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YV pobomi 3zanpononosano nosuil nioxio 00 Qi3uKO-MAMEMAMUYHOZO0 MOOENOGAHHS NPOYECi8
MaconepeHecents 8 basamoghaznux 8unaoKo8o HeoOHOpionux minax. Buxiona xpaiiosa 3adaua
cpopmynvosana Ha ocHosi 3axonie Dika. [ns 0ocniodcenns ycepeoHeHux Ou@ysiinux nonie
3acmocosano mexwixy oiazpam Deiinmana. OmpumMano Hel0KAIbHe PIGHAHHA OUPY3ii 011 ycepeo-
nenoi @ynxyii Ipina. [{na oughysiiinux npoyecie 3anponoHo8ano mMemoo NOKpaweHHs 30iHcHoCmi
HeCKIHYeHHUX [Hme2paibHux psoie Heiimana.

Kirodosi cioBa: OaratodasHe Tijio, IpOLECH MacONEPEHECCHHS, BHUIAJKOBE
noJjie KOHLEHTpalii, ycepeqHeHHs 3a ancamOieM KoHQirypauiii ¢as, miarpamu
®deifHMaHa.

Beryn. Y mpaktuili yacto BUHUKAE HEOOXITHICTh JOCIHIKYBaTH MPOIIECH Macorepe-
HeceHHs B OaraToda3Hux 0araTOKOMIIOHEHTHHX CEPEIOBHUINAX, OCKIIBKH UMM TIPOIIe-
CaMM BU3HAYAETHCS MOIIUPEHHS 3a0pyTHIOIOUMX PEYOBUH B OTOUYIOUOMY CEPEIOBUIII,
HaJliAHICTh BY3JIiB Ta €IEMEHTIB KOHCTPYKIIiH, 30KpeMa, 3 KOMIO3UTHHUX MaTepialiB.

Jlnst orucy mporeciB y Tijax i3 BUIQAKOBO HEOJHOPIIHOK CTPYKTYpPOIO PO3BHU-
HEHI MeToam romoreHizamii [1-3], B SKUX NEBHUM YHMHOM O3HAYYIOTH i BHKOPHCTO-
BYIOTb CepelHi Ta e()eKTHBHI MapamMeTpH AOCTiIKyBaHUX (Pi3HUHHX IMOJIB Ta cepelo-
BHUIIA. 3a TAKKUX MiAXO0JIiB MPUIAMAETHCS YMOBA MAJIOCTi PO3MIpiB BKIFOUYEHB MOPIBHSHO
3 XapakTEePHUMH BiIIAIIMHU 3MiH TapaMmeTpiB moiiB [1], mo, sk mpaBuio, 3abe3neuye
BUKOHAHHS YMOB T€OPEMH eproANYHOCTI Tporiecis [4].

VY po6OTi 3anpONOHOBAHO MOJANBIIMN PO3BUTOK MiAX0Ay [S] 10 MOAETIOBAHHS
muy3iHHEX mporieciB y 6araTodazHuX CTOXaCTUIHO HEOMHOPIMHUX TijaxX I BUTIAM-
KiB, KOJI PO3MIpH TiJia Ta BKIIOYEHb OKpeMuX (a3 € criBMipHi. BuxingHa maremaTtniHa
MOJIeTTb MacOTIEPEHECEHHS 3allMCcaHa 3 BUKOpPHCTaHHAM 3akoHiB (dika. Di3uuHi Biac-
THUBOCTI pi3HHUX (Da3 BPaxOBYIOThCS B Koe(imieHTaxX piBHAHHA MuQy3ii Ta TpaHUIHUX
yMOBaX. 3 BUKOPHUCTAHHSIM JiarpaMHOi (TpadidHoi) TeXHIKA OTprUMaHO piBHSIHHS [lai-
COHA JUIsSl YCEpEAHEHOTo IU(Y3IHHOIO OIS JOMIIIKOBUX YaCTHHOK, MOPOKEHOTO
TOYKOBUM J[KEpEJIOM, 1 BiAMOBiAHE HENOKaIbHE piBHAHHS nudysii. Takox 3amporno-
HOBaHO METOJ MTOKpaIIeHHs 301KHOCTI iHTerpanbHOro psany Helimana 3amaui nudys3ii.

BUTIaJKOBUMHU JTUQY3IHHUMH TIONSIMH Ha3WBAaTHMEMO BHITAJKOBI Mois [6], 1m0
OMNUCYIOTH 1U(Y3iiiHI IPOLECH y CTOXaCTHYHO HEOAHOPIAHUX CepeIOBHIIAX.
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1. Bunaakose nmoJie KoHIeHTpauii B 6ararogasnomy Timi

Hexaii 1oMilkoBa peyoBUHA MIrpye B Tili, IIO CKIAAAETHCS 3 N + 1 BHUITaAKOBO po3-
TanroBaHUX (a3, (i3UYHI XapaKTEPUCTHUKU SKUX CYTTEBO BiApi3HSIOTHCS. [Ipm oMy
TOYHA reOMEeTpUYHa KOH(DIrypallisi CTpyKTypH Tina HeBinoma. [IpuiiMaemo, 1o 06’ em-

Ha 4YacTka Vv, oxaHiel ¢dasu (Marpuii) 3HA4HO Olnblma Big 00’€MHHUX YacTOK V;
0 J

(]—1 N) Bxmouens (vo>v;, j=1,N), a rycruna Tina p(r) Ta KiHETHYHHH
koeditient qudysii d(7) € nocTiiHUMU BeTMIMHAMHU B 00’ €Mi KOXKHOT a3, ae 7 —
paniyc-BeKTop 0iKy4oi TOUKH MPOCTOPY.

Judy3is JOMIIKOBOI pEUOBHHM B TaKOMY Tilli, BUXOIsM4X 3 3aKoHiB Dika [7],
OIHCYETHCS PIBHSIHHM [8, 9]

8c(r I

LG 0e( 1) = p(7) LD _Gla)Ver.n)=0. (1)

Tyt c(¥,t) — BUMaJgKOBE MOJie KOHIEHTpPALii JOMIIIKOBOI pEUYOBHHU B T, V —
oreparop ["aminbToHA.

