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BOHDAN I. KOPYTKO AND ZHANNETA YA. TSAPOVS’KA

A MULTIDIMENSIONAL MODEL OF THE DIFFUSION
PROCESS WITH MEMBRANE WHOSE PROPERTIES ARE
DESCRIBED BY A GENERAL WENTZEL BOUNDARY CONDITION

By methods of the general potential theory, a semigroup of operators is constructed
that describes a multidimensional diffusion process with membrane located on a
given hypersurface, whose properties are determined by a general Wentzel boundary
condition.

Let, in the Euclidean space R™, n > 2, a hypersurface S be given which subdivides
the space into two domains: D7 and Dy so that D; = D;US, 1 =1,2, R* =D, UD,US.

In the domains Dy, [ = 1,2, noninterrupting diffusion processes are given that are
ruled by generating differential operators £;, [ =1,2:

1 a0 oF _
(1) 51_22 2)Dy; +Za D;, z€D, 1=1,2,

4,J=1
where afé)( ) and al(-l) (z), i, = 1,...,n, are bounded continuous functions on R™ (the
numbers a( )( ) form, for every x € R™, a symmetric nonnegatively determined matrix
Ai(z), and the numbers al(.l)(x), i =1,...,n, determine an n-dimensional vector a;(z)),
2 . .
D; = B%i’ D;; = %axjv i,j=1,...,n.

A problem is posed to describe a sufficiently general class of continuous and nonin-
terrupting Feller processes in R™ such that their generating differential operator in Dy,
Il = 1,2, coincides with £;. This problem is also called a problem on the glueing of
two diffusion processes or a problem on the construction of mathematical models of a
diffusion process in R"™, in which a membrane on S is located (see [1]).

In order to solve this problem, we apply analytic methods, i.e. the construction of this
process is realized with the aid of an operator semigroup 7%, ¢t > 0, which is determined,
in its turn, for every bounded measurable function ¢(z), € R™, by means of a solution
u(z,t) = Typ(x) of the following adjunction problem for the linear parabolic second-order
equation with discontinuous coefficients:

(2) Liu(t,z) = Liu(t,z) — Dyu(t,z) =0, t>0, z€D;, =12,
(3) u(0,z) = p(x), x € R",
(4) u(t,z—) = u(t, x+), t>0, ze€S,
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(5) Lou(ax)E—Zﬁ” )0:0u(t, x) Zﬁfl) )Du(t, z—)+
i=1

1,j=1

+Zﬁ(2 )Diu(t,xz+) — o(z)Dyu(t,z) =0, t>0, z€S,

where D; = %, d;, 1 = 1,...,n, is a tangent differential operator on S, i.e. §; =
S e TikDi, Tik = 68 — v, 6F is the Kronecker symbol, v1(z),...,v,(z), are the
coordinates of the unit normal vector v(z) to S at z, directed inwards the domain Do,
o(z), Bij(z), B;l)(x), i,7 =1,...,n, 1 = 1,2, are bounded continuous functions on S
such that o(z) > 0, the matrix B(z) = (8;;(x))};=; is symmetric and nonnegatively

determined, the vector fields §;(x) = ( (l)( ) . ,(Ll)(x)), [ = 1,2, satisfy the property

2

(6) (ﬂl(x)v V(x)) >0, =12 Z(ﬂl(x)v V(x)) > 0.

=1

In addition, by u(t,z—), D;u(t,x—) and u(t, z+), Dyu(t,z+), i =1,...,n, we denote
non-tangent limits of the functions u(t, z), D;u(t, z),i = 1,...,n, as z approaches a point
x € S from the side of D; and Da, respectively.

In problem (2)—(5), the adjunction condition (4) means that the searched processes
will be Feller ones, and the adjunction condition (5) corresponds to the general Wentzel
boundary condition for multidimensional diffusion processes [2]. Note that different
partial cases of the formulated problem that were investigated by means of analytic
methods in the assumption that the operator Lg in (5) contains only the derivatives with
respect to spatial variables are exposed in monographs [1, 3] (see also [4, 5]). Here, it
was shown, in particular, that the obtained processes can be treated as the generalized
diffusion in the sense of M.I. Portenko [1]. The multidimensional problem of the glueing
of diffusion processes was studied also by means of the methods of stochastic analysis
(see, e.g., papers [6, 7]).

