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ÂÂÅÄÅÍÈÅ

Àñèìïòîòè÷åñêàÿ íîðìàëüíîñòü ôëóêòóàöèé ñòîõàñòè÷åñêîé ñèñòåìû ÿâëÿåòñÿ

âàæíîé õàðàêòåðèñòèêîé êàê ñàìîé ñèñòåìû, òàê è ñêîðîñòè åå ñõîäèìîñòè ê

òî÷êå ðàâíîâåñèÿ. Â äàííîé ðàáîòå îïðåäåëåíà àñèìïòîòè÷åñêàÿ íîðìàëüíîñòü

ôëóêòóàöèé âîêðóã òî÷êè ðàâíîâåñèÿ óñðåäíåííîé äèíàìè÷åñêîé ñèñòåìû. Ðàñ-

ñìîòðåí ñëó÷àé ñòîõàñòè÷åñêîé ñèñòåìû, â êîòîðîé ôóíêöèÿ ñêîðîñòè èìååò çà-

âèñÿùèå îò ñèñòåìû ñèíãóëÿðíûå âîçìóùåíèÿ ïî ïàðàìåòðó ñåðèé, â îòëè÷èå îò

[3], ãäå âîçìóùåíèå çàâèñèò òîëüêî îò âíåøíåé ñðåäû.

1. ÏÎÑÒÀÍÎÂÊÀ ÇÀÄÀ×È È ÎÁÎÇÍÀ×ÅÍÈß

Ðàññìîòðèì ñòîõàñòè÷åñêóþ ñèñòåìó, êîòîðàÿ çàäàåòñÿ ðåøåíèåì óðàâíåíèÿ

du t

dt
C u t x t C u t x t

�
� �� � �

( )
( ( ), ( / )) ( ( ), ( / )),� � �4 1

0
4

(1)

çäåñü C u C R n( , ) ( )� � 2 , C u C R n
0

3( , ) ( )� � . Ìàðêîâñêèé ïðîöåññ x t t( ), � 0 ,

â ñòàíäàðòíîì ôàçîâîì ïðîñòðàíñòâå ( , )X X çàäàåòñÿ ãåíåðàòîðîì Q [2]:

Q x q x P x dy y x X

X

� � � �( ) ( ) ( , )[ ( ) ( )], ( )� � �� B ,

ãäå B( )X — áàíàõîâî ïðîñòðàíñòâî äåéñòâèòåëüíûõ îãðàíè÷åííûõ ôóíêöèé

ñ ñóïðåìóì-íîðìîé | | | | max | ( )|� ��
�x X

x . Ñòîõàcòè÷åñêîå ÿäðî P x B x X B( , ), ,� �X,

îïðåäåëÿåò ðàâíîìåðíî ýðãîäè÷åñêóþ âñòðîåíóþ öåïü Ìàðêîâà x xn n� ( )� , n � 0 ,

ñî ñòàöèîíàðíûì ðàñïðåäåëåíèåì �( ),B B �X . Ñòàöèîíàðíîå ðàñïðåäåëåíèå

�( ),B B �X, ìàðêîâñêîãî ïðîöåññà x t t( ), � 0, îïðåäåëÿåòñÿ ñîîòíîøåíèåì

� � �( ) ( ) ( ), ( ) ( ).dx q x q dx q dx q x

X

� � �

Ïîòåíöèàëüíûé îïåðàòîð R0 [3] ãåíåðàòîðà Q îïðåäåëÿåòñÿ ñîîòíîøåíèåì

R Q0
1� � � �	 	( ) , ãäå 	� � �( ) ( ) ( )x dy y

X

� � — ïðîåêòîð íà ïîäïðîñòðàíñòâî

N QQ � �{ }� �: 0 íóëåé îïåðàòîðà Q.

