 Q)

1<y <. <ya<27—1

where Sé»i),...,m) (n, 7; Q) is determined in accordance to S®) (n, r; Q) but with an
additional condition, namely that relation (38) holds true only for those expressions
I‘t{;?"”"u”}, 1<u; <...<u, <r, ve{l, ..r}, towhich the numbers v, v2,..., YA €
{1, 2, 3, ..., 2" — 1} correspond.

Let z be the minimal integer number for which the inequality A < 2% — 1 is valid.
Then, providing that conditions (62), (3) and restrictions (Ry),

(Ry): there exists i € My and (or) j € My such that
1<i<¢(n) and (or) 1<j<p(n),
hold and taking into account relation (21), it is easy to check that
(67) Q<@ -1V,
With the help of (66) and (67), we find that (63) and (R;) prove the correctness of the
inequality

z A
(68) S (n,r; Q) < (27 — )Y > SN oy (075 1),

1<y <...<ya<27—1

(A)
where S((Rl);'yl ..... Ya)

(R1). In turn, accordingly to (56), we obtain

) (n, r; 1) by the additional condition

N
Z N (A rn—m 1 r 2(2"=1)p(n
(2 -1) Sg(R)l)§’Yl>~~~WA> (n,r;1) <2 (1 - 27) (2"-1) ( el

2" -Dp(n) 2"~ 1)p(n)

SN DI e RN S &/

s2=0 s5,=0
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or, taking into account (58) and (59),

(27 = 1)N S(A) (n,r; 1) <27 ™ (1— i N ne. 2(2"=1)p(n) y
(69) ((Rl)§')’1 ,,,,, ’yA> s I >~ o ; (n)
x (2" =1)p(n).

Since [pn] < N = n —m for quite large values of n and ¢ (n) > 2 by virtue of (4),
relations (68) and (69) imply inequality (63).

Denote, by (Rz2), the restrictions

(Ry): (62);i=j =0 for all i € My and j € M.

Let us show that (63) holds under restrictions (Rg).

Indeed, if, for the parameter A, the restrictions

(70) A<2—1or A=2"—1 and )M1‘<2T—Z—1,
hold, then (66) implies

(71) SB) (n, r; Q) < 3 SR s (100 msmmy (15 73 Q)
1<y <...<ya<2r—1
where S<((AR)2)§ (70); 91,74
ditions (R2) and (70).
Each term on the right-hand side of (71) can be estimated in the following way:
1) for A < 2% — 1, we have

) (n, r; Q) differs from SEVA) (n, r; @) by the additional con-

TyeesYA)

N
(A) . rn—z(n—N) _ i
(72) S((R2); (10)s 71,0 va) (1 73 @) <2 (1 2r) :

2) for A =2%—1 and ’Ml‘ < 2"7% —1, we have

1\ P
@ S, (@ =207 (12 L)
Combining (71) — (73), we come to the conclusion that (63) holds under the restrictions
(R2) and (70).
Denote, by s, and 3., the sums s, = > ¢ and §, = >, j. From the conditions
i€ Mo jEM>
(R2), we obviously have

(74) Se + 8, = 0.

Next, let us verify that equality (74) implies that &, > 3 for all @ € {1,2,..., A}, where
&, is the parameter from definition (30). Indeed, inequalities (17) and (18) allow us to
conclude that if £, < 2 for some « € {1,2,..., A}, then s, + §, > 1, which contradicts
equality (74).

Now, let us check that if A =2* -1, 1< 2z <r, and z € {r,r—1} or r € {1,2},
then there exists some «, « € {1,2,...,A}, such that &, < 2. Indeed, when z = r or
r € {1,2}, the existence of the mentioned parameter « is certain. For z = r — 1, the
existence of the parameter o such that &, < 2 follows from Remark 2.

Therefore, it remains to check relation (63) under restrictions (R3):

(75) (>3, ac{l,2,3,.. A},

(76) A=2°—1,
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(77) ‘]\2[1’:2T_z—1f0r1§z§7“—273§T<oo.

In analogy to how it was done in work [3], we make use of Proposition 5 and con-
ditions (75) — (77) to verify that there exists an element j., j. € M, satisfying the
inequality j. < ¢ (n). This allows us to obtain the estimation

[pn] @(n)
(78) Sg(AR)S)VYl:mWA) (n, 75 @) < 27775 (1 B 21_’"> (L;Z]L)e> @ (n)-

Relation (78) and inequality
A
Sh (n, 1 @) < Z S<((R)a);%,-~,m) (n, 7 Q)

1<y1<...<ya<2r—1

prove (63) under the restrictions (Rg3).

Analyzing restrictions (R;),i = 1,2, 3, it is easy to verify that (63) holds for all possible
values of the parameter s and those values of the parameters s', ¢, and j that satisfy (62)
and (R*), for which A > 1. The lemma is proved.
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