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The transformation of the N-th-order linear difference equation into a system of the first order difference equa-
tions is presented. The proposed transformation opens possibility to obtain new forms of the N-dimensional system
of the first order equations that can be useful for the analysis of solutions of the N-th-order difference equations. In
particular for the third-order linear difference equation the nonlinear second-order difference equation that plays the
same role as the Riccati equation for second-order linear difference equation is obtained. The new form of the N-
dimensional system of first order equations can also be used to find the WKB solutions of the linear difference equa-

tion with coefficients that vary slowly with index
PACS: 02.30.Hq

INTRODUCTION

It is common knowledge that a difference equation
of order N

YVien T fN—l,kyk+N—1 + fN—Z,kyk+N—2 +...

+fou Vit SuVin oV + /i =0
may be transformed in a standard way to a system of the
N first-order difference equations. To obtain such
transformation we introduce a number of new variables
(see, for example, [1, 2])

M

xéi) =YV i=1L2,..,N. 2)
The difference equation (1) can be rewritten as
Xy =T X, +F, 3)

where X, = (X v s Xeun 100X ) 5 By =(/3,0,.,0)",

and the companion matrix of (1) is

_f:\/—l,k _foz,k _fl,k _fo,k
1 0 .o 0 0

T,=|0 1 .. 0 0 | 4)
0 0 1 0

In fact we do not introduce new variables', we only
do re-designations and still work with the elements of

the same sequence y, .

There is another kind of transformation® that con-
sists of representation of the solution y, of the equation

(1) as the sum of the N new unknown grid functions
[3 -5]. By introducing N new unknowns, instead of the
one, we can impose ( N —1) additional conditions. Such
approach gives new form of the N -dimensional system
of first order equations, equivalent to the equation (1).
In this article some generalization of the proposed trans-
formation [3] is given. Analysis of literature shows that
it apparently has not been described earlier.

'In the case of transformation of differential equa-
tions we do introduce new variables

x=d™'y/dt", i=1,2,..,N.
?For the case of second-order differential equations
it was used in [6].
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1. TRANSFORMATION THE N-th-ORDER
LINEAR DIFFERENCE EQUATION

We represent the solution of the difference equation
(1) as the sum of new grid functions

N
Vi = zy ik @)
n=l1
By introducing N new unknowns y, . instead of
the one ), , we can impose additional conditions. These
conditions we write in the form

N
yk+l = Zgl,n,kyn,k >

n=l1

N
.y = g n, 'yn, >
k+2 ; 2.nk k (6)

N
Yiena = Z En-tni Vo

n=1

where g, . (1<n<N, 1<m<N-1) are the arbi-

trary sequences.
If
1 1 . 1

8k 812k 8Nk

det 0, (7)

En-iik n-12k En-ink

then the representation (5), (6) is unique. Indeed, from
(5) and (6) we can uniquely find y,, as a linear combi-

nation of y, . Using (1), (5), and (6) we can write such
system of equations

N N
Vi = zyn,k+1 = zgl,n,kyn,k >
n=1 n=l1

N N
yk+2 = Z gl,n,k+1yn,k+1 = ng,n,kyn,k s

n=1 n=1

N N
Visna = ZgN—Z,n,kHyn,kH = ZgN—l,n,kyn,k >

n=1 n=l1

N
Z EnctmkstVugs1 =

n=l1

= _Z(z i &mns t Jox jyn,k —f

n=1 \m=1
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In matrix form

M Y, =H_ Y +F,, (®)
T T
where Y, :(ylyk,yzvk,...,y,\,,k) s F,=(0,0...—f,)
1 1 . 1
M, - 811k 8ok - 8wk , )
vtk 8n-124 En_1Nk
81k 810k 81Nk
Hy, = , (10)
Enoiire En-i2k - -y
Ay Ay o Ayl

An,k = _(szm,ngm,n,k +fo,kj . (11)

m=1
And finally, we have the equation
Y, =T +F}c+l’ (12)
where T, = M,'H,, F, = M,'F,.

We would like to emphasize that the sequences
gnny are the arbitrary ones, and we do not impose a
condition that the new grid functions y, , are the solu-
tions of the equation (1).

As g, are the arbitrary sequences we can try to
find such sequences that result in diagonal matrix 7, . If

it can be done, we easily find the solution of the system
(12) and the initial difference equation (1). It can be
shown that in this case y, , are the linearly independent

solutions of the equation (1).