Hexaii 3agani kpaiioBi yMoBH [-ro poay Ha mone KOHUEHTpamii

1) g =0y(F)s cFD, oy, =b2(0), @)

ae b, (), by(t) — Bimomi nerepminoBaHi ¢yHKii; (0V) — rpaHui Tina 3 06’emoMm V.
YBeneMO B PO3IUIsLA BUNAAKOBY QYHKLIIO 1;(F) TUILy OAMHHYHOI CXOAMHKOBOI

¢dynxuii ['eBicaiina, ska Bu3Hadae KOHQiryparito (po3ranryBaHHs) (a3 B 00xacTi Tina i
o3Ha4YeHa TaKuM YiHOM [10]

1, ;e(Vi(j))’ N7
n; (F) = 4 n; (F)=1. 3)
y 0’ ;: & (VI(J))’ 120; y
ze (Vi(j )) — i-Ta OAHO3B’sI3Ha 00NacTh (i-Te BKIIOYEHHS) j-0i Qa3u; i — HOMeEp

BKIIFOYEHHSI (i =1,n; ), n; — KUIbKICTh BKIIOYCHb copTy j (j=0; N ). Tomi

N 1 N 1
dF)=22dm;(#),  p(F) =2 pm;(F). “4)

j=0i=1 j=0i=1
ITincraBumo monanHus (4) B piBHAHHS nudy3ii (1) Ta BpaxoBy€eMo, 110

n; n;

N ;o J
>3 %, )= X Sa@n, -7 ). )

Jj=0i=1 Jj=0i=1
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ne [d (F)]r” — BEKTOP-QYHKIisl cTprOKa KIHETHYHOTO KOoedillieHTa Ha TPaHUIi OJHO-

3B’s3HO1 00JacTi (Vi(f )), [; — rpannus wiei obmacti; 7/ — pajiyc-BEeKTOp TOYOK

TpaHHMIIi Fl]- . Toxi orpumaemo

- - N L . Oc - 1 - - T
LEDEF.0= 2 3| o0y () 5 ~d iy (Pae=— LA, 86 =7 foe | =0. ()

j=0i=1
Jlo ozmepKaHOro PiBHSAHHS J0Ja€MO i BIHIMAEMO HEBHIAJKOBHI OIMEPaTOp M-
bys3ii Ly (7,t) 3 xoedinienramu 6a3oBoi pazu

- 0

Tonmi, 3 ypaxyBaHHSIM yMOBH CyUiJIbHOCTI Tina (3), piBHsHHSA (6) HaOy e BUIIIAAY
Lo(F,0)c(F0) = [Loy(F,t) = L(F,0) |e(F 1) . (8)

Po3p’s130k kpaiioBoi 3amadi (8), (2) mIyKaTEMEMO y BHIJISIAI HECKIHIEHHOTO
inTerpansHoro pany Heiimana [10]. Beaxkaemo mpaBy uacTuHy piBHSHHA (8) IuKepe-
J0M, TOOTO HEOJHOPITHICTh CEPENOBHUINA PO3TISAAEMO SK BHYTPIIIHI JDKepera s
NpoLIeCy MacollepeHeCeHHs Y BUIIAAKOBO HeonHopinHoMy ( N +1)-¢pa3zHomy Timi. Toxi
PO3B’ 130K HEOAHOPITHOT KpaiioBoi 3aaadi (8), (2) MOXHa IMOIaTH Y BUTIISAL

t
c(F,)=co(Fot) + j j G(F 7,V L (F .t ) e(F' 1) dF'dt’ )
0)

ne ¢, (7,t) — po3B’s30K TaKoi OHOPIAHOI KpaioBoi 3a1a4i

Ly (7, 0)co (F,1) =pyg —dyAcy(7,1)=0; (10)

dcy(7,1)

ot
0|y =0 (), o), oy =b2(®): (11)
Ly(F 1"y = Lo (F1") = LY

TOOTO
N

N n; n;
L0 =0 =P )21 (Pe= X (dy ~d ) Y0, (FIA+
i=1 i=1

J=1 J=1

%ﬁi[d(f)]ms(f—f;)% ; (12)

j=0i=1

G(#, 7', t,t") — dyuxris I'pina 3amadi (8), (2), sKa BU3HAYAECTHCS K PO3B’SI30K TAKOi
3amadi [11]
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oG (7,7 t,t'
po—( )

y —dyA:G(F, 7 t,t") = 8(t —t)S(F —F'), (13)

G0t =0, G(FF 0. (14)

4 f—
1t )| Fe(dv)

Takum 4YMHOM BHXiJHA KpalioBa 3ajja4a 3BECHA JI0 €KBIBAJICHTHOTO il IHTErPO-
mudepenuiansHoro piBHAHHA (9). Po3B 30k 1boTO piBHSIHHS OyIyeMoO iTepyBaHHIM
(MeTtomoMm mocCHimOBHUX HaOmmkeHb). OCKibKH piBHSHHA (9) cnpaBeminBe I BCIX
Toyok obmacti {t €[0;1[, 7 e(V)}, 30kpema it 7 =7' i t=t", 10, m06 OTpUMATH
Hepiry iTepariro, 3amuimemMo 3HadeHHs (yHKIii KoHeHTpaiii B touri (7',¢") . Omxe
MaeMo

;
(7o) =co(Ft) + | [GGEF" ) Ly ") (7 ") dF"de"
0()
1 mijcraBuMo 1iel Bupa3 y npaBy yactuny (9). Toxi oxepxumo

t
(7o) =co(Fot) + j j G(F, 7' 1,V L (F 1) co (F', 1) dF'di’ +
0)

t t'
+ [ j G(f,?’,z,t')LS(f',t')j [ G, F" 1 (") L, (F",t") c(F", (") dF"dt" dF'dt’ . (15)
0) o)