Óñðåäíåííàÿ ñèñòåìà çàäàåòñÿ ðåøåíèåì óñðåäíåííîãî óðàâíåíèÿ

du t

dt
C u t

�( )
� ( �( )),�

(2)

ãäå � ( ) ( ) ( , ).C u dx C u x

X

� � �
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Ðàññìîòðèì õàðàêòåðèñòèêè ôëóêòóàöèé íà÷àëüíîé ñòîõàñòè÷åñêîé ñèñòåìû

ïðè óñëîâèè ñóùåñòâîâàíèÿ åäèíñòâåííîé òî÷êè ðàâíîâåñèÿ óñðåäíåííîé ñêîðîñòè
� ( )C 0 0� , ò.å. ïðè âûïîëíåíèè óñëîâèÿ áàëàíñà

	C x dx C x

X

( , ) ( ) ( , ) .0 0 0� �� � (3)

Äèôôóçèîííîå âîçìóùåíèå çàäàåòñÿ ñîîòíîøåíèåì [2]

C t C u s x s ds

t

0
2

0

0
4� �� �( ) ( ( ), ( / )) .� �

�

Ïóñòü C x C x
0
0

0 0( ) ( , )� . Äèôôóçèîííîå âîçìóùåíèå â òî÷êå ðàâíîâåñèÿ èìååò

âèä

C t C x s ds C x s ds

t t

0
2

0

0

4 2
0
0

0

40� � � � �( ) ( , ( / )) ( ( / ))� �� �
� � . (4)

Ïðè óñëîâèè áàëàíñà

�

X

dx C u x� �( ) ( , )0 0 (5)

èìååò ìåñòî ñëàáàÿ ñõîäèìîñòü (ñì. [3, ãë.3])

� � ��
�

� � �2
0
0

0

4 0C x s ds W t

t

( ( / ) ) ( ), ,

ãäå W t� ( ) — âèíåðîâñêîé ïðîöåññ.

Ðàññìîòðèì íîðìèðîâàííûå ôëóêòóàöèè

V u t C t� � �� �� �[ ( ) ( )] / .
0

(6)

2. ÒÅÎÐÅÌÀ

Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ áàëàíñà (3) è (5), à ôóíêöèè �C u x0 ( , ) è ��C u x0 ( , )

îãðàíè÷åíû ðàâíîìåðíî ïî x :

sup
x X

C u x C
�

� 
 � � �| | ( , )| | ;0 1 sup
x X

C u x C
�

�� 
 � � �| | ( , )| | .0 2 (7)

Òîãäà èìååò ìåñòî ñëàáàÿ ñõîäèìîñòü

( ( ), ( )) ( ( ), ( )), .V t C t t W t� �
�� �

0
0� �

Ïðåäåëüíûé ïðîöåññ ( ( ), ( ))� �t W t çàäàåòñÿ ãåíåðàòîðîì

L w c w w B ww� 	 	 � 	 � 		( , ) ( ) ( , ) ( , ),� � � � ��
1

2

ãäå c d x C x

X

� �� �( ) ( , );0 B dx C x R C x

X

� �2 0 00 0 0�( ) ( , ) ( , ).

Ïðåäåëüíûé ïðîöåññ �( )t óäîâëåòâîðÿåò ñòîõàñòè÷åñêîìó äèôôåðåíöèàëüíîìó

óðàâíåíèþ

d t c t W t dt� � �( ) ( ( ) ( )) .� �
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3. ÑÂÎÉÑÒÂÀ ÍÎÐÌÈÐÎÂÀÍÍÛÕ ÔËÓÊÒÓÀÖÈÉ

Ïóñòü z t V t C t� � �( ) ( ) ( )� �
0

, òîãäà íîðìèðîâàííàÿ ôëóêòóàöèÿ (6) óäîâëåòâîðÿåò

äèôôåðåíöèàëüíîìó óðàâíåíèþ

dV t

dt
V t x t

�
� � �

( )
( ( ), ( / )),� C 4 (8)

ãäå

C� � �� � � �( ( ), ( / )) ( ( ), ( / ))V t x t C z t x t4 1 4� ��

� �� �� � � � ��2
0

4 2
0
0 4C z t x t C x t( ( ), ( / )) ( ( / )).

Óðàâíåíèå (8) ïîëó÷àåòüñÿ èç (6) äèôåðåíöèèðîâàíèåì ïî t, èñïîëüçóÿ (1) è

ñâîéñòâî äèôôóçèîííîãî âîçìóùåíèÿ (4).

