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In the approximation of dispersion theory to the fourth order inclusive, a theoretical study of the propagation of
optical femtosecond pulses of a Gaussian profile and a profile proportional to the hyperbolic secant through quartz
and BK-7 glass was carried out. Based on the solutions of the equations for the propagation of pulses of various ini-
tial durations through optical materials, dependencies “material length — pulse duration” are obtained. It is shown
that, compared with the second approximation of dispersion theory, the fourth approximation gives a slightly
lengthy pulse duration. Peculiarities of various time pulse profiles on the pulses duration are also shown. Analytical

consideration is confirmed by numerical calculations.
PACS: 42.55.Ah

INTRODUCTION

The design and development of new laser systems
with ultrahigh power values and ultra-short pulse dura-
tions have required the consideration of a number of
problems related to the theory of dispersion and that are
directly related not only to such systems, but also have
independent interest [1 - 3]. Such tasks include, in par-
ticular, the study of the dispersion properties of various
materials used in the elements of the aforementioned
systems, fiber optics, the developed systems of laser
acceleration of charged particles, and other branches of
physics and technology.

Dispersion properties determine the parameters of
the propagation of short laser pulses through such mate-
rials. In existing publications on this subject, not all
aspects of dispersion have received sufficient coverage.
The drawback of these works (see, for example, [4]) is
the consideration of only the second order of optical
materials dispersion when short pulses of a Gaussian
profile pass through them. Such simplifications do not
allow a sufficiently complete idea about the parameters
of such pulses after passing through these materials.
Femtosecond laser pulses can have a time profile of the
field amplitude proportional to the hyperbolic secant
[5]. The propagation of such pulses through optical ma-
terials has not been studied. In the process of developing
a system of laser acceleration of electrons, conducted at
IPENMU NSC KIPT, it became necessary to determine
the parameters of femtosecond pulses after passing them
through its elements of a given length. The results of
these studies are presented below.

BASIC EQUATIONS

The equation of propagation of an optical femtosec-
ond pulse (hereinafter referred to as the "pulse") in the
second approximation of dispersion theory has the form

[6]:
(g—inyA(z,t)=0, (1)

where 4(z,t) is the complex amplitude of the pulse in
the traveling coordinate system (z,7), z is the coordi-
nate in the pulse direction, retarding time ¢ =t —z/u,

¢, is time, u is the group velocity of the wave packet,
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k, =(§—]Zj is the dispersion parameter of the group
w

velocity of the wave packet, k(@)=wn(®)/c is the
wave vector, the center frequency of the wave packet, ¢
is the light speed in vacuum, n(®) is the refractive

index of the optical material as a function of frequency.
The propagation equation in the fourth approxima-
tion of the theory of dispersion has the form [7]:
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The values of the wave vector k and its derivatives
are calculated at a frequency @, .

SOLUTIONS OF THE BASIC EQUATIONS

The equations in the second and fourth approxima-
tions of the dispersion theory are solved for pulses with
two initial time profiles of the field amplitude. The ini-
tial Gaussian profile in the traveling coordinate system
has the form:

20n2
A(t) = 4, exp[— Z ﬁ}. 5)
TO
The initial profile proportional to the hyperbolic se-
cant in the traveling coordinate system has the form:

A() = A,Sech =T ©6)
1

0
In formulas (5) and (6), 4, is the maximum ampli-

tude, 7, is the pulse duration at half the maximum in-
tensity.

The solution of equation (1) for a pulse with a
Gaussian profile (hereinafter, we omit the word “ini-
tial”) has the form:

4, [ 2n2 , ]
A(t,@,)==exp| —5 1" +ip |, 7
2) JV z'sz
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where the coefficient of temporal extension of the pulse
V" and the phase ¢ of the complex amplitude of the

pulse are:
2
4/n2
V= IJ{—ZQJ , (8)
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In egs. (8), (9) the second derivative in frequency @
of the phase shift @, has the form:
D, =k,/,
where ¢ is the length of the optical material.