2. TRANSFORMATION THE SECOND-
ORDER LINEAR DIFFERENCE EQUATION

Following the section 2 we represent the solution of
the linear second-order equation

Vi ¥ SV ¥ Jou i + 1 =0 (13)
as the sum of the two new grid functions
Ve =V T Vo - (14)
We write an additional condition as
Vit = 8uiVip Y &ai Yoy (15)

where g, (1<n<2) are the arbitrary sequences.

Applying transformations from section 2, we can
write such system of equations

Yk Yk
=T +F, (16)
Yakn Yok
where
_ Jor T8 (gz,kn + flk) _ Jor + 8os (gz,m + flk)
Eirkn T 812441 Eiin T 8244
T = (17
Jox T 8s (gl,hl + ],k) Jor T &0 (gl,k+l +j1.k)
E1an T 8241 E1in T 8241
_ f;wl
i1 T &2 k41 —fin
Fru- | e as)
fk+1 k+1
i1 T 82k
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We will consider the homogeneous difference equa-
tions ( f, =0). The normal system of difference equa-
tions (16) can be transformed into the known ones.

From (17) it follows that we can choose the se-

quences g, , in such a way that matrix 7, will be
triangular or even diagonal one. It is realized by setting
T,=0 and T, =0.

These conditions give the non-linear second-order
rational difference equation (Riccaty type [3, 7 - 9]) for

the sequences g, 5,

fO,k + g(l,z),k (g(l,z),k+1 + fl,k ) =0. (19)
In this case the matrix 7, is a diagonal one and the
system (16) takes the form:
Yaun = 8a2uYa2k - (20)
Solutions y,,,,, are linearly independent.
The characteristic equation of the difference equa-
tion (13) is
i+ fripi+ for =0. 21
Let g, =p. ", where p"? are the solutions of

the characteristic equation (21)

12) _ fl,k 1 2
fon ———i—.[flyk—4f0_,{ . (22)
2 2
The matrix 7, takes the form
@) (2) (2) (2)
o Pr ~ Pra @ Pr ~ Prn
Pr @ _ 52 k @ (2
_ k1~ P Prr1 = P
T. ., = . (23)
g m _ M M _ @
) Pra1 ~ P @ Pra — Prx
k (1) (2) k (1) (2)
Pra ~ Prs Pra ~ Prs

If sequences  f,,,, vary sufficiently slowly with k
(foowu = Son(€k), 0<e<1), then the differences

(1,2) (1,2)

(PM ~ P
diagonal terms in the matrix 7, . This gives

(O] (O]
_ Prr1 ~ Py
yl,k+1 - pk (l_ p(]) 2) jyl,ka

) are small and we can neglect the non-

1~ Pil
+ + (24)
ol P —p"
— +
Vawa =Pi | I+ = | Vo
k1~ Fr+

It can be shown that these equations coincide with
the equations of the discrete WKB approach (see, for
example, [10, 11]). Indeed, from (20) it follows that the
discrete WKB equations can be obtained by using an
approximate solutions of the Riccati equation (19) under
assumption that f,, and f  vary sufficiently slowly
with k. The Riccati equations can be transformed by an
iteration procedure into the quadratic equations

(1,2) (1,2) (1,2)

2
(g(l,g),k) T 82u 1k + fox + Piii (pk+2 = Pra ): 0.(25)

It is one of the possible forms of the quadratic equa-
tion (compare with [10, 11]) that can be obtained at the
second iteration. Its solutions differ from the ones that
were obtained in [10, 11] by an amount of order &°.
The approximate solutions of this equations with error
of O(s*) are
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(1,2) (1,2)
G =
Comparison (24) and (26) shows that these two dif-
ferent approaches give the same result, and the equa-
tions (24) and (20) coincide.
The solutions of the equations (24) at k > k, can be
written as

k
UZ) M _ ,0.2) (1,2)
H 11?2yA,, 7yk exp[ Z lnp.yfl -

s=ko+1 s=ko+1

- fLs—l
SR =41,

VI 4o B 4o & S
212 -4,

s=ky+1

}~ @7

1 S S A
— exp ln (12)+ 1s 1s—1
(flk f()k) [:%:ﬂ sA,,+12,/f 4]’0‘]
Comparison of this formula with that obtained by di-
rectly finding an approximate solution from the equation
(1) [12] gives some difference. The formula (27) contains
additional sum in the exponent (the second sum).