Ðàññìîòðèì ïîëóãðóïïû îïåðàòîðîâ C
t s

t x V t s� � �� �� 	 �, ( ) ( ) ( ( )) , V s� 	( ) � , ïî-

ðîæäåííûå ðåøåíèÿìè ñèñòåìû (8) ñ ãåíåðàòîðîì

C Ct
V x x� �� 	 	 � 	, ( ) ( ) ( , ) ( ).� � (9)

Ëåììà 1. Ãåíåðàòîð òðåõêîìïîíåíòíîãî ìàðêîâñüêîãî ïðîöåññà

V t C t x x t tt
� � � �( ), ( ), ( / ),

0
4 0� � , (10)

èìååò àíàëèòè÷åñêîå ïðåäñòàâëåíèå

L w x Q x x w xt
V� �� 	 � � � 	( , , ) [ ( ) ( )] ( , , ),,� � �� �4 2

0C C (11)

ãäå C0 0
0( ) ( , , ) ( ) ( , , ).x w x C x w xw� 	 � 	� �

Äîêàçàòåëüñòâî. Âû÷èñëèì óñëîâíîå ìàòåìàòè÷åñêîå îæèäàíèå:

E w x w x x x V t Ct t t t t t t t t[ ( , , ) ( , , ) | , ( ) ,� 	 � 	 	� � �
� � �

� � �� � � 0
� ( ) ]t wt� �

� � �
�

E w x w xt t t t t t[ ( , , ) ( , , )]� 	 � 	�
�

� � �� � �
E w x w xt t t t t t

[ ( , , ) ( , , )]� 	 � 	� �
� � �

� � �� � � � �
E w x w xt t t t t t

[ ( , , ) ( , , )]� 	 � 	� �
� � � � �

� � �
�

E w x w xt t t t t t[ ( , , ) ( , , )]� 	 � 	�
�

E w x
dC t

dt
w t t t
�

�

�

�
�

�

�

�
�

�� �
� 	 �

�

( , , )
( )

� �
�0

� � �� � �
E w x w x ot t t t t t

[ ( , , ) ( , , )] ( ).� 	 � 	� �
� � �

�

Ñëåäóÿ îïðåäåëåíèþ ãåíåðàòîðà ìàðêîâñüêîãî ïðîöåññà (10), èìååì

L w x E w x w xt t t t t t
� �� 	 � 	 � 	( , , ) lim [ ( , , ) ( , ,� �

�
� � ��

� � ��0

1
)] �

� � �
� �

lim [ ( , , ) ( , , )]
� ��0

1
E w x w xt t t t t t� 	 � 	�

� �
�

�

�
�

�

�

�
�

�
�

� �
lim ( , , )

( )

�
� ��

�
0

01
E w x

dC t

dt
w t t t

� 	 �
�

� �
�

� � �
lim [ ( , , ) ( , , )].

�
� � ��0

1
E w x w xt t t t t t

� 	 � 	� � (12)
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Ïîñêîëüêó

lim [ ( , , ) ( , , )] ( ,
�

� � ���
� � �

�� �
0

41
E w x w x Qt t t t t t� 	 � 	 � � 	� w x, ),

lim ( , , )
( )

(
�

� ��
� �

��
�

�

�
�

�

�

�
�

�
0

0 2
0
0E w x

dC t

dt
Cw t t t

� 	 ��
�

x w xw) ( , , ),�� 	

lim [ ( , , ) ( , , )] (,

�
� � ���

� � �
� �

0

1
E w x w x xt t t t t t t

V� 	 � 	� � �C ) ( , , ),� 	 w x

òî èç (12) ïîëó÷èì (11).

Ëåììà 2. Ãåíåðàòîð L� èìååò àñèìïòîòè÷åñêîå ïðåäñòàâëåíèå

L w x Q x x x x
L

� �� 	 � � � 
 � 	( , , ) [ ( ) ( ) ( ) ( )] (� � � � �� � �4 2
0

1
1C C C , , ),w x (13)

ãäå

C0 0
0( ) ( , , ) ( , , );x w x C w xw� 	 � 	� � (14)

C( ) ( , , ) [ ( , ) ( ) ( , )] ( , , );x w x C x w C x w x� 	 	 � 		� � � � �0 00

C1 0( ) ( , , ) ( )[ ( , )x w x w C x� 	 	� � � �

� � �� �( ) ( , ) / ] ( , , )	 � 		w C x w x0 0 2 , (15)

îñòàòî÷íèé ÷ëåí òàêîé, ÷òî | | ( ) ( , , )| |
 � 	�
L

x w x � 0 ïðè � � 0.