In this paper, problem (2)—(5) is studied in the case where the boundary differen-
tial operator Lo in (5) satisfies the condition of uniform parabolicity, and the common
boundary S of the domains D;, | = 1,2, is an elementary surface that belongs to the
Holder class H2t*, A € (0;1). The existence of a classical solution of this problem was
first obtained by the method of boundary integral conditions. Here, we prove that, for
the constructed process, the diffusion local characteristics of motion — the displacement
vector and the diffusion matrix — exist in the usual sense (in the sense of A.N. Kol-
mogorov) and are piecewise differentiable functions defined on R™. Remark that, in this
assumption, a parabolic boundary-value problem with the Wentzel boundary condition
was investigated earlier in [8, 9]. In both papers, the general scheme of the proof of its
classical solvability in the Holder spaces is based on applying the method of expansion
in a parameter.

Below, we will use the following notations:

r=(2',2,) = (21,...,Zn_1,T,) is a point in R"; 2’ = (x1,...,2,_1) is a point in R"~!
(sometimes, by z’, we denote a point of the form (z1,...,2,-1,0)); |z|* = Y i, x%;

@ = Y ek (o) = Y0 e (@) = Y @i RY = {x € Rz, > 0)
R™ = {z € R"|z, < 0}; (t,z) = (t,2',2,) is a point in R”le T is a given positive
number; R = (0,T) x R*, R% = (0,T) x R*~Y; DY = (0,T) x Dy, 1 = 1,2; ¥ =
[0,T] x S; Dj and D? are the symbols of the partial derivative of order r with respect
to t and arbitrary partial derivative of order p with respect to x, where r and p are
integer nonnegative numbers; V = (D1, ..., D, ); V' = (D1,...,Dyp—1); C(Q) is the set of
continuous in € functions, where  is the domain in R"**; C2(€) is the set of functions
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continuous in  that have derivatives D} D? continuous in R"*!, where 2r+p < 2; B(R")
is the Banach space of all bounded real-valued measurable functions on R", with the

k+X)/2, k+X =0\ _ =) k+X)/2, k+A _
nomm [[pl] = sup fp(@)s HE P (Dy) = HEVEEADL), g IE) =

HEHN/2 505y [N (R, HF2(S) (k= 0,1,2, A € (0,1)), as in [10, p.16] denote
the corresponding Holder spaces; {-)I (k+2)/2,k+X(2) is the subspace of functions from

H(+2/2,4X(5)  that, together with the admissible derivative with respect to the time
variable, vanishes at t = 0; by ||u||H(k+>\)/2,k+>\(5E}))7 ||u||H(k+,\)/2,k+,\(E), ||u||Hk+,\(Rn),
[|w]| r+x(s), we denote the norms of functions v in the corresponding Hélder spaces; C
and ¢ are positive constants independent of (¢, ), we are not interested in their specific
values.

We assume, in addition, that, for the coefficients of the operators £;, I = 1,2, and Ly
from (1) and (5), the following conditions hold:

(A) the matrix A;(z), x € R™, is uniformly nondegenerated, a
,7=1,...,n,1=1,2;

(B) the matrix B(z), z € S, is uniformly nondegenerated, ¢ = 1, §;;, Bi(l)?ﬁl@ €
HNS),i,j=1,...,n.

We will also assume that the initial function ¢ from (3) is sufficiently smooth on R™,
and the following agreement conditions hold for it:

W ool e BHMNRM)

ij 0 Y

(M % > Bi(@)5id50(x) + (Ba(w) — Bi(@), Vep(x)) — Lip(a) =0, weS, 1=1,2.

ij=1

Let Gi(t,z,y) (t >0, z,y € R™), Il = 1,2, be a fundamental solution (f.s.) for Eq. (2)
see formula (11.13) from [10, p. 409]:

Gl(t,il?,y):Gol(t,I,y)+Gll(t,$,y), l:1727
where

Got,z,y) = Gult,x —y) = Ga(t, 2’ =y 2y — yn) =
— (2rt)~ ¥ (det Ay (y)) " exp{ A WE -y —y) } 7

1=1,2

) )

2t

(51 is an integral term which has a ”weaker” singularity than Go; as t — 0+, and G} = 0,
for t <0.

