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Mathematical model of arc temperature
and conductivity at metallic and gaseous arc phases
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The new criterion of arc stability and instability is introduced, which enables one to find arc duration dependently
on given circuit parameters and properties of contact material. The mathematical model of phase transformations
inside electrodes during arcing is elaborated which describes dynamics of arc erosion in metallic and gaseous arc
phases. Increasing of arc duration and erosion with inductance occurs on account of enlarging of gaseous arc
phase, while variation of metallic phase is relatively small.
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Introduction

Investigation of dynamical arc phenomena in opening electrical contacts is very important for
performance build-up of circuit breakers by means of decrease of arc duration and erosion. Mayr’s and
Cassie’s models [1] and their generalization [2] based on the power balance method are not applicable to
describe arc temperature field at the initial arc stage just after arc ignition. Elenbaas-Heller equation gives
information about radial distribution of the arc temperature however it is correct for stationary arcs only [3].
Arc dynamics should be described by transient heat equation taking into account nonlinear arc
characteristic. It is the first intent of this paper. The second one is to device a method for calculation of arc
erosion in dynamics.

Mathematical model of arc temperature and conductivity
at metallic arc phase
Equation for the temperature

The arc temperature 0(7,¢) in opening contacts just after ignition is less than the threshold value

required for gas ionization, 0. , however it is sufficient to ionize metallic vapours in the contact gap,

ig?
which takes place at the temperature 0, :

Oim <0 < 0.
This initial stage, called metallic arc phase, has very short duration and occurs in a small contact gap.
Therefore the arc takes the form of a disk, which thickness is much less than radius, and the axial

temperature component can be neglected in comparison with radial component. In this case the heat
equation for the arc should be written in the form

C@zlﬁ(kr@H—GEz—W,, (1)
ot ror or
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where C and A are thermal capacity and density, A and ¢ are heat and electrical conductivities of the arc
plasma, E is electrical field and W, is power loss due to arc radiation and heat conduction from arc
column to electrodes. The initial temperature distribution along radius

0(r,0)= f(r) 2)
can be found from the solution of the heat equation for metallic vapours at the pre-arcing stage [4, 5]. We
can approximate the function fir)=0.J5(17 / ra) by parabola

2

f)=0,(1-)
r

A
or by the Bessel function

fr) = 0Jo(ir /7a) (3)
where |1 = 2,405 is the first root of the Bessel function and 0, is the temperature maximum at the centre
of arc disc.

The temperature on the interface r = r, between ambient air and arc plasma should be equal to
threshold of metal ionization

0(ra, 1) = Omi. 4
It should be noted that thermal and electrical plasma conductivities, A and o, depend essentially on the
temperature and this dependence can not be averaged. In contrast the arc radiation W can be neglected

for metallic arc phase, which temperature is relatively low : 0, < Oig ~ 5000 °C (fig. 1).

Equation for electrical conductivity o

To solve the heat equation (1) we use the Kirchhoff’s substitution
0

S(0) = j 2(0)do. (5)
9mi
Then the equation (1) transforms to
%Z—fzig(r‘z—f)m#—m. (6)
Solving the equation (5) with respect to 0, get
0=0_+g(S). (7)

Since the function ¢ =0 (0) is given (fig. 1), can write this function in term of ¢ using (6), i.e.
o = o(S) . Linearization of this function gives the expression (fig. 2)

G=bS;b:tan(p:§ga )

gi

where o, is given electrical conductivity at the transition from metallic arc phase to gaseous arc phase,
when 6 = 6, and
0 .
gi
Sy = j AM0)d0 . (9)
0

mi
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Fig. 1. Temperature dependence of A, c and  Fig. 2. Linear approximation of o(S)*.
Wel— A, Wm'K%2—C, 10> Im> K"
3— W, 10" Wm™ [6].

