a) the "SPRINT'" program complex gives stable results for different grid densities and
can be used for three-dimensional calculation of the stress—strain state of ribbed GTE cas-
ings;

b) to obtain results accurate to within about 10%, the minimum grid density should be
about 1/3 of the circumference in the annular direction and about 1/10 of the diameter of
the shell in the axial direction;

¢) use of the method developed significantly reduces the amount of work necessary at
the design stage and produces results with the required degree of accuracy.

USE OF THE FINITE ELEMENTS METHOD TO CALCULATE THE
STRENGTH OF CONICAL SHELLS WITH NOTCHES

V. V. Kabanov and L. P. Zheleznov UDC 539.4

There are serious mathematical difficulties in determining the stress—strain state of
conical shells with notches, but these obstacles can be surmounted by using numerical
methods. Mainly shells with small notches in the case of uniform loading have been examined
in the well-known solutions of this problem. The stress-strain state has been assumed mo-
mentless when the notches are large.

The present study determines the moment stress—strain state of conical shells with
notches of arbitrary size and form under complex loading. The problem is solved by the
finite elements method in displacements. As the finite element we chose a curvilinear
arbitrary tetragonal element of natural curvature (Fig. 1) with 24 degrees of freedom.

We are examining a conical shell of length L and thickness h with a cone angle vy and
radius Re at x = X¢. The shell is weakened by a notch with a radius r = r(p) and is loaded
by a system of surface loads q,(x, y), local forces P;1, and moments M;1(y), as well as
lineal contour forces Pr1(y) and moments M1(y). The indices I = 1, 2, 3 correspond to the
directions of the axes x, y, z (Fig. 1).

We subdivide the shell into n parts along the boundary of the notch and into m parts
along a line connecting the contour of the hole with the outer contour of the shell (Fig. 1).
The shell is thus replaced by a set of mxn arbitrary tetragonal curvilinear elements of
natural curvature.

We approximate the displacements of points of a finite element with the polynomials
u = 0N + &l + agn + oy
v = osEn + &b + am + ag;
W = ot®n® + o, Fn? + @fin + oy08° + ] (1)
+ 0 gEM® + @ E2n? + oyl + 068 +
+ 0ygEN® o+ Oyl o gk - Agef + A’ +
+ g - CagN + Cgy.

We write (1) as follows in matrix form:

u = Pa, (2)

where P is a coupling matrix of order 3 x 24; u = u, v, w is the column vector of the dis-
placements of points of the element; o = {ag, «++s @34} is the vector of the unknown coef-
ficients of the polynomials.

Using the solutions in [1], for the displacements, strains, and forces of a finite
element, we obtain the expressions

u=Pu; P,=PB™; e=Auy T=De, (3)
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Fig. 1. Conical shell and its finite element.

where
e = {31, €qs €3, Y1» Aav Xs}r
T = {T1| Tz: Tsy MHME MS}

are the vectors of the strains and forces of the finite element;

u = {uy, U1, @, Wet, Wnt, Went, 455 000 Wenjs  Upy <oy Weny oves Wina)

are the vectors of the nodal displacements of the finite element; B is a matrix of order
24 x 24, the elements of which have the form

biy = prpr 1031 = Pap bay= Pap bay = (Paskes
bsy = (Pap)ns ey = (Pasden 2t =—1
n=—1 by=pyp byy=pap byy=Psp
bios = (Pssler  burg = (Paghns b1y = (Pasltm

at E=1, n=—1  byyy=p1y bray=pap
biss = Pspy bies = (Pt brzs = (Pss)ns
bigy = (Psshn at E=—1, n=1
bies = (P1s)s  boos = Papy  bary = Puypr

bas; = (Psj)er  bags = (Pas)ns  baas = (Pssdems
att=1 n=1

(ij are elements of the matrix P; £ and n in the indices denote differentiation).

In contrast to the matrix presented in [1], the matrix A has the form
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(e 0 0
=0 " ks ()
(Y Oe—=0) 0
A=l o 0 — e |
0 B ===
0 ()220 —20)m+=()
ky = ;t‘gv :

(5)

where x is the coordinate of a point of the element from the pole of the cone; x and y in

the indices denote differentiation.

We write the relation between the x, y coordinates and the curvilinear coordinates £

and n in the following form (Fig. 1):
x=xEn: y=yEn)
where in accordance with the data in [2]
x(gv 7]) = fl (gt 7]) x1+f2 (gv 7]) x2+f8 (En T]) xs+
+fGnx  yEM=HEMNH+
F @Gy +FHENYs+ G n)ys
REW =4 1—8(1—n);

fa&m) = (1 +5 1 —);

fs@m) =4 (1 =8 (1 +n);

fo@m=40+B0+n

(x1 and yg are nodal coordinates).

!

