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In this paper, the elastic state of a sphere is studied, inside which there is a spherical cavity (spherical pore) at an
arbitrary distance from the center of the sphere. Expressions for the displacement components, strain, and stress
tensors depending on the geometrical parameters of the problem and the pressure values on the surfaces of the outer

and inner spheres were obtained.
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INTRODUCTION

The classical problem of the theory of elasticity
associated with the deformation of an elastic hollow
sphere (the Lame problem) has been considered in many
papers (see, for example, [1-3]). Interest in this problem
has not weakened for several decades due to the wide
aspect of applying the results of the theory of hollow
elastic spheres to various problems in materials science,
biomechanics, nanophysics, etc. In articles [4-6],
mathematical models of the sclera of the eyeball and
glaucoma based on the classical (linear) theory of
elasticity were developed. Good agreement with the
experimental data [7] was shown by the nonlinear theory
of hollow sphere deformation as a mechanical model of
the sclera of the eyeball [8]. Another critical task is to
model the processes that occur in the vicinity of a
micropore in a metal under high pressure. This problem
is important since the operational qualities of the metal
grow with the «healing» of continuous micro defects [9].
In [10] dealt with the problem of spherically symmetric
compression of a ball having a micropore in the center.
In [10], a technique for estimating the loading force that
creates a particular deformed condition was provided
based on the stated laws of change in the displacement
field.

In [11] symmetric deformation of a hollow ball made
of a two-component composite under the action of
uniformly distributed internal and external pressures was
considered. In the same place, a numerical calculation of
microstrains in the viscoelastic components of the
structure of the ball under consideration was carried out.
The results of the classical theory of the deformation of
an elastic hollow ball were applied in [12] to study the
deformation of a gas-filled pore of radius R located at

the center of a spherical body of radius Rj .
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Micropores or spherical cavities can be formed at any
distance from the center of a spherical body. The
situation gets considerably more problematic from a
mathematical point of view. A bispherical coordinate
system is useful for solving it. The boundary conditions
are specified on spheres with centers on the same straight
line. The use of a bispherical coordinate system in [13—
14] allowed the description of the diffusion evolution of
vacancy and gas-filled pores in spherical nanoparticles.

The elastic sphere is looked at in this research for the
case of an arbitrary position of a spherical cavity
(spherical pore) under the impact of a uniform
distribution of external and internal pressures.

FORMULATION OF THE PROBLEM
Let's consider an elastic sphere of radius R, inside
which there is a spherical cavity (pore) of radius R, , and
R, <R, . The center of the cavity O, is displaced by a

distance | from the center of the sphere O,. The
condition that the cavity is located inside the sphere leads

to a purely geometric inequality:
R/R,+I/R,<1. 1)

Pressure P, acts inside the cavity, and pressure P,

acts outside the sphere (Figure, a). The purpose of the
work is to determine the elastic state of a hollow sphere
with a displaced center of the cavity. For this, it is
convenient to use a bispherical coordinate system. In it,
each point A in space is assigned a triple of numbers
(7, £,0), where 7 = '”(|| I~ '|>  E=/BAB,, ¢ is
2
the polar angle (see Figure, b).
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A spherical cavity (pore) of radius R, in an elastic sphere of radius R, is displaced from the center of sphere by a

distance | (a); the surfaces of the cavity and sphere in the bispherical coordinate system are coordinate planes:
n =const (b)

The relationship between bispherical and Cartesian
coordinates has the form [15]:

X_a~sin§~cos(p_ _a-siné-sing
coshn—cos& '’ coshn—cos&’
a-sinh
Sl L LU/ @)
coshn—cosé

and surfaces of the cavity and sphere are given by the
following relations:

= inh iJ’
n, = arsin [Rl

where the parameter a is determined through the values
of their radii R, R,, and the distance between their

n,= arsinh(iJ , 3)

2

centers | :

oo JA-R)* R +R) ~R;]
2-1

The deformations caused by forces applied to the
body surface are described by the equilibrium equation in

vector form [1, 2]:
2(1-o)grad divi—(1-2c)rot rot Gt =0, (4)
where U is the displacement vector of the deformed
body, o is Poisson's ratio. The general solution of
equation (4) was found by Papkovich (see, for example,

[16])

i=0d- grad(r - ®+®d,), 5)

4(1-0)
where @ is any harmonic vector satisfying the equation
A® = grad divd—rot rot ® =0,

@, is an arbitrary harmonic scalar whose equation
AD, =divgrad ®, =0
is satisfied.