Theorem 1. If o € H***(R"), an elementary surface S belongs to the class H?>T> and
conditions (A), (B), (6), (7) hold, then there exists a unique solution u(t,x) = w(t, ),
t>0,xzeD,l=1,2, of problem (2)-(5), moreover,

(8) wp € HHN/2:247 (52)) . 1=1,2,

the estimate
2

(9) Z ||ul||H(2+>\)/2,2+>\(§§f)) <C ||¢||H2+’\(R")7
=1

holds, and the solution is of the form

t
(10) wi(t,z) = / Gult, 2, y)p(y)dy + / dr / Gult — 7,2, 9)Vi(r, y)doy,
mn O S
t>0,zeD, 1=1,2,
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where Vi, 1 = 1,2, is a solution of some system of second-order Volterra integral equations.

Proof. We will seek a solution of problem (2)—(5) in the form (10) with unknown densities
Vi, 1 = 1,2, that will be determined from the adjunction conditions (4), (5). The first
and second terms on the right-hand side of equality (10) will be denoted by wug; (¢, z) and
uy(t,z), 1 = 1,2, respectively. The former will be called a Poisson potential, and the
latter the simple layer potential.

First, we transform equality (5) by separating its tangential and normal components
in the expressions that contain the derivatives with respect to the spatial variables. To
this end, we use the relation

(11) Zﬁ‘ x)Dyu(t, ) = Zg§l>(x)5§l>u(t7x) +701(x)%t(’;))7 t>0,z€8,

i=1

K3

where §Y = D; — (AZ—’V) Yoy NuDy, i=1,...,n, 1=1,2, are tangential differ-
ential operators on S, Ni(z) = (Ny(x),..., Npi(z)), | = 1,2, are the conormal vectors
at x € 9, i.e. Ni(z) = Ai(x)v(z), 1 =1,2,

(i) (@)
0 = M@ w@) |

Taking into account (11) and assumptions on the function o(z), one can write condi-
tion (5) in the form

=1,2.

(12) Liu(t,z) = = Z Bij(x)8:0;u(t, ) — ng”(x)sg”u(t,xH

13 1 i=1
+Zﬂ(2) 5(2 ,x) — Dyu(t,x) = —Oy(t,z), t>0, z€el,

where
2 Ouy(t, )

Golt,2) = > (-1 ul@)Z s

=1
Equality (12) can be regarded as an autonomous parabolic equation in the domain
t>0,x€S. If we assume a priori that V; € H)‘/2’>‘(Z), [ = 1,2, then in this equation,
as it follows from the condition of the theorem and properties of the parabolic potentials
(see [10]), its coefficients and the right-hand side belong to the space H*%*(%).
Find an integral representation for the solution of Eq. (12) that satisfies the initial
condition

(13) u(0,z) = p(x), x €S

To this end, we use the condition of the theorem that S is an elementary surface of the
class H2**. This means that S = {z € R" |z, = F(2')}, D1 = {x € R" |z, < F(2')},
Dy = {z € R" |z, > F(2')}, where the function F(2'), 2’ € R"~!, satisfies the condition

Fe ™ R"1).
Let us make the following convention: the direct values of an arbitrary function f(t, x)
n (0,00) x S (i.e., when (t,z) = (t,2', F(z'))) are denoted by f(t,2’). Remark that,

under the conditions of our assumptions, the components of the normal vector v(x),
x € S, can be determined by the equalities

_ F‘z ((,C/) 7
\/ L+ Y0 F2(a)
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1
vp(z) =Up(2) = - ,  where F;(z') =D;F(z), j=1,...,n—1,
J1+ 205 PR )

and the simple layer potentials uq;, I = 1,2, from (10) can be represented in the form

t
ull(tax) = / dT/ L Gl(t - 77x7y)|yn:F(y’)V2(Ta y/)dy/7 =12,
RTL

where we put Vi(r, ') = Vi(r, )7 ('), L = 1,2.
Let us consider the following transformation of the variables:

(14) (t,z) — (t,2), zi=x;, i=1,....,n—1, z,=uz,— F().