Substituting (8) in (7) and using notation

X C
= ’ T= s (10)
Eb™  AE’b
can write the equation with respect to G
2
66_804_16_64_0 (11)

TE T’ xox
It should be noted that T can be considered as constant because the thermal diffusivity > =C/A is
approximately constant (fig. 1). The domain for this equation is 0 < x < x, , where x, = rAE\/E.
The boundary conditions (2)—(4) transform to the type

o(x,0)=F(x) (12)
with
S (x/ENJb)
F(x)=b j 20)d0, 6(x,,1)=0. (13)

The solution of the problem (11)—(13) can be found in the form of Fourier-Bessel series

o(x,t) = i C, exp[—(k,” —1)t/ 1)J, (k,x) » (14)

where
2

C, 2 [Fw)J (k,x)xdx» k, =W,/ x,,
xonlz(Hn) '(I)‘ ’

and p are roots of the Bessel function: J (un,)=0, n=12,3,....
For approximation (3)

o(x,0)=0,J,(1,x/x,)

and the solution (14) takes the simple form

2
o(x.0) =6 expl=(C 5 =1/ T, (v 3,)-

0
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Taking into account (10), we get finally the expression for arc electrical conductivity in the form

2
t
o(r,t) =o, exp[-(n,> — E*br, ) —1J,(wr/r,) - (15)

a
ry

The arc temperature can be found now from the expressions (5) and (8).
Let us introduce the criterion of arcing

E=E’br, —p . (16)
We should distinguish three cases (fig. 3):
1) £>0. Rise of arc conductivity, power and temperature due to Joule heating.
2) £=0. Maximum value of arc conductivity and power.
3) £<0. Arc conductivity, power and temperature decrease, thus the arc should extinguish.

Interaction between arc and contact surface
At the first stage of contact opening & > 0 and then changes the sign. To find the critical point § =0
we need to know the dynamics of arc radius 7, which expands during arcing. Then using formula

o (17)

2
nr, o

and the expression (16) we can find the critical time ¢ = at which ¢=0. For this purpose we consider

the region Dy occupied by arc interacting with contact surface (fig. 4). This interaction results into phase
transformations of contact material and formation of three zones:
1. The zone of evaporated material:
D,:0<r<r(t), 0<z<o,(r.t)-

2. The zone of melted material:

D,:o,(r,t)<z<06, 1), if 05r<r(),0<z<0,(r1), if @) <r<r, ().
3. The solid zone:
D :oc, (r,t) <z<oo, if 0<r<r (¢), 0<z<ow if r (1)<r<o .

s

The contact temperature 7. (r,z,¢) can be presented as the sum
T .(r,z,t)=T,(r,z,t) + T4 (r,z,t) (18)

where T, (r,z,t) and Tg(r,z,t) are the temperature components due to volumetric Joule heating and
due to surface arc flux heating respectively. The expression for calculating of the first component is
given above. It can be shown that the Joule component 7, (r,z,t) is important at the pre-arcing stage

only, and it can be neglected after arc ignition. The expression for the second component can be found

t 0
similarly in the form Ty(r,z,0) = [dt, [[P.(r ) = B (5, ) = B, (5, 8)1G (1,5, 2, t =1, rid;.
0 0
(19)
Here P (r,1)is the total heat flux (power per unit area) entering the contact surface during arcing,
B,(r,t)and P, (r,t) are portions of this flux consumed for
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Fig. 3. Evolution of arc conductivity. o(0.1)

£>0
evaporation and melting of contact material, which o /

can be found by the expressions £=0

oo, (r,t 0 ,t £<0
B =Ly 2D p =1, PuB0): 20)

t

where L, and L, are specific heat for evaporation and melting, v is density of contact material.
It reasonable to assume that the isothermal surfaces z =,(r,¢) and z=c_(r,r) are ellipsoids of
revolution that can be found from the equations

2 2
7’ z? r z

+ =1, + :13
AGEEEAGE Rz,

0, (r0) = 2,(O1=1" /1, (6); 0,(r0) =2, (OW1=7" 17, (1)’ - (21)
The functions 7, (¢), z,(¢), 7,(¢) and z, (¢) should be found from the equations
TC(Vb(Z),O,Z) = 7}, 5 TC(O,Zb(t),Z) = T}, 5 TC(Fm(f),O,t) = Tm >
1.(0,z,(t),t)=T,, (22)

where 7 is the melting temperature of the contact material.

in other words

If the heat fluxes P (r,t) P,(r,t), P, (r,t) Obeys the normal Gauss’s radial distribution
2 2

P(r,))=P.(1) exp(—rr(—t)z) S B(r0) =B exp(—rr(—t)z) ;
P,(r.1) = P, () exp(-——). (23)
vy (?)

then the integral with respect to 7 in the formula (19) can be calculated and the expression for the contact
temperature becomes more simple form

a j[1301)—P,,(a)—Pmal)]rAal)z ool r 1dr. (24)
MWy [r,(4) +4d> (1)W1, 4a’(t—1) r,(4) +4a’(t—1)"