We assume the sphere is isotropic, i.e., the symmetry
is retained along the coordinate ¢, and the displacement

vector of the sphere and spherical hollow has only the n
component:
u, =u,(&,n); u.=u,=0. (6)
In the case of a coaxial (central) location of the
spherical hollow, the displacements U =u, (£,77)-€,
satisfy the following equation:
rotu =0. )
Therefore, taking into account the vector identity
AU = grad divu—rot rot U and relation (7), from
(4) we obtain the equation for the displacement vector
AU =grad divii =0
or its components U, (£,77)

of_ 1 A,
on\chn—cosé on
with boundary conditions

Uy (S e = Ur s U (S ey, = U, o (9)

The general solution (8) in the bispherical coordinate
system has the form:

1 8 sing ou, o
siné o& | chp—cosé a& |
©))

U, (,17) = \J2(ch 7 —c0s &) {“Ri 2. sh(k +1/2)(7 - 17,)

exp(—(k+1/2)n,)P, (cos&) -

k=0 Sh(k +1/2)(r, —17,)

< sh(k+1/2)(n7—mn,)

(10)

—u
Rzkzz;)sh(k +1/2)(m, —1n,)

exp(—(k +1/2)1,)R (cos f)},

where P, (x) are the Legendre polynomials, uRl and uR2 the constant coefficients and are to be determined from the

boundary conditions on the surfaces of the inner and outer spheres:

=-P

O, |77:r]1 - 1!

n

Ty |

o by = =P 11)

n=n,

Here o, is the component of the stress tensor o7, (see Appendix (A.2)):

_@u+2) (ch
a

n
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au,
n—cosé&)-—L——shp-u
on a

24 12

n*
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Substituting (12) into the boundary conditions (11), we obtain equations for required coefficients U, and uR2

R
20+ A au, 24
%(Chﬁ_cosg).a_nf o~ S, ], = R, (13)
Qu+2) ou 24
T(chry—cosf)-a—y;’I,,:,72 — Sy, L, =R

The order of further calculations is as follows. Using the general solution (10), we calculate the derivative
ou, / on and the displacement component u, at 77 =7, and 77 = 17, . Then we substitute the notation t = C0S&

in (13) and integrate the resulting equations with respect to the variable 1. The calculations, although not complicated,
are cumbersome. The result is given by the following expressions:

_ 2[(ﬂ2_a2)P1_7/1P2] U = 2[72Pl_(a1+/81) Pz] (14)
7/17/2_(“1_",81)(0(2_52) F2 7172_(a1+ﬂ1)(a2_ﬁz)
where notations are introduced
24 -3 3Q2u+A 32u+A) <
o= p=2D o)y = XD ),
21—-34 3Q2u+ 1 32u+A) =
zzluR—Z; ﬂz:(gfa)'G(ﬂpﬂz)? }/2:%~G(771,772).
The functions @, @ and G, G are infinite series STRESS TENSOR OF ELASTIC SPHERE
containing exponents ( see Appendix A. (3)). WITH CAVITY
Thus, the coefficients uR1 and uRZ depend on the Using a solution to the equilibrium equation (10) and

) ) ) ) Hooke's law (see Appendix), we give explicit
elastic moduli of the material (4,4), geometric  expressions for non-zero components of the stress tensor
dimensions (radii R, , and parameter @), as well ason  0f an elastic sphere with a cavity:

internal P, and external pressure P, .

= (k
e e ) e U+(Zwa@ﬁ(Ch"_Cos‘fflzk-osﬁ(:illi)z?(io—sjj) v

_ 2(ﬂ+,1) R(cos§) J’ 2 (K+1/2)P, (cos&)
o, == shpf2(chn —cosé) Z L/ 20 ) (chn—cos &) Zsh(k+1/2)(771 )V,

Sln &y2(chn —cosg) Z Rless) \/_(chzy c0s &)Y R (cos$)

<sh(k+1/ 2)(7, —11,) &sh(k+1/2)( —11,)
O-:fﬁ O

op ! nzo_ﬂﬁ’ PklEde/dé’ (15)
where the following notation is introduced
U =g -sh(k+1/ 2)(n—n,)e ~Ug, -sh(k+1/ 2)(n—n,)e %