3. TRANSFORMATION THE THIRD-ORDER
LINEAR DIFFERENCE EQUATION

Let’s represent the solution of the linear third-order
equation

Vi3 +f2,kyk+2 + S Vin +f0,kyk +/,=0 (28)
as the sum of the three new functions
Vi =V T Vo t V3 (29)
We write additional conditions in the form
Vit = ik Yk T &iax Yok T 8134 Vai0 (30)
Vier = &oiVik T804 Vor T 8234 Y30+

Applying the transformations that are given in sec-
tion 2, we obtain a system of the first-order linear dif-
ference equations

ViwaDea = &aaViwDi +

I {(gLLI:H ~ 8k )(gl},kﬂ ~ 820441 )Jr}
81k +

i +(g’lk+l 7g211<)(g12,l+l 7g1,3,/‘+1)

7+x|/¢ 823k gzzm) (glzm gm.m)xu

ngk+l glu g23k+1 gz.z.k+1)+
812k
+ax +(Z2201 = L2 )82k — 1351 ) 31)
+x2k(g22A+l gvzm (glzm gnw)xsx_
g13k+l gl}k g3k+1_ 27k+l
815k
+Vsk g23k+| gzn glzm g13A+]
_+x31(g23k+l gz”k+l) (g12k+1 gl]kH)XGA
—fi (gl,s.m 7gl.2.lnl)’
VasriDint = 248124 Din +
(gl,l,k+l _gl.l.A)(gz.l.m _gz.s.m)"'
&1 +
i +(g21/f+| _gzlk)(gl3.k+l _gl,l,k+l)
+xu a1k ~ gwm) (gl3/¢+] gl.l.A+])x4,k
gl 241 glu g21k+| gz,}ml)"’
812k +
+Vox g22k+l &r2k (gl,z,kn’gl,l,m) (32)
+xz;f(gzu+1 &3 m) (gxsm gl,LMl)xS.k_
glzm glzk gﬂm gz,x,m)Jr
81k +
ik gzzku 823k (g],S.}\417gl,l,k4l)
+x3A(g21/+1 g73k+1) (g13/:+1 gLLM)xs,k_

_.fl\ (gl.LH - gl,lkﬂ)’
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VgDt = V348134 Dt +

[ {(gum ~ 8k )(gz,z.k+| ~ 8okt )+}
1Lk +

ik +(gzu+1 *gzu)(gl L+ 7g],2,/¢+l)

7+xM Erokn T gzlm) (g11k+1 gl.Z,k+l)x4,k

g12k+1 mk 822441 gzum)
8ok
+Vox g27k+l 82k (gl,l,lwl _gl,z,/.+1)+ (33)
+x2A(g22A+l g21A+l) (glllf+| gLZ.IH»I)xS,k_
gl}k+l gl}k gzw+1 gz.l,k+l)+
813k
Vs gzzkn &r3xk (gl,l,AH 7g1,Z,A+I)
+XM( 2.k+1 g21k+l) (gllm gl_z,lﬂ)xh,ki
£ (gu,m ~ &k )
where the following notations were introduced
2
X = (gl,l,k) —&r1k>
2
k= (gl,z,k) ~ 82040
2
X3k = (g1,3,k) ~ &30 (34)
P = &8kt jz,kgz,],k +f1,kg1,1,k +fo,w
k= 8124820k +f2,kg2,2,k + 14812k +fo,k9
Xog = &13x823x T f2,kg2,3,k + fl,kgl,s,k + fOA
If we choose
_ A (n)2 _
glnk_pk 7g2nk Iok ’n_123 (35)
where p\" are the solutions of the equation
Pk +f2,kpk + Sk P +fo,k =0, (36)

then x,, =0, i=1,..,6 and the system (31) - (33) takes
the form
Pikst :ylkp/(<‘> +

yiup (P8 = P ) (P -

A (60 pL2)- (ol L") Dt
saart” (o= 20 )6 = L) (o 2) = (o2 + 22)] D (37)
3supl” (P15 = £ (L2 = ) (L5 + £L2) = (003 + 1) ] D
~fi(P =P D

Voo = Vol +

(1) (1) (I) (1 (3)
Y1k Pk (pm )
(2)

(P = P2 [(P + 220) = (20 + ) |/ Dy +
)P =)+ 20 = (2+ A7) ]/ D + (38)
vp (P = p0) (o = ) (0 + PE0) = (P + £) ]/ D =
(P =P/ Dy,

3 4

V3P

yp (P2 - P

Vo =
7t (0= p) (02 = P (P2 + 20 )= (P + A1) |/ Dy +
)0 = £ ) (P2 + p) = (02 + £7) |/ Dy + (39)

vl (P = P (2 = P (021 + £L0) - (00 + A7)/ Dy -
(P2 =p)/ Dy
Dy, =(p2 =P (P =) (Pl - P2 -
the Vandermonde determinant.