3amucaBIIM 3HAYEHHS KOHIEHTparii y rtouri (#",#") 1 mimcraBuBImM ii y IpaBy

gactuny (15), onepxxumo npyry iTepariro. [ToBToproroun Taky ormeparito HeCKiHIEHHY
KIJIBKICTB pa3iB, OTpUMAEMO iHTerpainbHul psi HeilimaHa, a came

t
c(F 1) =co(F 1) + j j G(F, 7', 1,t" L, (F" 1) co (F' 1) dF'dt +
0(V)

t t'
n j j G(F,F',t,t')LS(F',t’)I j G(F' F" 1"t (F" 1" co (F" ") dF "de" dF 'di’ +
0() 00

+j j G(F,F',t,t’)LS(F',t')]I j G(F', 7" 1" 1"\ L, (F",t") x

o) o)
iy

X I J‘G(}_’:”,}_’:m,t”’tm)LS (l—;ﬂl’tﬂl) co (’—;/ﬂ,tﬂl)d’—;/ﬂdtﬂl dFI/dtI/ d’—;/dtl + . (16)
0()

[Mepumii unen psany Heiimana (16) — xoHuenTpauisi c,(7,f) B OTHOpPiITHOMY

cepenoBHILi 3 (I3MUHUMHU XapaKTEPUCTUKAMU P, d,, . lpyruii 1onaHok
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D (F,0) = j j G(F, 7, t,t") L, (F' 1) co (7' 1) dF'dt! (17)

o)
onucye 30ypeHHs KOHIEHTPALIMHOro MOJs, U0 BUHHMKAIOTh BHACTIOK HASBHOCTI Y
Tini BrioueHs. ToOTo, BpaxoByroun Burisi oneparopa L (7,t) (12), MoxkeMo cTBep-
mkysarn, mo ¢V (7,¢) € cyMoro 36ypeHp oIS KOHIEHTPALIii, KOXKHE 3 AKHX BHHUKAE,

SKIIO B OJHOPIJAHE CEpEeAOBHILNE IOMICTHUTH BKJIIOYEHHS 3 XapaKTePHUCTUKAMH,
BIIMIHHUMH BiJI XapakTepucTHK 0a30Boi ¢a3u. o Toro x BpaxoByrOTbCs U edekTn
TpaHUIb IIHOTO BKIIOUeHHS. Tpetiit momaHok y psai (16) MoxHa momatu y ¢opmi,
anayoriugii (17), a came

D F, 1) = j j G(F, 7" 1,0 L, (7,1 ¢V (7" dF'dt .
o)
Bin Bimmosizae THM 30ypeHHSM, SIKi BAHUKAIOTh BHACTIIOK TIOMIIIEHHS B CEPEIOBHUIIC
3 mapaMeTpaMH MaTpHIli MOYeproBo JBOX BKIOUEHb, T00T0 P (7,f) ommcye edexTu

MApHOTO B3a€MOBIUIMBY TAaKUX BKJIIOYCHB HA MOJIE KOHIICHTpAIlil. 7 -Uil JOAaHOK Py
(16) MoxHA TIOJTATH TaK

M (F,1) = HG(* PO L (F ) Y (F L dFdr (18)
o)

SIKMH € 71 -M PEKYPEHTHHM KPOKOM METOy MOCIiIOBHUX HabmmxeHb [12].

To6to psn Heiimana (16) — 1ie po3BHHEHHS TOJNIS KOHIIEHTpaIii 3a 30ypeH-
HSIMH, SIKi BHHUKAIOTh Y CUCTEMI Yepe3 HasgBHICTh BKIFOUEHB 3 IHIMTUMH, HIK Y MaTPHIIi,
TQy31HHIMA XapaKTePUCTHKAMH.

2. CepenHe noJie KOHUEHTpaWii B 0araroga3HoMy BUNIAAKOBO HEOIHOPiTHOMY TiJti

VYcepenaumo BUNanKOBe Tojie KoHIEeHTpalliil (16) 3a ancambieM koHpirypariit ¢as i3
3agaHor0 QyHKIliE po3noaity. Toai oTpumaemMo

(c(F,0)) = co(F,0) + j jG(” PO L (F ) )co (7't ) dr'de +

0(V)

+ j | j [GGF WL GGG 7t L ") )eo (7ot dF " de"dF 't +
070 (V)

+HH”G(# FLLO L (PG P )L (P ") %

0(7)0 (V)0 (V)

X G(—’”, =m t” tﬂ/)L (—‘I/! I/!)>c0(—‘lll I/!)dl—/"llldt”/d}—/:lldtﬂd’—;/dtl + . (19)
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IIpn 1poMy, BpaxoBYIOUM BHIVISA omeparopa L., HEOOXiZHO BU3HAYMTH BUpA3U Ha

spasorc (). (877 ). (my e ). (6~ B~ 5 ). (ny (0"~ 0 )

i T. 1. ToOTo ansi po3paxyHKYy YCEpeIHEHOro IoJisi KOHLEHTpamlii MOTpiOHO 3HATH
et (1, (7). G (3778 )8 ). (ny (7). 8"~ )) Gyae-
sxoro nopsiaky. [Ipu JOBiMBHIN cTaTHCTHIN LIe CKIIaHA 3aj]ada, O TOTO K HeOOXiaHO
noOy/lyBaTH METOJM CYyMYBaHHS ycepeIHEHUX psjiB. BpaxoByrounm xapakTepHi 4acu
penakcanii audy3iiHUX TPOIECiB, Y pa3i Manoi 00’€MHOI YaCTKU BKJIFOYEHb, MOXKHA
oOMexuTHCs “O0pHIBCHKUM HaOmmxkeHHIM [13], TOOTO BpaxoByBaTH JIMIIIE JBA eI

yjeHu psagy Heiimana.