The heat flux P (¢) should be calculated taking into account positive components due to arc radiation,

Ts(r,z,t) =

electron (or ion) bombardment of anode (cathode) contact surface, inverse electrons from the arc column,
and negative components due to power losses for evaporation, radiation, electron emission cooling
and heat conduction inside the contact body. The expressions for all these components can be found in the
paper [7]. However the model in considered case can be simplified because the information about current,
voltage and displacement is available from experiment. Therefore it is more convenient to calculate power
generated by arc W, directly from the measured values of arc voltage U ,(¢), arc current /,(#) and then

arc heat flux entering contact is

_L0OU0_ BO (25)
2mr () 2mrA(r)

£
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Fig. 5 and fig. 6 depict dynamics of arc power and temperature for AgCdO contacts calculated using
above considered model at the conditions: supplied voltage U, =14 V, current ] =20 A, inductance

m

D,

—> @D
r. (1) Dy
/_D
7, (t)
rA(tjl —
o [z® |z, 2

z=0,(r,t)

Fixed contact

Movable contact

Fig. 4. The arc and contacts geometry: arc
region D, evaporated D, , melted D,

and solid D, zone.

This expression is the final
equation, which enables in the
aggregate with other cited above
equations to calculate dynamics of
contact melting, evaporation, arc

radius 7,(¢) and arc power P,(?).

L =47,5 mH, opening velocity ¥ =0,2 m/s [2]. One can see that critical time in this case is 7, =10 ms,

however the maximum of arc temperature occurs a little bit later, at =15 ms due to thermal inertia.

PA (t)y W
400
350
300 _ .
250 Fig. 5. Dynamics of arc
200 power P, (1) -
150
100
50
n
0 5 10 15 20 25 30 35 40
t, ms
Ty, 10° K
8
7 :: N Fig. 6. Arc temperature:
6 — \ 1 — experimental data
5 2 & \ [2]; 2 — calculation.
4 e
3¢ t,ms
0.1 1 10 » - 100
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Transition from metallic arc phase to gaseous arc phase
Temperature field and erosion
The duration of metallic phase is very short, therefore the arc thickness is still small and above
considered model can be applied to describe the transition from metallic to gaseous phase if we replace all
parameters of metallic vapours by parameters of gaseous vapours. Dynamics of this transitions is
represented in fig. 7. One can see, that at the first stage of arcing, when the contact gap does not exceed
20 pwm, anode temperature rises very sharp in comparison with cathode temperature.

T,T,  10'K
4 -
Fig. 7. Dynamics of anode and cathode _— ~
temperature at the centre of arc root. 3 / 1,
2 / T

—
u
o

o ©

0,1 0,2 0.3 0.4 0.5

It can be explained by the fact that in a short arc, which length is comparable with the length of ionization
zone, electron temperature 7, is much greater than ion temperature 7}, therefore kinetic energy of electrons
bombarding anode, 3 AT ;. » exceeds significantly kinetic energy of ions entering cathode, 3K

2 e ¢ 2 e

calculation shows that in this range of contact gap electron component of current density j, is much greater

i Moreover,

than ion component j;, that is an additional reason for anode overheating and material transfer from anode to

cathode. However intensive evaporation from anode and increasing of anode arc spot radius, that entails
decreasing of current density, cause anode cooling and decreasing of its temperature, while cathode
temperature continues to increase. The point of intersection of anode and cathode temperature occurring at
t,.=0,15ms corresponds to change the direction of material transfer for inverse and to beginning of

compensation arc stage, which continues up to 7, =1,8 ms and transforms then into cathodic stage (fig. 8).

Calculation enables to conclude that cathodic arc stage begins in metallic phase with temperature
about 4700 K, that is less than threshold ionisation, however transition to gaseous phase occurs just at
t, =2 ms. Results of calculated erosion given in fig. 8 are evidence of the fact, that the main portion of

erosion in inductive circuits occurs in gaseous phase. Calculated values for
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0
metallic phase are slightly t, ms cycling phenomenon,

1. e. re-deposition of evaporated material, which is ignored in the mathematical model.

Influence of inductance on arc duration

Similar calculations were carried out for different values of inductance in the range from 1 to 400
mH. It was found that arc duration increases proportionally inductance and depends on current at
relatively small values of inductance (fig. 9). However for inductance greater than 10 mH this dependence
becomes negligible. This result correlates with experimental data observed in work [2].