For an impulse with a profile proportional to the hy-
perbolic secant, the solution of equation (1) has the

(10)

form:
oxp i(t-1)
xp| &)
F 20, 1.76t,
A(t,QDZ)ZAOJ N Sech . d,. (11

The solution of equation (2) for a pulse with any
amplitude profile has the form:

17 | 0" 1
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(12)

where A(a)) — is the Fourier transform of the profile of

the pulse amplitude, @ =27n(A)(/ A is the phase shift

when the pulse passes through an optical material long
¢, and its frequency derivatives @,,®,,®,,®,in the
wavelength scale have the form [1]:

on At o'n
O =\ n-A—|l/c, @, = ==, (13
! (" azj b=y a1
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where n(A) is the refractive index of the optical materi-

al, which, like its derivatives, is calculated at the central
wavelength of the wave packet, and , ¢ is the speed of
light in vacuum. The refractive indices and their deriva-
tives for quartz and BK-7 glass are found from the Sel-
meier formula for an central wavelength of a wave
packet of 800 nm. It has the form [4]:

(16)

The values of the constants B; and C, are given in

Tables 1, 2.

The elongation of pulses with a Gaussian profile in
the second approximation of the dispersion theory was
calculated by formula (8), the duration of pulses with a
profile proportional to the hyperbolic secant in the same
approximation of dispersion theory was determined by
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the integral (11). The duration of pulses with both pro-

files was determined by the integral (12). The calcula-

tion results are presented in Tables 3-6 and in Figs. 1-4.
Table 1

Selmeier coefficients B, in the dispersion formula (16)

Optical

material B, B, Bs
Quartz 6.691225-10"| 4.345839-10" | 8.716917-10""
Glass BK-7 1.039612 2.317923-107! 1.010169

Table 2
Selmeier coefficients C, in the dispersion formula (16)
Optical 2 2 2

material €, pm ©, pm G pm
Quartz 4.480112-10° | 1.328170-102 | 95.341482
Glass BK-7 [6.000698-10° |2.001791-102 | 103.560653

RESULTS AND ITS DISCUSSION

The calculations of the propagation of pulses
through optical materials in the second approximation
of the theory of dispersion, presented in Tables 3, 4 and
in Figs. 1, 2 showed that the elongation of the pulses of
both profiles is greater, the shorter their initial duration.
So from Table 3 and Fig. 1 it is clear that pulses with a
Gaussian profile (5) and a duration of 30 fs when pass-
ing through 43 mm of quartz are elongated by 4.78
times, and when passing through a BK-7 glass of the
same length, they are elongated by 5.85 times. Pulses
with the same profile and a duration of 100 fs when
passing through quartz and BK-7 glass of the same
length are elongated 1.09 and 1.13 times, respectively.

Table 3
The duration of pulses with a Gaussian profile (5) after

passing the distance ( through quartz and BK-7 glass in

the second approximation of dispersion theory

£, mm Quartz, 1(¢) fs Glass BK-7, 1(/) fs
To, =30 f5 |10, =100 5|79, =30 f5 [10,=100 f5
7 38.00 100.25 41.68 100.37
14 55.55 100.98 65.04 101.49
20 73.20 101.98 87.75 103.00
21 76.25 102.18 91.62 103.30
28 98.18 103.78 119.29 105.83
35 120.64 105.97 147.40 108.95
43 143.41 108.47 175.49 112.70
(), 200
fs 180 BK-7:30 15
160
140 uartz; 30 fs
120 BK-7;100 fs
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Fig. 1. Dependence of the pulse duration with
a Gaussian profile on the length of the optical medium
in the second approximation of dispersion theory
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Table 4
The duration of pulses with a profile proportional
to the hyperbolic secant (6) after passing the distance €
through quartz and BK-7 glass in the second approxi-