VY npoMy BUManKy, Bianoriguo xo (12), (17), Bunaakose moiie ¢V ¢ niniitaum
(yHKIIOHATIOM BiJl (IIyKTyarin 57(17) =d(r)- <d(17)> , p(F)=p(F)- <p(17)> . Tomy Bci

)

MOMEHTH TOJIsi ¢\’ JiHIWHO BHU3HAYAIOTHCS depe3 MoMmeHTu d(7), p(F) TOro x

MOPATKY.
VYcepenHeHe mojie KOHIEHTpaIlii y OOpHIBChKOMY HAOIMKEHHI € TAKUM

(e 0)=coF )+ [ [GEF LWL E))eo (F ot drdr (20)
o)

Kopemnsmiitaa (aBTokopesimiitia) yHKIisA 32 03HAYCHHSIM JOPIBHIOE
Y (7. 7.8) = (. De( 1) — (e, 0) e t)). 1)

SIKIIo MOKJIafeMo TyT /A =7, =7 , TO OTPEMAEMO qucnepcito D[c] BUIagKoBOroO Mo
(ToOTO cepenHiil kBampat GuykTyarii) B TOUIl 7

Dlel= 2 (F.1) = <|5(;71 ,t)|2> - <[c(;7,t) - <c(7,t)>]2> . 22)

3asnaunmo, 110 (21) i Bupasu 1yt BUIIIMX MOMEHTIB T0JIst ¢(7,¢) MalOTh TIOBHHIMA
CTATUCTUYHHUUA PO3B’ 30K 3a1a4i.

3. liarpamMHa TexHika 1Jis1 ycepeqHeHoro qudy3iiiHoro moJist 10MillIKOBHX YACTHHOK
Sxmo BuXimHY KpaioBy 3aaauy (1), (2) MoxkHa chopMyIIOBaTH y BUTIISAI PIBHSHHS

Be (7, 1)

LGF.0e.t) = p(F) 00 - a)Vew.nl= 10, (23)

3 HYJIbOBUMH KpalilOBUMH yMOBaMHU, 1€ f(7,t) — jkepeno (aerepMiHoBaHa (QYHKILis),
TOJi pO3B’A30K TAaKOI 3a/1a4i MOYKHA OAATH Yepe3 GpyHKUito ['pina
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(7 t) = HG(* Pt FEL ) dFde (24)

0()
: : = = ' o
ne ¢ynkuis I'pina G(r,r',t,t") (SKka € BUNAIKOBUM IIOJIEM) 3aJIOBOJIBHSIE KpaioOBY
3a7a4y 3 TOYKOBUM JKEPETIOM

o7 )M a6 | = 8- )8 7). (23)

“'tt)| o =G F.L1)| o =0- (26)

Honamo 1 BigHiMeMo B piBHSHHI (25) merepmiHoBaHMi omeparop L,, koedi-
Li€HTH AKOTO € abo XapakTepucThkamu 0a3oBoi dasu, Ko vy >v ; (j =N ), abo

yCepeIHEHUMH 3a aHcaMOJIeM peaii3allii BeTnIrnHaMHI (p(r)> , (d (r)> (y pasi piBHO-

MIpHOTO po3moaity ¢a3 B 00yacTi Tija mi KoedillieHTH CHIBNANaloTh i3 CEpeaHIMH 3a
06’emom Tina). Toxi, BpaxoByroun dopmyiry (9), mis ¢ynkmii ['pina orpumaemo
iHTerpabHe PiBHIHHS

G, 7', 1,1") = Gy (7, 7' tz)+j [GoF. L Lt )L Gt GG 7y )Rty (27)

o)
ne Gy(7,r',t,t") — dynkuis I'piHa 1T OXHOPIIHOTO CEpemOBHUIIA 1 € PO3B’SI3KOM
3a7a4i
W 0G (F,F 1,1 = = e
<p(r)>% V[ d))W Gy 7 ) |= 8 - )57 - 7). (28)
Go(F F.0.1)| _y = Go(F F.0,t")| reory =0-

[Migcrasmsiroun y popmyii (16) G, (7,7',t,t") 3amicts ¢, (F,t) , oTpuMaemMo psiz

G(F.F' 1.t = Gy (F. 7', r)+j [Go Gt 0L (o) G (7,71, drdy +
o)

t 4
+I IGO(F’Flatatl)Ls(Fl’tl)j J.GO(?I’?E5t1>t2)L.v(F2’t2)X
o) o)
x G (Fy,F' 1y, t")drydt,drdt) + .. . (29)

3rimHo 3 dopmynoro (24) ycepeaHeHe 3a ancambieMm KoHQirypariii dha3 mome
KOHILIEHTpaii <c(;7,z)> BU3HAUAETBCS 4epe3 ycepenHeHy ¢yHkuito [pina

(G(F,F',1,1).

Psn (29) MoxHa TOAATH y BHTIISAIL
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G(F. 71,1 = Gy (7,71, z)+j J Go . Att)L Giat) = Ly (R)]
0 (V)

t
x Gy (R, 7'ty t)drdty + [ [ Go (7,7 6, 0)[L G ty) = Ly (7)] x
o)

!
<[ [Go(RoFasti )Ly (Gosta) = Ly (7)) Go (B Pty ') diydtydridiy + e, (30)
o)

ne Ly(7.1) = [<p(f)>—p(f)]§=5(f) L L") =V [{(a() - a@) W ]=V]a 9] .
Sxio |L1(r NG, (F,r't t)| < |L2(r)G0(* Pt t)| (mokanmpHI 3MiHH B Yaci €

MEHIII ICTOTHUMHM HIXK IIPOCTOPOBI), TO 1ist oneparopa L, Ha ¢yHkuito I'pina G, Hex-

TOBHO MaJla IOPiBHSHO 3 Ji€to oneparopa L, Ha G . Toxi psaa (30) HaGyBae BUIIALy

GO 7'y = G PPt )+ [ [ Gt ) a1 Gi G 'ty +
0)

t 4
+_[ J.GO(F:ﬁ’t:tl)Lz(ﬁ)J‘ IGO(?;’FZJIJZ)X
o) o)

X Ly (73) Gy (ry, 7', 1y, 1) diydty dridty + €1y

o6 mochmimuTH CTPYKTYPY IILOTO PsAy, BBeAeMO TpadidHe 300paskeHHS Horo
€JICMEHTIB Y BUIUISAI aiarpam P. CDeﬁHMaHa [14].