Äîêàçàòåëüñòâî. Èñïîëüçóÿ ðàçëîæåíèå ôóíêöèé C è C0 â ðÿä Òåéëîðà ïî

ïåðâîé ïåðåìåííîé äëÿ ãåíåðàòîðà (9), ïîëó÷àåì

Ct
V x w x C x C t C x� �� 	 � � 	 � 
, ( ) ( , , ) [ ( , ) ( ( )) ( , )� � � � ��1

0
20 0 1 ( )] ( , , )x w x� 	 �

� � � � ��� � 	 �2
0
0

0 0 0[ ( ) ( ( )) ( , )C x C t C x

� � �� � �� 	 � 
 � 	�2
0

2
0

3
20 2( ( )) ( , ) / ( )] ( , , )C t C x x w x � � 	� �2

0
0C x w x( ) ( , , )

� � � � ��� 	 � 	�1
0 00 0[ ( , ) ( ( )) ( , )] ( , , )C x C t C x w x

� � � �( ( )) ( , ) ( )	 � 	�C t C x
0

0 (16)

� � �� �( ( )) ( , ) ( ) / ( ) ( , , ),	 � 	 �
 � 	�C t C x x w xV0
2

0 0 2

ãäå 
 
 
V x x x( ) ( ) ( )� �1 2 , 
1 ( )x , 
2 ( )x — íåêîòîðûå ðàâíîìåðíî îãðàíè÷åííûå

ïî x ôóíêöèè. Ïîäñòàâèâ ðàçëîæåíèå (16) â (11), ïîëó÷èì ïðåäñòàâëåíèå (13).

4. ÐÅØÅÍÈÅ ÏÐÎÁËÅÌÛ ÑÈÍÃÓËßÐÍÎÃÎ ÂÎÇÌÓÙÅÍÈß

Óñå÷åííûé îïåðàòîð èìååò âèä

L Q x x x
0

4 2
0

1
1

� � � �� � � �� � �C C C( ) ( ) ( ). (17)

Ðåøèì ïðîáëåìó ñèíãóëÿðíîãî âîçìóùåíèÿ äëÿ óñå÷åííîãî îïåðàòîðà (17), èñ-

ïîëüçóÿ òåñò-ôóíêöèþ

� 	 � 	 � � 	 � � 	 � � 	� ( , , ) ( , ) ( , , ) ( , , ) ( , ,w x w w x w x w� � � �2
2

3
1

4
0 x).
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Ëåììà 3. Ðåøåíèå ïðîáëåìû ñèíãóëÿðíîãî âîçìóùåíèÿ äëÿ óñå÷åííîãî îïåðà-

òîðà (17) â óñëîâèÿõ òåîðåìû ðåàëèçóåòñÿ ñîîòíîøåíèåì

L w x L w x w
0
� � �� 	 � 	 �
 � 	( , , ) ( , ) ( ) ( , ),� � (18)

ãäå îñòàòî÷íèé ÷ëåí 
� ( )x îãðàíè÷åí ðàâíîìåðíî ïî x .

Ïðåäåëüíûé îïåðàòîð L îïðåäåëÿåòñÿ ôîðìóëîé

L x x R x	 	 	 	 	� �C C C1 0 0 0( ) ( ) ( ) . (19)

Äîêàçàòåëüñòâî. Äëÿ âûïîëíåíèÿ ðàâåíñòâà (18) íåîáõîäèìî, ÷òîáû êîýôôè-

öèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ � ñëåâà è ñïðàâà ñîâïàäàëè. Äëÿ ýòîãî âû÷èñëèì

L Q Q x Q x
0

4 2
2 0

1
1

� �� � � � � � � � �� � � � � �� � �[ ( ) ] [ ( ) ]C C

� � � �[ ( ) ( ) ] ( ) .Q x x x� � � �
 ��
0 0 2 1C C

Ïîñêîëüêó � íå çàâèñèò îò x, òî Q NQ� �� � �0 .