If the sequences f,,, f,, f,, vary sufficiently

(2) (2) (2)
Y2 xPr (pm

where

slowly  with k& (f,, = fi(ek),  f, = fi(ek),
foi=Lf(ek), 0<e<l), then the differences
( o~ p,f”)) are the small values and we can neglect

the non-diagonal terms in the matrix 7, . This gives the

WKB approximation
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Y1,k+1 zyl,kpl(c“ -
1 1 iy (P -p12) , (40)
7(pk+1 pf:) (Pilfl plg)w) o D,

(2) _

(ON IS0 ()

VP (pk+l Pr )

Yagn B VouPr
_ @0 _ @ 1 ! (pf(lf, Pﬂ)l) (41)
e ) oy )
J’z‘m:)’s‘kpA -
o 1 ] ) @)
el (et =) o) Gi-am) o

If we choose the sequences g to be the solutions

m.n,k

of the following equations

X g =(g1,l,k )2 — &k = &1k (gl,l,k+l _gl,l.k)’

4k = &8k +f2,/.g2.1,k + S8k +.ﬁ).k =81 (gl.l,kH &1k )’
2
Yok = (gl,z,k) ~ 8224 T 812k (gm.m ~ 812k )> (43)
Xsi = 8124822k +f2,kgz.z.k + J1x812k +f0.k =82k (g2,2,k+l _g2,2,k)’
2
X3k =(g1 ) ~ 8234 = 813k (gl3k+l _g13k)
=813u82ak S48k T 148z ¥ o = 13k(ézn+l gz.},k)v
the system (33) takes form
(g1,3,k+l - gl,z,k+1)
Yike1 = Ve 8k -1 D 5 (44)
k+1
(gl,l,k+1 - g1,3,k+1)
Vaknt = Vou&iox — Ji D ~ (45)
k+1
(gl,z,k+1 - gl,l,k+1)
Vo = Vsu&iax —Ji D K (46)

k+1

From (43) it follows that sequences g, ,, are the

three different solutions of the system of the first-order
nonlinear difference equations
PO (- p0)+ P - p? =0,

M (,,(2) 2) (2) () 2) () _
Py (pk+l Py )+f2,kpk + b+ fou 0P =0.

This system can be written as the second-order non-
linear difference equation
pl((l+)2p1(\]+)]p1(\]) + fz,kpl((lllpl((l) 1 Apl(c]) + /o =0- (48)
For the third-order linear difference equation (28)
the equation (48) (or system (47)) plays the same role as
the Riccati equation for second-order linear difference
equation.
The functions y, , = H g, are linear independent,
k

(47)

and the general solution of the homogeneous equation

(28)(f, =0)is
(49)

Zynkqulns °

s=ko
There are other forms of the system of the first order
equations that can be obtained from the system (33) by
choosing different sequences g

m.nk *

Finding the WKB solutions of the linear difference
equation (28) with coefficients that vary sufficiently
slowly with index & by finding the three iteration solu-
tions of the equation (48) is not a simple procedure
(compare with [10, 11]). So it seems preferable to use
the approach that leads us to the WKB equations (40)-
(42).

ISSN 1562-6016. BAHT. 2019. Ne4(122)

4. THE WKB APPROXIMATION
FOR THE N-th-ORDER LINEAR
DIFFERENCE EQUATION

Sections’ 3 and 4 results show that WKB equations
for the N-order linear difference equation with coeffi-
cients that vary sufficiently slowly with index can be

obtained by choosing sequences g, ,, = ( p;"’) where

(n)

p," are the solutions of the characteristic equation

N N-1 N-2
Pr +fN—1,kpk +fN—2,kpk +...

2
+f2,kpk Viwr T fl,kpk + fo,k =0
and taking into consideration only diagonal elements of
the matrix 7, in the equation

Y, =T.,Y, =M. H._Y,.

k+1 k+1 k+17 7 k+1

(50)

(51
If we chose g, ,, = ( p,(c"’) the matrix M, trans-

forms into the Vandermonde matrix and we can find its
inverse [13]
) (N 0

( © _ <1>)
where o)) = > H (’")(

I<my<my<..<m;<N s=1

M} =

ki, j

) (52)

i 2/‘\

[). The ma-

trix H,,, for such choice of sequences g, ,, has the

form
@ (2) (N)
Pr Pr o
Hy, = (HN-1 _()N-1 (N1 (53)
A g
()N (2)N (N)N
Pr P - Pr

In the WKB approximation we suppose that all ele-
ments of the matrix M, H,, equal zero except the

diagonal ones. In this case the system of equations (51)
can be rewritten as

Jj _
ylk+| y;kZMI(+]1/pk -

Jj=1

(54

(N 7)

_ylkz p(l)J S/ ) O+ A
7 H(plii)l pl((ljl)
A#l
These equations are generalization to the case of the
of N-th-order difference equation the WKB solutions

obtained for the second and third-order difference equa-
tions.