Cniscrasumo dynkuii G (7;,7;,4;,¢;) BIAPI30K MpsAMOI JiHii, KiHUAM SKOI IpH-

NHULIEMO KoOpauHatu (7;,1;) Ta (7;,t;)
GO(H J,za j) (l_";-,ti) (F]’tl) s
rpadiune 300pakeHHs I oneparopa L, B Toumi (7;,¢;)

L@=v:liew.] - 1 .

[No3naunmo ¢ynkuiro ['pina G HACTYTHUM YHHOM
GF,F 6t~ ">,

Touxn (7;,t;), (F},t;), B AKX CXOAATBCA JiHii, w0 300paxkaoth Gy Ta L,, €

BepUIMHAMH fiarpamu. [IpuiiMeMo, o 32 KOOpIUHATAMH BHYTPILIHIX BEPIIHMH Bi0Y-
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Ba€ThCsl iHTErpyBaHHs. KilbKICTh TakMX BEpUIMH y AiarpaMi BU3HAYA€ MOPSIOK Jlia-
TpaMH.

Tomi psn (31) y rpadiunomy BUMIIAAL Oyae TaKUM

~ = ——

+ — + — - +————— — . (32)
(A.t) (7.4 (Koty)  (1,4) (1K,0) (15,13)
Posrisaemo temep yeepenneny ¢yukmiro ['pina. [Tozaaunmo
—_ - —
(GG Ft)) ~ (7,0) (o) -
CraTHCTHYHI BIACTHBOCTI BU3HAYAIOTHCS KYMYJSIHTHUMH (200 KOpENsSIiiHIME )

¢ysKuisMu ycix nopsakis. CriBcTaBUMO M MyHKTUPHI JiHii. [Topaaok KyMyJstHTHOT

byHkuii y, (7,7,,...7; ) CHIBIIaga€e 3 HOPSAAKOM JliarpaMu
n
71N
1 A}

Vi (s Fyse i)~ 0N

1’1 7"2 ...I"k

\

Toxni MoMeHTH Big omeparopa L, , o MICTUTh QIyKTyamii d (¥) , HaOy Ay Th BUTIISTY
[~ ~ *
(L) =(Fd @)~ 1
n

(Ly(R)Ly (7)) = v, (7)) = (Ly ONLy ()~ /-

’ A
+ <L2 (R)L, (7, )><L2 (73 )> - 2<L2 (A )><L2 (7 )><L2 (73 )> ~ ,/'/ AN T ~ oot

3ayBaKMMO, 1110, OCKUIBKH 32 KOOPAWHATAMH 7i, 7, 73 BHYTPIIIHIX BEpIIMH

BiZIOyBa€eThCs IHTETPYBaHHS, TO aHATNITUYHUN BUpA3, KU 300pakacTbesl Aiarpamoro,
HE 3aJIeKUTh BiJ KOOPAWHAT BHYTPIIIHIX BepmMH. Y 3B’A3Ky 3 LUM Hajgami i
KOOpAMHATHU Ha JiarpaMax He 3a3HavarTbes. Tomi ycepemnenuit psg (31) (abo (32) B
rpadgivHOMY 300pakeHHi) MOXHA TTOJaTH HACTYITHUM YHHOM

. LI Ea T * 0 * =
—— —— P I I| + ‘I \\l + | ‘I ‘I + .I .’I \‘. +
1 2 3 4 5 6
R ’ /:\ /T\\ "\
+ I, \ , + AN + AR + ,//’A\\\\ + ... (33)
7 8 9 10
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3a3HaunMMo, TIO BiMMOBiMHICTH MiX niarpamamu DeliHMaHa Ta aHATITHYHHMH
BUPa3aMU € B3aEMHO OJIHO3HAYHOIO.

Hesxi 3 mgiarpam, mo Bxoasath y (33), micTaTh ¢parmeHTu, AKi € xiarpamMamu
HIDKYoro mopsaaky. Hampuxman, miarpama 6 mictuth miarpamm 2 1 4. Lum moxxHa
CKOPHUCTATHCSI Il CKOpodeHHs 3ammcy. Jlo Toro x cymy psamxy (33) MOKHA BHpPa3UTH
CYMOIO JIeSIKOi HECKIHUYEHHOI MiAMOCHIIOBHOCTI BOTO X psxy. Jist mporo kmacudi-
KYyEMO Jiarpamu, 1o BXoasrs y (33).

Jiarpamy Ha3BeMO Ci1a0KO 3B’s3aHOI0, SKITO ii MOXHA PO3JUTATH HA IBI OKpeMi
Jiarpamu, po3ipBaBILY JesKy oaHy JiHito G,. Y dopmyni (33) crabko 3B’A3aHUMU €
nmiarpamu 3, 5, 6, 7. Pemra miarpam € cunbHO 3B’s3anumu (2, 4, 8, 9, 10). Jliarpamu,
IO OTPUMYIOThCS BHACTIOK PO3pUBY JiHIH G, MOXKYTb BUSBUTHUCS CHIIBHO abo ciad-

KO 3B’s3aHMMU. SIKIIO cepejl «BTOPUHHUX» JiarpaM € ciaOKo 3B’si3aHi, TO iX MOXHa
po30uTH Ha mpocTimn Aiarpamu. [IpogoBKyOUM L0 MPOLEAYpPY, B Pe3yJbTaTi MpHii-
JIEMO 10 JesSKOi KiJIbKOCTI CHIIBHO 3B’si3aHWX jiarpaMm. KinbKicTh CHIIBHO 3B’SI3aHHX
miarpaMm, Ha sKi Moke OyTm po30WTa Cilabko 3B’s3aHa Jiarpama, € ITOKa3HHUKOM
3B’SI3HOCTI BUXiqHOI miarpamu. Tak, y ¢opmymi (33) miarpamu 3 Ta 6 MarOTh MOKa3HUK
3B’3HOCTI 2, a JiarpaMa 5 — TIOKa3HWK 3B’s3HOCTI 3. [ CHIIbHO 3B’s3aHUX Jiarpam
MIPUHMEMO TTOKa3HUK 3B’ SI3HOCTI 1.