Table 5
Duration of pulses with a Gaussian profile (5) after
passing the distance € through quartz and BK-7 glass
in the fourth approximation of dispersion theory

mation of dispersion theory £, mm Quartz, 1(¢) fs Glass BK-7, ©(¢) fs
E, mm Quartz, T(f) fs Glass BK-7, ‘E(Z) fs Toe= 30 fs Tog= 100 fs Tog= 30 fs Toe= 100 fs
Tos= 30 fs |19s= 100 f5|T9s=30 fs |195= 100 fs 7 38.46 102.00 41.82 102.00
7 4328 100.64 47.18 101.15 14 56.08 102.00 66.36 102.00
14 59.50 103.16 66.64 104.87 20 73.77 103.00 88.53 104.00
20 72.82 106.15 83.08 109.85 21 76.92 103.00 92.06 104.00
21 74.87 106.66 85.84 109.49 28 99.22 105.02 120.00 107.08
28 90.25 110.90 104.10 115.13 35 121.53 107.20 147.64 110.10
35 10420 | 11538 | 12256 | 121.15 43 148.09 | 11020 | 181.77 | 114.10
43 120.00 120.26 142.05 127.31 ), ™ P
fs 140 T a0 s 08
120 Y 120 BK-7;100 fs
100 L 100 T T
80 80
60 60
40
40 20
20 0
0 0 10 20 30 40 50
0 10 20 30 40 50 £, mm
£, mm Fig. 3 Dependence of the pulse duration with

Fig. 2. Dependence of the pulse duration with a profile
proportional to to the hyperbolic secant (eq. (6))
on the length of the optical medium in the second
approximation of dispersion theory

Similar calculations according to the data in Table 3
and Fig. 2 showed that pulses with a profile proportional
to the hyperbolic secant (6) and a duration of 30 fs when
passing through 43 mm of quartz are elongated by 4
times, and when passing through a BK-7 glass of the
same length are elongated 4.74 times. Pulses with the
same profile and a duration of 100 fs when passing
through quartz and BK-7 glass of the same length are
elongated by 1.20 and 1.27 times, respectively.

The calculations of the pulse propagation in the
fourth approximation of the dispersion theory presented
in Tables 5, 6 and in Figs. 3,4 in comparison with simi-
lar calculations in the second approximation of the dis-
persion theory showed that taking into account the third
and fourth derivatives of the phase in frequency in solu-
tion (12) slightly increases the values of their duration
after passing through optical material. So, when calcu-
lating the propagation of 30 fs pulses with a Gaussian
profile (5) through quartz, the fourth approximation of
the dispersion theory gives an increase in the duration
for the lengths from the tables within (0.46...4.68) fs [or
(0.73...3.26)%] compared with the second approxima-
tion. Similar calculations for pulses with the same initial
profile and a duration of 100 fs give an increase in the
range of (0.82...1.75) fs [or (0.80...1.75)%]. As can be
seen from Table 5 and Fig. 3, pulses with a Gaussian
profile (5) and a duration of 30 fs when passing through
43 mm of quartz are elongated 4.94 times versus 4.78
times in the second approximation. Pulses with the same
profile and a duration of 100 fs are elongated 1.10 times
versus 1.09 in the second approximation.
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a Gaussian profile on the length of the optical medium
in the fourth approximation of dispersion theory

Table 6
The duration of pulses with a profile proportional
to the hyperbolic secant (6) after passing the distance €
through quartz and BK-7 glass in the fourth approxima-
tion of dispersion theory

l, Quartz, 1(¢) fs Glass BK-7, 1(/) fs
mm | tp,=301s |[19,= 100 fs| 1= 30 fs |t = 100 f5
7 45.00 102.00 48.00 102.00
14 60.00 104.00 68.00 106.00
20 74.50 107.10 84.00 110.00
21 76.00 108.00 86.72 110.10
28 91.00 112.00 105.33 116.80
35 107.50 116.00 123.00 122.80
43 124.50 122.00 146.00 129.40

0,190 Brn
140 BCTTTE
120 Quartz; 1005
100
80
60
40
20
0
0 10 20 30 40 50

£, mm
Fig. 4. Dependence of the pulse duration with a profile
proportional to the hyperbolic secant on the length
of the optical medium in the fourth approximation
of dispersion theory
When calculating the propagation of 30 fs pulses
with a profile proportional to the hyperbolic secant (6)
ISSN 1562-6016. BAHT. 2019. Ne6(124)



through quartz, the fourth approximation of the disper-
sion theory gives an increase in the duration for the
lengths from the tables within (0.50...4.5) fs [or
(0.84...3.97)%] compared with the second approxima-
tion. Similar calculations for pulses with the same pro-
file and a duration of 100 fs give an increase in the
range of (0.62...1.85) fs [or (0.54...1.45)%]. The calcu-
lations performed according to the data of Table 6 and
Fig. 4 showed that pulses with a profile proportional to
the hyperbolic secant (6) and a duration of 30 fs when
passing through 43 mm of quartz are elongated 4.15
times versus 4 times in the second approximation. Puls-
es with this profile and a duration of 100 fs, when pass-
ing through quartz of the same length, they are 1.22
times longer than 1.20 in the second approximation.