CONCLUSIONS

We presented transformations of the linear differ-
ence equation into a system of the first order difference
equations. The proposed transformation gives possibil-
ity to get new forms of the N dimensional system of
first order equations that can be useful for analysis of
the solutions of the N-th-order difference equation. In
particular, for the third-order linear difference equation
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the nonlinear second-order difference equation that
plays the same role as the Riccati equation for second-
order linear equation is obtained. The new form of the N
dimensional system of first order equations can also be
used for finding the WKB solutions of the linear differ-
ence equation with coefficients that vary sufficiently
slowly with index.
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TPAHC®OPMAIIUA JUHEMHOI'O PASHOCTHOI'O YPABHEHHU A
B CUCTEMY PA3SHOCTHBIX YPABHEHMI MNEPBOI'O MOPSIKA

H.U. Aiizauxui

[IpencraBneno mpeoOpa3oBaHUE JIIMHEWHOTO PAa3HOCTHOTO YpaBHEHHsI N-TO TOPSIKa B CHCTEMY Pa3HOCTHBIX
YypaBHEHHIA IepBOro mopsiaka. [lpeanoxkeHHoe mpeoOpa3oBaHie OTKPHIBACT BOSMOYKHOCTD MOTyYSHHS HOBBIX (hopM
N-MepHOW CHCTeMBI ypaBHEHHH MEPBOTO MOPSAKA, KOTOPBIE MOTYT OBITH ITOJIC3HBI IS aHATTM3a PEIICHUN pa3HOCT-
HBIX YpaBHeHHI N-ro nopsiaka. B wactHocTH, /U1l TMHEMHOTO pa3HOCTHOTO YPABHEHUS TPETHETO MOPSAKA MOIYUECHO
HEJIMHEHOe pa3HOCTHOE ypaBHEHHE BTOPOTO MOPsAKA, KOTOPOE UTPAET Ty XKe Pojlb, YTO U ypaBHEHHE PUKKaTH 1yt
JIMHEHHOTO Pa3HOCTHOTO ypaBHEHHUs BToporo nopsaka. HoBas ¢popma N-MepHO# cucTeMbl ypaBHEHUH MTEPBOTO TIO-
psoKa Takke MOXKET OBITh MCTOJb30BaHa Jisi HaxoxaeHus BKb-penienuit JMHEHHOTO pa3HOCTHOTO ypaBHEHUS C
K03 pHIeHTaMHt, KOTOPBIE MEUIEHHO MEHSIOTCS B 3aBUCHMOCTH OT HHJEKCA.

HEPETBOPEHHS JITHIHHOI'O PI3BHUIIEBOI'O PIBHSIHHSA
B CUCTEMY PI3HUIIEBUX PIBHAHD ITEPIIIOI'O IMTOPAIKY

M.I. Aizauvkui

[MpexacTaBneHo nepeTBOPEHHS JIHIHHOTO PI3HUIIEBOTO PIBHSHHA N-TO TOPSAKY B CHCTEMY PI3HHUIEBHUX PIBHSHb
MEepIIOro NOPSAKY. 3anponoHoBaHa TpaHcdopMallisi BIAKPHBAE MOXKIMBICTh OTPUMaHHS HOBUX (opM N-BUMipHOI
CUCTEMH PIBHSHB MEPIIOTO MOPSAKY, SIKI MOXKYTh OyTH KOPUCHUMH JUIS aHAJIi3y pillleHb Pi3HUIEBUX PiBHSIHb N-ro
MOPSAKY. 30KpeMa, IUIS JTIHIHHUX Pi3HUIEBUX PiBHSIHB TPETHOTO MOPSAKY OTPUMAHO HEiHIWHE Pi3HUIEBE PiBHIHHS
ZIPYTOTO TIOPSAIKY, SIKE Biirpae Ty K caMmy poJib, IO ¥ piBHAHHS PikkaTi [uIs TiHIHHOTO Pi3HUIIEBOTO PiBHSHHS APY-
roro nopsiaky. HoBa ¢opma N-BUMipHOT CHCTEMH PIBHSAHB MEPIIOTO TOPSIKY TAKOXK MOKe OyTH BHKOpHCTaHA IS
nomyky BKbB-pimens qiHIHHOTO Pi3HUIIEBOTO PiBHAHHS 3 KOS(IIiEHTaMH, SKi TIOBITFHO 3MIHIOIOTHCS 3 IHAEKCOM.
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