It transforms the domains D; and Ds into semilayers f)l = R" and 252 = R, respec-
tively, the elementary surface S into the hyperplane S = R" 1, and the side boundary
% into the boundary ¥ = [0,7] x R*'. Let w(t,z) = u(t,z(z)) = u(t, 2, 2z, + F(2')).
Then w(t, z') = w(t, 2/,0), u(t,z) = w(t, z(z)) = w(t, o', x, — F(2')), u(t,z') = w(t,2),
and Eq. (12) in new variables will take the form:

n—1

— 1 «— = = _
(15) Lyw= Z B () D@ + Y Bi(2") Dy — Dyw = —By(t, 2),

where

In Eq. (15), its coefficients belong to the class H*(R" 1), and its right-hand side
—n = —= n—1

O € HM?X(Ry). In addition, the matrix B, _1(2') = (ﬂkl(z’)>kl is positive definite,
J=1

symmetric, and uniformly nondegenerated. This means that, for the operator 3/07 there
exists an f.s. which will be denoted by g(t,2’,v") (t > 0, z/,v/ € R"™1). With the
aid of the f.s. g and the transformation of variables (14), we determine the function
L(t,z,y) = g(t, 2 (x),v'(y))vn(y), where t > 0, z,y € S. On the base of the properties
of the f.s. g, we are able to prove that I'(¢, z,y), as a function of the arguments (¢, z) €
(0,00) x S, satisfies the equation LyI' = 0, and, for an arbitrary function ¢(z) continuous
and bounded on S, we have

lim [ T(t z,y)e(y)do, = o(x).
t10 Jg

The function T" will be called the fundamental solution of the operator L, from (12).

It is easy to verify that one can extend onto the f.s. I', mutatis mutandis, the other
known properties of the f.s. g (see [10, Ch. IV]). In particular, for the function T'(¢, z,y)
and its admissible derivatives with respect to the variables ¢t and x, the estimate

_ - —yl?
DD () < 00 e { e LU

holds, where 2r +p < 2, t € (0,T], z,y € S.
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Another consequence of properties of the f.s. I" and generated potentials is an integral
representation of the solution of the Cauchy problem (12), (13) defined by the formula

(16)  wu(t,x) :/ L(t,z,y)e(y)doy, + / dT/ (t—7,2,9)00(T, y)doy,
(t,x) € (0,00) x S.

Therefore, we have two different expressions for the function u(t,z) on (0,00) x S:
relation (10), in which one has to assume that (¢,2) € (0,00) x S, and relation (16).
Making their right-hand sides equal, we obtain the following system of integral equations
for the unknown functions V;, [ =1, 2:

(17) /dT/Glt—T:EyVlTyde—i-Z/dT/K —1,z,y)Vi(r,y)doy =
= Y(t, x), 1=1,2, (t,x) € (0,00) xS,
where

Kit—m1,z,y) =T —71,2,9)70:(y / ds/ (t—s,,2) 1)i_170i(z)x

, 9Gi(s —7,2,y)

do,, 1=1,2,
aN,(z) oo !

it x) = /S P (t, 2, y)(y)dory — uor(t, )+

[ Qugi (7, y)
—1) dT/Ft—T,x, Yoi = doy, 1=1,2,

and, in addition, for the kernels K;(t — 7,z,y), 1 = 1,2,if 0 <7 <t < T, z,y € 5, the
estimate

1 _ 2
Kot —7.2,7) sc<t—7>"2exp{—c [ — vl }

t—T1

holds. Whence, taking into account the conditions of Theorem 1 and the properties of
potentials, we also have v; € %I(2+)‘)/2’2+>‘(Z), 1=1,2.

The system of equations (17) is a system of Volterra first-kind integral equations. For
its regularization, we introduce integro-differential operators &, [ = 1, 2, that act by the
rule

(18) & (t,x)p = \/g {%/0 (t—T)*%dT/SHz(f—T,x,y)vn(y)w(T7 y)doy} L
1=1,2, (t,z)€ (0,00) x S.