V = uRl .ch (k +1/ 2)(77 _ﬂz)e—(kﬂ/z)nl _ uR2 Ch(k 41/ 2)(77 _nl)e—(k+ﬂ2);72

O

and the coefficients U and U are given by Similar calculations for the case |=0, when the
hollow sphere is located in the center of the elastic sphere

expressions (14). In contrast to the coaxial position of ! X .
but already in spherical symmetry, are given by:

spherical pore [3], we found the stress state of sphere (15)
depends on the elastic moduli of the material.

u, R? —u, R? U, R, —Ug 2 2
i (= TR R T R RIRE ar:AEd“f+ij+2yd“r; (16)
R, —R; R, —R; r darr dr
_R(21-2) R +(1+)R)-31-vP, R, R 3(1-vRR-R(21-2)R +(1+VR’) R,
i 2E RoR 2E RI-R’

where E —Young's modulus, v — Poisson's coefficient.
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CONCLUSIONS

1. The problem of the elastic state of a sphere with a
spherical cavity (spherical pore) at an arbitrary distance
from its center is exactly solved. It is assumed that the
sphere is elastically isotropic.

2. Expressions for the displacement components,

strain and stress tensors depending on the geometric
parameters of the problem and the pressure values on the
surfaces of the outer and inner spheres are obtained.

3. Similar calculations were performed when the
spherical hole was located in the center of the elastic
sphere.

APPENDIX
Strain tensor components in a bispherical coordinate system (BCS)

- ou i - ou cos&-chn—1 sh
thn-cose U, sing | . _chn-cose e shy . _CSedhiol i A
’” a on a ° a o a7 a-siné :

- ou., ou

. chp—cosg (ou, ou, +sh77 u, Sm;uﬂ; 6. =,
2a on 0§ 2a 2a :
_chp—-cosé AU, shpy _
W—T'a—;*z‘“w Ep = Epp
_chp—cosé ou, 1-cosé&-chp o
o ezt sasne v T

Hooke's law has the foIIowing form in the isotropic approximation o, =2ue, + 1,5, :

2 au
Oy ——[(chn cosg) o —sm§ u )+/1~®; o :?ﬂ[(chn—cosgf)~a—§—shn~u”j+i-®; (A.2)
o =2#[Cosechn—l —shn-u, [+1-©;
”  a siné ] " ’
_u au,
O =3 (chnp—cosé)- _+5_§ +shn-u, +siné-u, O, =0s s
Gy :gﬂ(chn cosé)- —’7+shn u J Cpp = Oy
Y7 1-cosé&-chnp ] _ )
~(chn—cos ——|u_; o o, ;
O_ico a ( U 5) é: a [ sin§ ] 4 sp 23
o i e g @Ry L -k ) Z(e—(2k+1)nz +e—(2k+1)nl) o2 @Dy | kD
hotl2) = 2, e = “1| T (2k+3)(2k+5) 2k —-1)(2k+3) (2k—1)(2k—3)
5 © —(2k+l)772 e—2771 e2r]l 2
D(n,, + - ; A.3
(r..72) Z < e D0n) _ {(Zk 13)(2k+5)  (2k-1)2k-3) (2k—1)(2k +3)} (A3)
o i _e(2k+l)"1_4(k+l)" L oo, . Z(e(2k+l)'ll—2(2k+l)f72 +e—(2k+l)'72) (@ tk, | kD,
Wll:) = 2, e<2k+1><’h W_1| " (2k+3)(2k +5) 2k —1)(2k +3) k-Dk-3) |’
B o 7(2k+1)1]2 72172 2772
G (771! 772 z (2k+1)( ) ° + e - 2 .
S ePnn) 1| (2k+3)(2k+5)  (2k-1)(2k—-3) (2k-1)(2k+3)
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3AJIAYA TEOPII IPYKHOCTI VIS HIOPOXKHbOI COEPU
31 SMIIIEAUM HEHTPOM ITOPOKHUHUA

M.I. Konn, II.M. Ocmanuyk, B.B. Anoécvkuii

JochimKyeTbes IpyKHIM cTaH Ky, yCcepeOuHi Kol 3HaXOOUThCsA CephdHa MOPOKHUHA (KYyJsCTa mopa) Ha
JIOBLIBHIH BiicTaHi Big 1eHTpa Kyii. OTpuMaHO BHpa3H Uil KOMIIOHEHTIB 3CYBIB, TEH30DIB IeopMalliii Ta Harpyr
3aJIeXKHO BiJ] FEOMETPUYHUX MMapaMeTpiB 3a/1aui Ta 3HAUEHb THCKY Ha MOBEPXHSX 30BHILIHBOI Ta BHYTPIIIHBOI cdep.
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