VY psani (33) BimbepemMo Bci CWIIBHO 3B’si3aHi giarpamu. OCKIiJIbKH KOXHa 3
JiarpaM MOYHMHAETHCS 1 3aKiHUYeTbes JiHiE0 G, TO CyMy BCiX CHJIBHO 3B’S3aHUX

—O—. (34)

JiarpaM MO>KHa TIOJTATH Y BUTJISII

J€ BBCACHO ITO3HAYCHHA

”

— (cunvro 38) = =1 ' _ * ,’\ ,:\ ,?\\ //' .
G (r,r,t,t") ~ =+ S+ N+ A A (35)
b — % o e Lol ‘e

B anamitnaniit dopmi (35) Mae BUTIIA

t 4
GG = [ [ [ [ Gl ot V2 Tty )G (o oty ) diydtydFidlty, - (36)
0 om)
e
Z(ﬁfz,tl,tz)=<L2(f1)>+Go(f1f2,t1,tz)\v2(ﬁ,?2)+

]
+ [ [Go ot i) Lo (RD)Go (Rl o it W2 (5 T ) el +
0()

4
+ [ [Go oot )G (o it Wi (5, 7 7 ) i +
0(V)
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4 b
+J. J. I IGO(;‘I7’71'at1atl,)GO(}_;l,a;iatiaté)GO(;2'7F2atéat2)X
o)yow

) (i W (R R st + .. (37

— AP0 MAcOBOTO OMepaTopa.
SIKI10 pO3MISIHYTH CyMY BCIiX JiarpaM 3 TOKa3HHUKOM 3B’SI3HOCTI 2, TO KOXKHA 3

HHUX Ma€ BUTTIA
—O——. (3%)

e @ i @ — Oynp-siKi AiarpamMu, 10 HajexaTh npasiii vacTuHi (37).

Ockinbku 1pu mo0y10B1 psiay (33) mepeOuparoThes BCi MOXKIIMBI CIOCOOU ITO-
NapHOTO 3’€HaHHS BEPIIMH, TO CyMa BCiX MOMJIMBHX CKJIaJOBUX Ha 3pa3ok (38)

JIOPIBHIOE

e O — moBHa cyma (37).
AHAJIOTIYHO CyMa BCIX Jiarpam i3 NOKa3HUKOM 3B’SI3HOCTI 3 Ma€ BUIIIA[

00O

1 T. 1. Takum auHOM, ycepenHeHy (GyHKmio I'piHa MOXHA MOJaTH Y BUTIISAII Jiarpam-
HOT'O Py

— _O_+—O—O—+—O—O—O—+... 39)

Ile momanHs BIAPIZHAETHCS BiJl BUXITHOTO AiarpaMHOTO psmy (33) TUTBKH TEperpyIry-
BaHHSIM HOr0 4ICHIB.
Buainumo B piBHstHHI (39) enemMeHT —O Toni

—_— O x (—+ ——+ —O—— ) @

Cymyroun B (40) BUpa3 y Aayxkax, 3 BUkopuctanasm (39) orpumaemo piBHsHHS Jlaii-
coHa IS ycepeanenoi Gynkmii ['pina y rpadivnii

el — g S (41a)

1 BIZITIOBITHO aHAMITUYHIN popmax

126



®disMko-maTemMaTUiHe MOAeNoBaHHA Ta iHhpopmauinHi TexHonorii
2005, Bun.1, 116-131

t ¢
(GFEF ) =Gy 76 + [ [ [ [ Gy, 7t )2, 7y 115) %
0(V)0 (V)

< (G(Fy, 7' ty,t"))dFydt, dFydt, . (416)

4. YcepeaHeHe 1moJie TOUKOBOI'0 JKepeia Y BUNIAKOBO HEOJHOPITHOMY Tijti

SIkmo 3actocyBatu 1o piBHsHHs Jladicona (41) onepatop L, (7,t), sKkuil BUSHAUCHUH
hopmyiioto (7), To 3 ypaxyBaHHAM (28) oTprMaeMo

a G —’,—’I’ , ! - - - .
(p(?))—< e ar[ tt)>—V;[<d(r)>V;<G(r,r',t,t')>]—
— [ [2(. 7,66 XGG 7,1, ¢ drde, =8( 13 ~ 7). (42)
0 (V)

I3 mopiBusiHHa (28) 1 (42) BumnmuBae, mo Ha BigMmiHy Bin G, OGyHKIIA
<G(17 P, t')> 3aJJ0BOJIbHSIE He nudepeHiaibae, a inTerpoaudepeHiagbHe PiBHIHHS.
3 ¢i3uvHOT TOYKH 30py 1€ 03HAYAE, M0 yCePEeHEHE MoJie B JAesAKil Touri (7,f) 3aie-

JKUTH 1 BiJl HEOAHOPITHOCTEH, SIKi OTOUYIOThH IIF0 TOUKY.
Pipastaas Jlaiicona (41) MoXHa TIEPETBOPUTH 10 BHUTJISAAY, B SIKOMY 3aMiCTh

¢ynkuii I'pina He36ypeHoro cepenosuiia G, Oyzae dirypyBaTu 4acTKOBO IPOCYMO-
BaHa HECKIHYEHHA ITiIOCTIIOBHICTD PALY IS <G> Jig iporo 3anuiieMo piBHSHHS
Haiicona B oneparopHoMy BUrisai [15]. YBenemo mniniiiHi onepatopu M, M, ta X 3

sipamMu <G>, G, 1 X BiamoBinHO

MYF 0= [ [(GEFL)f F it

0(¥)
(Mof)(l_;,l) EJ. J-<G0 (F,?’,l‘,t’)>f(7',t’) dr'dt’
0(¥)
ENGE =] [(EEF L) Eydidr.
0()

3amnuc (Mf )(7,t) o3Ha4ae, Mo QYHKIS f TEPETBOPIOETHCS ONEPATOPOM M y QyHK-
N (Mf ), 3HaYCHHS 5IKOi OepeTbes B TouLl (7,7) .

