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A group G has a finite special rank r, if every finitely generated subgroup of G can be generated by at most r elements,
and there exists a finitely generated subgroup H which has exactly r generators. This paper is devoted to generalized
radical non-Abelian groups of infinite special rank whose subgroups of infinite special rank are transitively normal.
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The groups with certain prescribed properties of subgroups are among central research subjects
in group theory. The study of such groups led to the emergence of many concepts such as the
finiteness conditions, local nilpotency, local solubility, subnormality, permutability, some im-
portant numerical invariants of groups (as, e.g., distinct group ranks), and others. Choosing the
specific prescribed properties and the definite families of subgroups that possess these proper-
ties, we come to the distinct classes of groups.

In papers [1, 2], the study of groups whose subgroups of infinite special rank are transitively
normal was initiated.

A group G has a finite special rank r, if every finitely generated subgroup of G is generated
by at most r elements, and 7 is the least integer with this property. If there is no such 7, then we
say that G has an infinite special rank |3]. The theory of the groups of finite special rank is one of
the most developed branches of group theory (see, e.g., [4—7]). In [8], M.R. Dixon, M.J. Evans,
and H. Smith initiated the investigation of the groups whose subgroups of infinite special rank
have some fixed property P. These investigations were continued by many authors for various
properties P (see, e.g., [5]).
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A subgroup H of the group G is transitively normal in G, it H is normal in every subgroup
K >H in which H is subnormal [9]. There are many natural types of subgroups that are tran-
sitively normal. For example, pronormal subgroups and their generalizations are transitively
normal [10].

In [1, 2], the study of the groups in which every subgroup of infinite special rank is tran-
sitively normal was begun. In [2], the structure of periodic soluble groups of infinite special
rank with this property was described.

A group G is called radical, it G has an ascending series whose factors are locally nilpotent.
If G is a radical group, then a locally nilpotent radical of G is non-trivial. It follows that a ra-
dical group has ascending series of normal subgroups whose factors are locally nilpotent. The
factor A;, /A; is called G-eccentric,if C; (A, /A;)#G .

A group G is called generalized radical, if G has an ascending series whose factors are lo-
cally nilpotent or locally finite. If G is a generalized radical group, then either a locally nilpotent
radical of G is non-trivial, or a locally finite radical of G is non-trivial. Therefore, a generalized
radical group has an ascending series of normal subgroups whose factors are locally nilpotent or
locally finite.

In [1], some non-periodic groups in which every subgroup of infinite special rank is tran-
sitively normal were studied. More precisely, the author proved that if G is a non-periodic lo-
cally generalized radical group with this property and G includes an ascendant locally nilpotent
subgroup of infinite special rank, then G is Abelian. In the pressent paper, we continue the study
of such groups with some additional restrictions on the locally nilpotent radical.

Lemma. Let G be a generalized radical non-Abelian group of infinite special rank whose sub-
groups of infinite special rank are transitively normal. Suppose that Tor(G) =(1), and locally nil-
potent radical L of G is Abelian. Then L has a G-invariant pure subgroup A, possessing a finite series

of G-invariant subgroups, satisfying the following conditions:

(i) every subgroup Aj ispurein L, 1<j<n;

(i) every factor A;,, /A; is G-chief and G-eccentric, 0< j<n-1.

(iii) a factor-group G/A is Abelian and has a finite periodic part.

Theorem. Let G be a generalized radical non-Abelian group of infinite special rank whose
subgroups of infinite special rank are transitively normal. Suppose that Tor(G) =(1), and locally
nilpotent radical L of G is Abelian. Then the following assertions hold.:

(i) L has a G-invariant pure subgroup A, possessing finite series

<1>=A0 <A1<...<A‘/<AJ+1<...<A” :A

of G-invariant pure subgroups whose factors A; ., =A; are G-chief and G-eccentric0<j<n-1;
(ii) G = AC for some subgroup C such that ANC =(1), and every complement to A in G is
conjugate to C.
(iii) C=SxT , where S is a free Abelian subgroup, having infinite 0-rank, and T is a finite
Abelian subgroup.
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CTPYKTVYPA TEAKUX HEITEPIOANYHUX T'PVII,
BAKUX HIATPYIIN HECKIHYEHHOTO CITEIIIAJIBHOTO PAHTY
€ TPAHSUTMBHO HOPMAJIbHUMUI

Ipyma G Ma€ cKiHYeHHUIT CHEMiaIbHUI PAHT 7, SIKIIIO KOXKHA CKIHYEHHO MOPOJIKeHa miarpyna G Moske OyTH 1mo-
poIzKeHa He OLIBII HijK 7 eleMeHTaMU Ta iICHY€ CKIHYeHHO IOposKeHa miarpyna H, ska Ma€ TOYHO 7 IOPOJI-
JKYIOUMX eeMEeHTIB. Y CTaTTi HaBEJEeHO OIKC y3araJbHEHUX PaJuKaJIbHUX HeabeJeBUuX Ipyll, B AKUX APy
HECKIHYEHHOTO CITeT[iaIbHOTO PAHTY € TPAH3UTUBHO HOPMAJTBLHUMU.

Kntouoei cnosa: neckinuennuii cneyiaiviuil pane, po3e’si3na zpyna, nepioouuna pynd, 10KaibHo Hiibnomenmnui
PAOUKAL, MPAHIUMUEHO HOPMATLHI Ni02pYNu.
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