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The groups with certain prescribed properties of subgroups are among central research subjects 
in group theory. The study of such groups led to the emergence of many concepts such as the 
finiteness conditions, local nilpotency, local solubility, subnormality, permutability, some im-
portant numerical invariants of groups (as, e.g., distinct group ranks), and others. Choosing the 
specific prescribed properties and the definite families of subgroups that possess these proper-
ties, we come to the distinct classes of groups.

In papers [1, 2], the study of groups whose subgroups of infinite special rank are transitively 
normal was initiated. 

A group G has a finite special rank r, if every finitely generated subgroup of G is generated 
by at most r elements, and r is the least integer with this property. If there is no such r, then we 
say that G has an infinite special rank [3]. The theory of the groups of finite special rank is one of 
the most developed branches of group theory (see, e.g., [4—7]). In [8], M.R. Dixon, M.J. Evans, 
and H. Smith initiated the investigation of the groups whose subgroups of infinite special rank 
have some fixed property P. These investigations were continued by many authors for various 
properties P (see, e.g., [5]). 
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On the structure of some non-periodic groups whose subgroups of infinite special rank are transitively normal

A subgroup H of the group G is transitively normal in G, if H is normal in every subgroup 
K H  in which H is subnormal [9]. There are many natural types of subgroups that are tran-
sitively normal. For example, pronormal subgroups and their generalizations are transitively 
normal [10].

In [1, 2], the study of the groups in which every subgroup of infinite special rank is tran-
sitively normal was begun. In [2], the structure of periodic soluble groups of infinite special 
rank with this property was described.

A group G is called radical, if G has an ascending series whose factors are locally nilpotent. 
If G is a radical group, then a locally nilpotent radical of G is non-trivial. It follows that a ra-
dical group has ascending series of normal subgroups whose factors are locally nilpotent. The 
factor Aj + 1/Aj is called G-eccentric, if 1 /( )G j jC A A G  .

A group G is called generalized radical, if G has an ascending series whose factors are lo-
cally nilpotent or locally finite. If G is a generalized radical group, then either a locally nilpotent 
radical of G is non-trivial, or a locally finite radical of G is non-trivial. Therefore, a generalized 
radical group has an ascending series of normal subgroups whose factors are locally nilpotent or 
locally finite.

In [1], some non-periodic groups in which every subgroup of infinite special rank is tran-
sitively normal were studied. More precisely, the author proved that if G is a non-periodic lo-
cally generalized radical group with this property and G includes an ascendant locally nilpotent 
subgroup of infinite special rank, then G is Abelian. In the pressent paper, we continue the study 
of such groups with some additional restrictions on the locally nilpotent radical. 

Lemma. Let G be a generalized radical non-Abelian group of infinite special rank whose sub-
groups of infinite special rank are transitively normal. Suppose that Tor( ) 1G  á ñ , and locally nil-
potent radical L of G is Abelian. Then L has a G-invariant pure subgroup A, possessing a finite series 

0 1 11 . . . . . .j j nA A A A A A      á ñ

of G-invariant subgroups, satisfying the following conditions: 
(i) every subgroup jA  is pure in L, 1 j n  ; 
(ii)  every factor 1 /j jA A  is G-chief and G-eccentric, 0 1j n   .
(iii) a factor-group G/A is Abelian and has a finite periodic part. 
Theorem. Let G be a generalized radical non-Abelian group of infinite special rank whose 

subgroups of infinite special rank are transitively normal. Suppose that Tor( ) 1G  á ñ, and locally 
nil potent radical L of G is Abelian. Then the following assertions hold:

(i) L has a G-invariant pure subgroup A, possessing finite series

0 1 11 . . . . . .j j nA A A A A A      á ñ

of G-invariant pure subgroups whose factors 1j jA A   are G-chief and G-eccentric 0 1j n   ;
(ii) G  AC for some subgroup C such that 1A C Ç á ñ , and every complement to A in G is 

conjugate to C.
(iii) C S T  , where S is a free Abelian subgroup, having infinite 0-rank, and T is a finite 

Abelian subgroup.
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СТРУКТУРА ДЕЯКИХ НЕПЕРІОДИЧНИХ ГРУП, 
В ЯКИХ ПІДГРУПИ НЕСКІНЧЕННОГО СПЕЦІАЛЬНОГО РАНГУ 
Є ТРАНЗИТИВНО НОРМАЛЬНИМИ

Група G має скінченний спеціальний ранг r, якщо кожна скінченно породжена підгрупа G може бути по-
роджена не більш ніж r eлементами та існує скінченно породжена підгрупа H, яка має точно r пород-
жуючих eлементів. У статті наведено опис узагальнених радикальних неабелевих груп, в яких підгрупи 
не с кінченного спеціального рангу є транзитивно нормальними. 

Ключові слова: нескінченний спеціальний ранг, розв’язна група, періодична група, локально нільпотентний 
радикал, транзитивно нормальні підгрупи.