When calculating the propagation of 30 fs pulses
through the BK-7 glass with a Gaussian profile (5) the
fourth approximation of the dispersion theory gives an
increase in the duration within (0.14...6.28) fs [or
(0.16...3.58)%] compared with the second approxima-
tion. Similar calculations for pulses with the same pro-
file and a duration of 100 fs give an increase in the
range of (0.51...1.40) fs [or (0.50...1.62)%}. The calcu-
lations carried out according to the data in Table 5 and
Fig. 3 showed that, the 30 fs pulses with a Gaussian
profile after passing through a BK-7 glass of 43-mm-
long are 6.06 times longer compared to 5.85 in the sec-
ond approximation. Pulses with the same profile and the
duration of 100 fs, when passing through a BK-7 glass
of the same length, they are elongated 1.14 times versus
1.13 in the second approximation.

When calculating the propagation through the glass
of BK-7 of pulses with a profile proportional to the hy-
perbolic secant (6) and a duration of 30 fs, the fourth
approximation of the dispersion theory gives an increase
in the duration for the lengths [see Tables 4, 6] within
(0.44...3.95) fs [or (0.36...2.78)%] compared to the
second approximation. Similar calculations for pulses
with the same initial profile and a duration of 100 fs
give an increase in the range of (0.15...2.09) fs [or
(0.14...1.64)%]. Calculations conducted according to
the data of Table 6 and Fig. 4, showed that the 30 fs
pulses with a profile proportional to hyperbolic secant
(6) when passing through the 43 mm glass BK-7 are
extended 4.87 times against 4.74 times in the second
approximation. Pulses with the same profile and a dura-
tion of 100 fs when passing through a BK-7 glass of the
same length are elongated 1.29 times versus 1.27 in the
second approximation.

It should be remembered that there may exist optical
materials in which the third and fourth derivative phases
in frequency have large values, and their influence on the
results of calculation of pulse length can be significant.
Therefore, the problem of the propagation of pulses
through optical materials should be solved both in the
second and fourth approximations of the theory of disper-
sion. Comparing the results obtained, it is necessary to
evaluate the effect on them of taking into account the
above additional phase derivatives in frequency.

The comparison of the corresponding graphs of the
pulse elongation of different profiles constructed in both
the second and fourth approximations of the dispersion
theory shows that for both optical materials ~ 19 mm in
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length, the pulse durations of both profiles are the same.
For quartz, it is ~ 70.4 fs in the second approximation
and ~ 72.9 fs in the fourth approximation, for BK-7
glass it is 82.2 fs in the second approximation and
~ 84.2 fs in the fourth approximation. For optical mate-
rials shorter than 19 mm, the pulse duration with a
Gaussian profile is shorter than that for pulses with a
profile proportional to the hyperbolic secant, and with a
length of more than 19 mm, the pulse duration with a
Gaussian profile exceeds that for pulses with a Gaussian
profile proportional to the hyperbolic secant. As for
pulses with a duration of 100 fs, with an increase in the
length of both materials, the elongation of pulses with a
profile proportional to the hyperbolic secant grows fast-
er than pulses of a Gaussian profile.