Óñëîâèå áàëàíñà (5) åñòü óñëîâèåì ðàçðåøèìîñòè óðàâíåíèÿ Q x� �2 0 0� �C ( ) ,

ïîýòîìó

� �2 0 0� R xC ( ) . (20)

Èñïîëüçóÿ óñëîâèå áàëàíñà (3) è (5), ïîëó÷èì

	 	 	C( ) ( , ) [ ( , ) ( ) ( , )] ( , )x w C x w C x w� 	 	 � 		� � � � � �0 00

� � � � � � �	 	C x w w C x wu( , ) ( , ) ( )[ ( , )] ( , ) ,0 0 00� 	 	 � 		 	

÷òî, â ñâîþ î÷åðåäü, åñòü óñëîâèåì ðàçðåøèìîñòè óðàâíåíèÿ Q x� �1 0� �C( ) ,

ïîýòîìó

� �1 0� R xC ( ) . (21)

Èñïîëüçóÿ (20) è (21), ïîñëåäíåå óðàâíåíèå Q x x L� � � �0 0 2 1� � �C C( ) ( )

ìîæíî ñâåñòè ê âèäó

Q x x R x L� � � �0 1 2 0 0 0� � �[ ( ) ( ) ( )] .C C C

Óñëîâèå ðàçðåøèìîñòè ïîñëåäíåãî óðàâíåíèÿ è äàåò ïðåäåëüíûé îïåðàòîð L â

ôîðìå (19).

5. ÄÎÊÀÇÀÒÅËÜÑÒÂÎ ÒÅÎÐÅÌÛ

Èñïîëüçóÿ (14) è (15) ïðè âû÷èñëåíèè ïðàâîé ÷àñòè (19), ïîëó÷àåì

L w x x R x w� 	 � 	( , ) [ ( ) ( ) ( )] ( , )� � �	 	C C C1 0 0 0

� � � � � �� �
�

�

� �( ) ( ) ( ( , ) ( ) ( , ) / ) ( , )	 � 	 � 		w dx C x w C x w

X

0 0 20
�

�

�

�
�

�

� ��� � � 	

X

wdx C x R C x w( ) ( , ) ( , ) ( , ).0 0 00 0 (22)

Ïîñêîëüêó èç óñëîâèé (5) è (7) èìååò ìåñòî ñîîòíîøåíèå �

X

dx C x� �� �( ) ( , )0 0

� �� �	C x0 0 0( , ) , òî îêîí÷àòåëüíî èìååì

L w c w w B ww� 	 	 � 	 � 		( , ) ( ) ( , ) ( , ).� � � � ��
1

2

Çàâåðøåíèå äîêàçàòåëüñòâà òåîðåìû ðåàëèçèðóåòñÿ ïî ñõåìå äîêàçàòåëüñòâà

òåîðåìû 2.1 â [3].
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Ñôîðìóëèðîâàííàÿ òåîðåìà ðàñøèðÿåò âîçìîæíîñòè èññëåäîâàíèÿ ôëóêòóàöèé

ýâîëþöèîííûõ ñèñòåì îêîëî òî÷êè ðàâíîâåñèÿ íà ñëó÷àé çàâèñèìîãî îò ýâîëþ-

öèè ñèíãóëÿðíîãî âîçìóùåíèÿ ýâîëþöèîííîé ñèñòåìû. Ïîëó÷åíûé ðåçóëüòàò ïî-

çâîëÿåò óãëóáèòü àíàëèç ôëóêòóàöèé ïðîöåäóðû ñòîõàñòè÷åñêîé àïïðîêñèìàöèè

îêîëî òî÷êè ðàâíîâåñèÿ ïðè èçó÷åíèè óñëîâèé îïòèìèçàöèè ñòîõàñòè÷åñêèõ ñèñ-

òåì [4], à òàêæå ïðîöåäóðû ñòîõàñòè÷åñêîé àïïðîêñèìàöèè [5].
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