Tomuoxumo (41) va f(#',¢") ta npoinrerpyemo mo 7', t'. OrpumMaeMo piBHICTb
y Takii oniepaTopHiit popmi Mf =M of + M OﬁMf . OCKINBKU T PIBHICTH CIIPABIKY-

€ThCSI T Oy Ib-sikoi (DyHKITT [, TO i MOYKHA 3aIMCcaTh SK PIBHSAHHS U oriepaTopa M
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Skmio ¢ynkuis I'pina G(7',7",¢',t") € cuMeTpuuHOI0 (HAPUKIIAJI, IS CTaTHC-
THYHO OJHOpimHOro cepemosuiia), tooro G(7',7",t',t"y=G(F",7',t",t"), T0 cumer-
pHUYHOIO € 1 ycepeaneHa ¢yxkuis ['pina <G> 3 1bOTO BUILIUBAE, 11O

A

N7 -t (44)
~T . . .

ae M' — TpaHCHOHOBaHUil onepaTop. AHaNIOri4HO i3 cumerpii GyHkuii G, BUILIH-
Ba€ PiBHICTh

Ml =m (45)

0o =Mo-

VY nmiarpamHiii iHTEepHpeTalii piBHICTh (44) o3Hauae, M0 KOXKHA fiarpaMa, sika

BXOJUThH Yy P A <G>, € a0 CHMETPUYHOIO BiIHOCHO BEPTHKAJIBLHOI OCi, IO POXO-

JUTh Yepe3 LIEHTpP Aiarpamu, abo, SKIIO BOHA HE CUMETPUYHA, TO BXOJAUTH B <G> y

CyMi 3 IHIIOIO MiarpaMmoro, sSKa OTPUMYETHCS i3 BHUXITHOI HECHMETPHUYHOI BimoOpa-
JKEHHSIM BIJTHOCHO BepTHUKaIbHOI oci. Hanpuknan, y (33) BXOAATh CUMETPUYHI Jiarpa-
mu /-5, 8, 9 i mapa HECUMETPUYHUX Aiarpam 6, 7.

I3 cumeTpii <G> surBae, mo (7, 7", t',t")=2(",F',t",t"), ockinbku miarpa-

MU IS X MaroTh TOW CAaMH THUI CUMETPIi, 110 1 JIst <G> BignosigHo
sT=3%. (46)

3acTtocyemMo orepaliito TPAaHCTIOHYBaHHS O PiBHSHHS (43), BpaXxoBYIOYH, IO
MIPH TPAHCIIOHYBaHHI JOOYTKY OIEpaTOpiB IXHIM MOPSAAOK 3MIHIOETHCS Ha 3BOPOTHIM.
Tomi, 3 ypaxyBaHHsM (44)-(46), OTpUMaEMO piBHSIHHS

Hexaii BitoMo HaOMMXEHUH PO3B’SI30K M | piBHAHHS (47), WO BinNOBigae Ha-

OIMKEHOMY BHpa3y il , TOOTO BiIOMO PO3B’ 30K PiBHSIHHS
Hampuxiiag, 3a Takuii po3B’sS30K MOKHa BuOpaTu HaOmmkeHHs Tumy byppe [10].
JloMHOXHUMO orrepaTopHe piBHSAHHS (43) 311iBa Ha OnepaTop (i +M 121 :

o, = 101,254,
BpaxoByroun y nipaBiit gacTuHi 11i€i piBHOCTI popmyiry (47), onep>KHMO
1+ 3,8, W7 =1, i+ 207).
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Iepenecemo ckinagoBy M3, M y npaBy yacTHHy PiBHOCTI i 3aNMIIEMO ii y BHI/IsL

PiBasuHs (49) ananoriude piBasiHHIO Jlaficona (43). Ilpu npoMy, SIKIIO HOpMa
oreparopa o 21 MEHIIIa BiJi HOPMH oleparopa 3, T0 iTepauiiHuid psa piBHAHHSA (49)
Oyne 30iraTrcs MIBUIIC, HIX BUXITHUHA [16].

3acTocoBylour OmepaTopHy piBHICTH (49) mo menbra-PyHKMIl, OTpUMaEMO Bif-
TIOBi/IHE PiBHSIHHSA JUIA SIZIEp OTepaTopiB M, M 1> S i il

(GG.7.6,1) = (G177 1.1) +I I f [(G .7t ))EG Pty 1) -

0(V)0 ()
=3\ (R, 1y, G(F 7' 1y 1)) dFydty dFidlt (50)

€ <G1> — BIAMOBiIHUI HAOIVKEHUH PO3B’ A30K.

3a3HauMMO, 0 y BUIAJKy CTATUCTHYHO OJHOPITHOIO CEPEOBMIIA PIBHSIHHS
(50) Mmo>xHa po3B’s13aTH 3a IOIIOMOTO0 IepeTBOpeHHs Dyp’e.
Takox 3ayBaXMMO, MO 3a HEOOXiTHOCTI HaBeIEHY MPOLEAYPY MOKpAIICHHS

301KHOCTI psimy JUIs <G> MOJKHa MOBTOPUTH. Hampuknan, MokHa 3amvcatd HaOnu-
KEHHUH BUpa3 U X — X, =X, 13HalTH BIINOBIAHUN BUpa3 I <G2> .

Texnika miarpam deliHMana i oTpuMaHe HelOKalbHE piBHSHHS JlaiicoHa mis
ycepenHeHoi QyHkuii I'pina (41) HaBeneHi A1 BUMAKY |L1G0| < |L2G0|. Amnasioriu-

HUM YMHOM MOXHA OTpUMAaTH piBHAHHA JlaficoHa mms |L1G0| >>|L2G0|. Slkmio x He

CIPAaBKYETHCS JKOJIHA 3 YMOB MaJIOCTi, TO IMMOTPiIOHO JJOJATKOBO BPaxOBYBAaTU KOPEJIsi-
IiF0 IIUX JBOX IIOJIB, IO TIPU3BE/IE /IO IHIIIOTO THUITY HEJIOKAIBHOTO PiBHAHHS AUPY3ii.