CONCLUSIONS

Based on the solutions of the shortened wave equa-
tions in the second and fourth approximations of the
dispersion theory, which describe the propagation of
pulses through quartz and BK-7 glass, the dependences
of the pulse eclongation of the Gaussian profile and the
profile proportional to the hyperbolic secant on the
length of the optical material are obtained. They allow
to choose the pulse of the desired profile and the materi-
al of the desired length to obtain a pulse of a given dura-
tion. The described technique can be applied to solving
problems of pulse propagation having a known initial
profile through any optical materials with known de-
pendences of the refractive index on the wavelength.
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IMPOXOXKJIEHUE OIITUYECKUX PEMTOCEKYHJIHBIX UMITYJbCOB
YEPE3 KBAPII 1 CTEKJIO BK-7

B.II. Jlewenko, A.U. Ilospo3un, I.B. Comnuuros, A.B. Bacunsves, K.B. I'anaitoviu, C.I0. Kapenun

TeopeTndeckn MCCIEIOBAHO TPOXOKICHIE ONTUIECKUX (PEMTOCEKYHIHBIX HMITYIECOB TayCCOBOTO MPOGIIIL U
PO U, MPOIOPIUOHATIHHOTO THIIEPOOIMIECKOMY CeKaHCy, depe3 kBapi u ctekiio BK-7 B mpubnmkeHnn Teopun
JCTIEPCHH /IO YeTBEPTOTO MOPSIKA BKIIOYUTENEHO. Ha OCHOBaHUH peleHmid ypaBHCHUI POXO0KICHUS HMITYJIHCOB
pa3IMYHON HAYaIbHOW JUTMTENFHOCTH Yepe3 ONTHYCCKHE MaTepUallbl IIOCTPOSHBI TpapUKH 3aBUCHMOCTEH «ITHHA
MaTepuana — JIUTEIHHOCTh UMITyJIbcay. [Toka3zaHo, 4TO 1O CPaBHEHHUIO CO BTOPHIM NMPHOIIMKEHHEM TEOPUH JTHACTIEP-
CHH 9eTBEPTOE MPUOTMKEHHE HE3HAUYNTENFHO BIMSAET HA 3aBUCUMOCTH JUTMTEIFHOCTH UMITYJIBCOB OT JJIMHEI ONTH-
YCCKOT0o Marepuaja. Taxke moka3zaHbI OCO6CHHOCTI/I BJIMAHUA JUCIICPCUN ONTHYCCKUX MATEpHaAIOB Ha JJIUTECIIb-
HOCTb UMITYJIbCOB pa3JIMYHbIX BPEMECHHBIX npO(aneﬁ. AHalInuTHYEeCKOE pPacCMOTPEHUEC MOATBEPKACHO YHUCIICHHBIMU
pacuéramu.

HNPOXOAXKEHHSA OITUYHUX ®PEMTOCEKYHIHUX IMITYJIBCIB
YEPE3 KBAPI] TA CKJIO BK-7

B.IL. Jlewenko, A.1 Ilosposin, I'.B. Comnikos, A.B. Bacunvcs, K.B. I'anauouu, C.IO. Kapenin

TeopeTHdHO NOCITIKEHO MPOXOMKEHHS ONTHYHAX (DEMTOCEKYHIHHUX IMITYIbCIB TaycoBOTO Mpodiist Ta mpodi-
JI51, TIPOTIOPIIIHOTO TinepOoIiTHOMY CeKaHCy, depe3 kBapil Ta ckio BK-7 y HabmmkeHHi Teopii aucnepcii 1o geTBe-
pTOro mopsinKa BKIOYHO. Ha OCHOBI pimieHb piBHAHD MPOXOKEHHS IMITYJIBCIB Pi3HOI ITOYAaTKOBOI TPUBAIOCTI Yepe3
ONTHYHI Matepiaiy moOynoBaHo rpadikd 3aIeKHOCTEH «IOBXKUHA MaTepially — TPUBANICTh IMITYNIBCY». [lokazaHo,
10 B MOPIBHSAHHI 3 APYTMM HAOMIDKEHHSM Teopil Aucnepcii 4eTBepTe HaOIMKEHHS HE3HAUYHO BIUTMBAE HA 3aJICXK-
HICTh TPUBAJIOCTI IMITYJIBCIB Bi/I TOBXHHHU ONTHYHOTO Martepiany. Takoxk 1mokasaHo ocOOJIMBOCTI BIUIMBY JHCIIEpCil
ONTHYHMX MaTepuiajiB Ha TPUBAIICTh IMITYJILCIB PI3HUX YacOBHUX Hpodineld. AHANITHYHUNA PO3IIIS MiATBEPKEHO
YHUCCJIIbHUMU PO3paXyHKaMH.
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