Increasing of arc duration with inductance occurs on account of enlarging of gaseous arc phase, while
variation of metallic phase is relatively small. The same conclusion may be proposed for increasing of
erosion. However further increasing of inductance up to a few hundred millihenry in the range of low

current leads to decrease arc duration and erosion due to arc-to-glow transformation, which is considered
below.

t,, us
100000 ‘
10000 /
Fig. 9. Arc
/ .
1000 i duration versus
100 — ~ad inductance and
10 - T current 1 — [, =
e L === =0,6A,2—1I,=
1 e L, =1Aand [, =
o1 =TT T | | =20 A.
0,001 0,01 0,1 1 10 100
L, mH
Conclusions

Dynamics of temperature and electrical conductivity can be described and analysed satisfactorily by
the model based on a non-linear problem for axisymmetric heat equation.

The new criterion of arc stability and instability is introduced, which enables one to find arc duration
dependently on given circuit parameters and properties of contact material.

The mathematical model of phase transformations inside electrodes during arcing is elaborated which
describes dynamics of arc erosion in metallic and gaseous arc phases.

Increasing of arc duration and erosion with inductance occurs on account of enlarging of gaseous arc
phase, while variation of metallic phase is relatively small.
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*

MartemaTu4yeckasi MoJe/Ib TeMIIEPATYPbI M JIEKTPUUYECKOH MPOBOANMOCTH IYT4 B
MeTAJJIMYeCKOH U ra3oBoii gazax

C. H. Xapumn, O. P. lllnanu, A. T. KynaxmeroBa

Tonyuen Hosvlil Kpumepuii cmabuiuzayuy 0yeu, KOmopblii NO360JAem HAWMU 3A6UCUMOCTIL RPOOOIHCUMETLHOCU
Memaniu4eckoli (hasvl dyeu om 3a0AHHBIX NAPAMEMPOS Yenu U C80UCME KOHMAKMHo20 Mamepuana. IIpeonoscena
Mamemamuieckas Mooenb (pazoevix nepexo008 GHympu 1eKmpoo08 8 npoyecce 2opeHus dyeu, KOmopas
onucwleaem OUHAMUKY OY20801 IPO3ULL 8 MEMALIUYECKOU U 2430601 (hazax dyau. Yemanosneno, umo npuyuHou
603pACMAHUA NPOOOHCUMETLHOCTU OY2U U IPO3UU KOHMAKINOS, NPOUCXO0AUE20 C POCHIOM UHOYKMUBHOCIU Yenu,
AGNACMCA pacuupenue 2a3oo00pasHotl asvl Oyeu OMHOCUMENLHO ee MeMANIUYecKoll Pasvl.

Knrouesvie cnosa: mamemamuueckas mooein, 0y206ds 3po3usi, 0yeosvie (aszol.

MexaniuHa Mo/iesIb TeMIIEPATYPH TA eJ1eKTPUYHOI NPOBIIHOCTI Ayru
B MeTaJliuHiii i razosii pazax

C. M. Xapin, 1O. P. llmagu, A. T. KynaxmeroBa

Ompumarno Hoguil kpumepitl cmabinizayii oyeu, Kutl 0036051 3HAUMU 3ANENHCHICIb MPUBATIOCTT MEMANiyHOT (a3zu
oyeu 8i0 3a0aHuUx napamempia 1anyro2d i 6n1acmusocmell KOHMAKMHO20 Mamepiary. 3anponoHo8aHo Mamemamuyny
MoOeltb (hazosux nepexodis 6 cepeouHi enekmpooie 8 npoyeci OPIHHs 0yeU, KA ONUCYE OUHAMIKY 0y2080i epo3il 6
MemaniyHin i 2a3086ii ¢asax oyeu. Bcmanosieno, wo npuduHoio 3p0CmMants mpueanocmi oyeu i epo3ii KOHmaxkmis,
sIKe Mae micye i3 3pOCMANHIM IHOYKMUBHOCMI IAHYI02A, € POUWUPEHHST 2a30N00I0HOT hasu dyeu 8IOHOCHO it
MemaniuHoi gasu.

Knrouoei cnosa: mamemamuuna mooens, 0y208a eposis, 0y206i ¢asu.
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	Fig. 6. Arc temperature: 
	1 — experimental data [2]; 2 — calculation.