BucnoBku. TakuM 9uHOM, Y POOOTI PO3BUHYTO MiIXiT A0 OMHKCY IIPOIECIB JTH-
¢y3ii B (N +1)-ha3zHOMYy CTOXaCTHYHO HEOMHOPITHOMY TiJli, KOJU PO3MIPH TIEBHUX
eJeMeHTIB (a3 CIBMIpHI 3 po3MipaMu Tijla. Y paMKax IbOTO IiIX0Xy BUXIIHINA Kpano-
Bill 3amadi, B sKid (i3uuHi BIACTUBOCTI (a3 BpaxoBaHi B Koedili€HTaX pPIBHSIHHS
Judys3ii, TOCTaBICHO y BiANOBIAHICTH €KBiBAJIEHTHE 1HTErpOAU(EpeHLiaIbHE PiBHSIH-
Hs1. PO3B’S130K TakoTro PiBHSHHS 3HAWIEHO METOOM TIOCTiJOBHIX HAOIMKEHD Y BHUTJISA-
Il HEeCKIHYEHHOTO 1HTerpajbHOrO psiiy Helimana Ta ycepeaneHo 3a ancamOiieM KoHDiry-
pauiii ¢a3. AHamoriyHUM YMHOM c(OPMYIBOBAHO iHTErpoAndepeHLiabHe PiBHAHHS
Ta 3aIMCaHO WOTO PO3B’SA30K y BUIILAL psiny Hefimana mis dyskuii ['pina 30ypenoro
CepeoBHIIA.

Jns  nociipkeHHsT ycepeAHeHUX Iu(y3idHUX TOJIB JOMIIIKOBUX YaCTHHOK
BUKOPUCTAHO TexHiKy miarpam @eiinmana. [lomaHHS po3B’SI3Ky 3amadi y BUIIIAII
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CYKYITHOCTI [iarpaM [J03BOJIMJIO TEpPETBOPIOBATH Psa Teopii 30ypeHb, BHKOPHCTO-
BYIOUM TOIOJIOTIYHI O3HAKH Jiarpam, siKi BXOISATh y PO3B’S30K. 3aCTOCYBaHHS TaKoi
TEXHIKH Ja€ MOXIUBICTb BUPa3UTH cyMy psay Helimana dyepe3 cymy Hesikoi HECKiH-
YEHHOI MiAMOCIiOBHOCTI IIBOTO XK PALTY.

Jns ycepennenoi ¢ynkiii I'piHa omepskano piBHAHHS JlalicoHa, 3 SIKOTO OTpH-
MaHO HeJOKaJIbHE iHTerpoan(epeHItiagbae PiBHIHHS JUQY3ii.

3ayBa)KUMO, 110 OCKUTBKHM NP 3HAXOKEHHI PO3B’ 3Ky BUXiAHOI KpaiioBoi 3a1a-
4i, oTpuMaHHi piBHAHHA JlaificOHa Ta HEJOKATBLHOTO PIBHSAHHSA AudYy3ii HE BUKOPHC-
TOBYBABCsSI KOHKPETHHI BUTJISII PO3B’SI3Ky KpaioBoi 3amaui nudysii B 0IHOPITHOMY
T Ta BiAmoBigHOT He30ypeHoi QpyHKuil I'piHa, HaBeeHI BUKIAIKU CHOpaBEeIIMBI 1 I
IHIIMX THITIB TPAHUYHUX YMOB (3 00MEKEHHSM iXHBOI JI€TEPMiHOBAHHOCTI ).

Takox 3a3HaYMMO, IO JUIS MOAATBLIOTO PO3BUTKY IIHOTO HAYKOBOTO HAIpPSIMY
JIOLUTBHUMH € JIOCII/PKEHHSI KOPEJNsilii BHUIAIKOBUX JU(Y3iHHUX MOJIB, SKI MOPO-
JDKYIOThCS TOYKOBUMH JDKEPETaMH, OTPUMAaHHS HEJIOKAJIbHOTO PiBHSIHHS Ui QyHKIIT
KOTEPEHTHOCTI, (pi3MKO-MaTeMaTUIHEe MOJICIIOBAHHS IMPOIeciB Audy3ii y BUIAIKOBO
HEOJHOPIIHUX TiIaX y paMKax Teopii OiHApHUX CHUCTEM.
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Mathematical Modelling Diffusive Processes in Multiphase Bodies
of Random Structure Using Feynman Diagrams

Olha Chernukha

In the paper new approach to physical-mathematical modelling mass transfer processes in mul-
tiphase randomly nonhomogeneous bodies is proposed. An initial-boundary value problem is for-
mulated on the basis of Fick lows. The technique of Feynman diagrams is applied for investigating
averaged diffusive fields. A nonlocal equation of diffusion for averaged Green function is obtai-
ned. A method for convergence acceleration of infinite integral Neumann series regarding diffusi-
ve processes is proposed.

MatemaTtu4yeckoe mogenupoBaHme Ancpdy3noHHbIX NpoLeccoB
B MHOrocpasHbIX Tenax criy4amHou CTPYKTYpbl
C ucnonb3oBaHMem amarpamm PenHmaHa

Onbra YepHyxa

B pabome npeodnosicer HOBbIIL NOOX00 K Pu3UKO-MAMeMamuieckomy MoOeIuposanurd npoyeccos
MacconepeHoca 6 MHO20(A3HLIX CAYYAUHO HeOOHOpOOHbIX menax. Kpaesaa 3aoaua cgopmy-
JUPOBAHA HA OCHOBAHUU 3aKOH08 DuKa. [[s uccied08anus ycpeOHeHHbIX Oup@Y3uOHHbIX nonei
npumernena mexuuxka ouacpamm Deinmana. [lonyueno HenokarvHoe ypaguenue Ougqysuu 0ns
yepeonennou @yuxyuu I puna. s ough@yzuonuvix npoyeccos npednodicer Memoo YiyuuleHus.
cx00uMoCmu OeCKOHeUHbIX UHmMeepalbHblX paoos Helimana.

Otpumano 27.08.04
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