Here, by H)(t — 7,2,y) = Hi(t —7,2',y) (0 <7<t <T,2',y € R*1), 1 =1,2, we
denote the f.s. of the operator with Holder coefficients
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where El(-é-) (a'), i

, ...,n—1,1 = 1,2, can be expressed via the elements of the
matrices A;(x), [

J =1
=1,2, z € S, from (1) by means of the formulas

s ()@ @)

A (@) = a0 @) - L " h=1.m—1, 1=1,2,
i i =), ,
i) =a% @) i j=1 n—1, 1=1,2
ij ij ) ) oty ) ) &y
n—1
G (@) =3 (&) = A (@) = Y ag @)F(),  i=1.n-1, 1=1.2,
k=1
; n—1 n—1
an@) =al @) -2 al @) R+ Y al) () @) Fa(a), 1=1,2.
k=1 k,m=1

It is worth to note that the integro-differential operator (18) was first introduced by
O.A. Baderko in [11] and was applied therein as a regularizator of the first kind that
arises in solving the first boundary-value problem by the potential method. From the
results of that paper, it follows that &, [ = 1,2, are bounded operators acting from
Ig(1+/\)/2> HA(%) into ]('J{/\/2>>‘(Z) and having bounded inverse operators. In our case, we

establish that the operators, &, [ = 1,2, map the space %1(2“‘)/2’ 2+A(%) into the space

H(1+>\)/2, 1+A (Z) i
0
Applying &, | = 1,2, to both sides of the corresponding equations of system (17), we

transform this system to the equivalent second kind Volterra equations

2 t
(19) Vi(t,z) + Z/ dT/ Kyt — 7,2,y)Vi(1,y)doy, = @i(t, x),
=170 s

(t,xz) € (0,00) x S, 1=1,2,
where )
O(t,x) = (Ai(x)v(z),v(x)2E(t, ), 1=1,2.
For the kernels K;;, | = 1,2, i = 1,2, in every domain of the form 0 < 7 < t < T,
x,y € S, the estimate

_ _ 2
(20) | Ku(t—7.2,9)| < C(t—7)" =3 Aexp{—ci'i_yrl }

holds, and the functions ®;, [ = 1, 2, satisfy the condition
(21) P € %F/“(Z).

Inequality (20) means that the kernels Kj;, I = 1,2, ¢ = 1,2, possess weak singularities.
Solving the system of equations (19) by the method of successive approximations, we find
Vi, 1 = 1,2. One can additionally verify that V;, Il = 1,2, belong to class (21). Whence we
conclude that there exists a classical solution of problem (2)—(5), and it can be represented
in form (10).

Finishing the proof of Theorem 1, we have only to check correctedness of condition
(8) and estimate (9) and to verify the statement of the theorem on the uniqueness of the
obtained solution of problem (2)—(5). To this end, one has only to remark that, under
conditions of Theorem 1, every function u;, I = 1,2, constructed by formulas (10), (19)
can be considered as a unique solution from class (8) of the corresponding parabolic first
boundary-value problem:

Lyw(t,z) =0, (t,z) € (0,00) x Dy, 1 =1,2,
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w(0,2) =p(x), €D, =12,

w(t,z) =v(t,z), (t,z)e€ (0,00)x8, 1=12,
under the agreement conditions
p(x) =v(0,z), z€S,
Ouy(t, x) _ ov(t, x) CreS 1=12

o |, o |,

where the function v(x,t) is determined by means of relationship (16). In addition, on
the base of the conditions ¢ € H***(R"), V; € Ig)‘/2’ M%), I = 1,2, and properties of the

potentials, we have v € H(2t2/2.242(%) and the inequality

o llgeen ez < Clllellazeas) + 11Ol grizam)] < Cllell gz rn)
holds. Theorem 1 is proved.

Remark 1. If one does not require in Theorem 1 that the initial function satisfy the
agreement conditions (7), then one can only claim that there exists a unique solution of
problem (2)—(5) from the class

w e CH2((0, T xD)NCEy Y,  1=1,2

Remark 2. The assertion of Theorem 1 remains true also in the case where the boundary
S of the domains D;, | = 1,2, is an arbitrary bounded hypersurface of the class H*t*
of the general form. Here, the construction of the f.s. T' for the operator L{ from (12)
and the construction of regularizators &, [ = 1,2, for the system of equations (17) can
be realized on the base of the ”partition of unity” subordinated to a covering of the
boundary layer and the results obtained in the process of studying problem (2)—(5) in
the considered case.

Let us proceed with the construction of the required process. It can be realized by
the scheme used for the construction of similar processes in [12]. Namely, the family of
operators T3, t > 0, generating the required process can be determined by formulas (10),
(19). First, using the equality

\/ggl(ta )Yy

1 2 ‘ _ _
= —5/0 (t—T)ing - Hi(t— 7,2 y),(r,y)dy
1/t s —
——/ (t—71)" 2dr Hi(t—71,2',y)
2 t/2 Rnfl

< [Py(r,y) = d(r,2") = ( — ', V' (r,2))]| dy’
v /t;“ )t o)~ Bl dr + (20) 1),
1=1,2, (t,x)€ (0,00) xS,
by means of elementary estimates for the f.s. (see [10, Ch. IV, § 13]) we prove that,

under the condition ¢ € B(R™), the functions ®; from (19) and consequently V;, I = 1,2,
admit the estimate

(22) Vit o) <Cllellt™>,  1=1,2, (tx)€(0,T]xS.

Taking into account (22) and (10), we easily obtain the inequality |Tip(z)| < C|l¢|]
which holds in every domain of the form (¢, z) € (0,T] x R"™ with some constant C. The
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latter inequality means that the operators T;, ¢ > 0, can be applied to the functions
from the space B(R"™). Further, analogously as in [1, 3, 12], we check that the family
of operators T; satisfies the following properties: 1) ||T; || < 1 for all ¢ > 0; 2) for all
t >0, s > 0, the relations Ty4s = T;Ts hold; 3) if p(z) > 0 for all t > 0, x € R", then
Tip(x) > 0 for all ¢t > 0, z € R™; 4) if ¢, € B(R") for n = 1,2,..., sup ||¢n]| < o0
and for all x € R™, we have nh_)rrgo on(z) = (), then, for all ¢ > 0, € R", the relation

lim Ty, (x) = Tip(x) holds. Whence (see [1, 3]) we conclude that the semigroup of

operators T3, t > 0, which is constructed by formulas (10), (19) determines some non-
interrupting Feller process in R™. Denoting its transition probability by P(t,z, dy), we
can represent the function Typ(x) in the form

Tyo(x) = / o()P(t,a,dy), >0, x€R"

Finally, the existence of the integral representation for Ty (z) allows us to establish,
by means of immediate calculations,the following relations for the transition probability
P(t,x,dy):

(23) a) sup / ly — x|* P(t,z,dy) < C'12, te (0,7,
TER™ "

b) for all x € R™, © € R"™, there exist the limits

1
(24) lim— [ (y—=,0)P(t 2 dy) = (a(z), ),
tl0t Jpn
1 -
(25) lim ~ (y — x, @)2 P(t,z,dy) = (A(2)O, 0),
tl0 t R
where

al(x),@) zeD, 1=1,2
h(2), 0), res,
)yees B (@), B (2)),

50 (@) = 7 (@) = B (@) + § Ty By @ilm(@)). k=1...n—1,
W (@) = LoF () + S0 (1) "0i(@) Nuia), w8,
A(x) _ { (Al(.%')@,@)7 zeD, [=1,2
B (BO(I)@ @)7 LS S7

~,(£7)1(x) = Brm () = Zf;l Bij (2)Tik (2)Tjm (), kkm=1,...n—1,
b (2) = B (@) = 024 B (@) Fn (@), K =1,.om =1,

s WG

i (2) = S5 iy Bhon () B (2') Fon (1),

On the base of inequality (23), we conclude that the trajectories of the constructed
process can be assumed continuous, and equalities (24), (25) mean that this process is a
diffusion one, in the sense of A.N. Kolmogorov’s definition. For it, the transition vector
equals a(z) and the diffusion matrix equals A(x).

We formulate the obtained results in the following form.

Theorem 2. Let, for the coefficients of the operators L, 1 = 1,2, from (1) and Lo from
(5), conditions (A), (B), and (6) hold. Then the solution of the parabolic adjunction
problem (2)—(5), constructed in Theorem 1 uniquely determines the operator semigroup
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that describes the diffusion process in R™, n > 2, with discontinuous diffusion coefficients
determined by relations (24), (25).

10.

11.

12.
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