We represent arbitrary functions f(£, n) with respect to the coordinates § and n as
follows

i = GF’; { = HF,
where

F={fofnhi 1= {fwfenfan}s )
F ={fufy} F'={fs fxyr funds
X 2 4
I VH= oxy gy + e Ge0n |-
“ 2x%qYn A

Xl
Xnlfe

G=

From (8) we find
F=G'¥; F=Hf

The elements of the matrices G™* and H™' are equal to
Eu=1Yn/b; gu=—yyd; gn=—n/A;
8as = X/ by = 2/Ay; hyg=—2yy /A;;
hig = 43l hag = — x4 /Ay; hyy = R2/Ay;

ha’ = -— 2xgxn/A1; has =— 2/A1; hﬁl =

= — Y xnlBy; Rog = (¥, + Yg)/By; A= A% A= xy, — xalp.

(6)

(N

(8)

(9)

(20)

(11)
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We obtain the deviatives x¢ and yg from (6) with allowance for (7)
X = @y%) + byXa + 01X + dyxg;
Y =i + by + crys + dr g (12)

Xn = ayXy + bgXg 4 Caxy + dgx,;

Yo = asY1 + boys + Cay, + doy,,
where

ay=— (=) b= 41—y

6 =— 714—(1‘1"']); dy = 'i-(l‘l'"l);
(13)
3= —4 (1 —8); by=— 4 (145

1 1
Cn="4_(1"‘§); da=T(1+§)-
Using (10), we obtain the nontrivial elements of the matrix A in the form:
1
a3 = gn )g+g1z( ).,,; as = ';—( I

ass=gu( Jg+ 8aal )y dms=ky( );
a1 =gn( )+ &u( )y Gs=gu( )+

+eul == (% aa=—(u()g+

+ hys ( )§n+hla( o) Ayg = ky (€01 ( ) +
+ & )y = — (A5 ( Jeg + Bas ( Jen +

+ha(Jg) — =@ () + &l )) o=
= —2(hy ( )55+h22( )g,,‘*_‘hza( )'rm+
2 (g a5 ann=2 (82 ( )y +

(14)

e ()= ().

We write the expressions of strain energy and the work of the external forces for the
finite element:

Vb ([ Ve U] gt | R 4 R, @)

where q = {1, 92,95} 1s the vector of the external surface load; ﬁk = {Pri1, Pras Prs, Moy, Mia,

Mcss}s Ry = {P71, P72, P1s, M7y, M7a, M7s} are vectors of the contour and local forces acting
on the finite element; wu, = {u,v,w, W, @y, Wi} u = {u, v, W, wg, Wt Wen ).

Introducing the new variables

ds=|detG|dtdn; dl =|detG|dl,

(16)
we obtain an expression for the total potential energy of the finite element
1 - _
H,=W—U=—2—SS’Tre|detG|d§dn—S.('qfuldetG[dgdn-—‘\lRZuhldetGIdl—R,’Tn,. an
With allowance for (3), we find
l - —t _ —_ R —_
I, = 0" (B ')TS S'.PTATDAP]det [G]| dtdnB"u — S S.qTPldetGldEdnB"u— S RiP, |det G| dIB"u—

- — — - - 18
_E,Tu,=-;—uTKu—Qu—Q,‘u—Q,u, 18
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where

K== (87 [ P'A’DAP|det G| didnB™"; )

Q- | S G'PidetG|dianB™"; Q= { liiIP,: X
X |detG[dB™"; (o) = Prs (Pn)as =Pas;
(Pr)si = Papy (Pi)as = [@1r ( )g + g1a( )n] Psss
(Pr)sy = [€a1 ( )g + Gaa ( ),,] Psjs (Pn)e; =

= [y ( g + Aoz ( Jin + has ( Jnnl Pai»
i=1..24

(19)

((Pk)Ij are elements of the matrix Pk).

The nodal displacements u in the system of coordinates £ and n are connected with the
nodal displacements u in the system of coordinates x and y by the relation

= Ca, (20)
where
100 0
M 0 0O 010
0 4; 0 O
C= 1 dy = 001
0 0 & O xéyé
0 0 0 &, xlyl
0

(xé, yg are derivatives of x and y with respect to £ at point I of the finite element),

By means of (20) we obtain
-~ -~ ~ .« - 21
I, = - u'K*u — Q*u Qju — Qju, (21)
where . .
K*=C'KC; Q*=QC, Q.=0Q,C Q =4QC
(22)
Summing the potential energies of individual elements, we determine the potential
energy of the shell. By varying the potentilal energy of the shell with respect to the
nodal displacements, in accordance with the principle of possible displacements (61 =20),
as in [1] we obtain a system of linear algebraic equations of equilibrium to determine the
displacements:

l-(—ll' =6) (23)

where K is the elastic stiffness matrix of the shell; u’ and Q are vectors of the nodal dis-
placements and nodal forces of the shell.

The matrix K has a band structure and can be obtained by summing the elements of mat-
rices K* with the use of the index matrix in [3]. We obtain the vector Q by summation of
the vectors Q' =Q*4Q,*+Q*, System (23) is solved by the method of expanding the matrix
into two triangular matrices. Having solved it, we find the vector v’ and we use Eq. (3)
to find all of the components of the stress—strain state of the shell.

Example. To check the effectiveness of the finite element, we studied the stress—
strain state of a circular conical shell (length L = 20 cm, radius Re = 13.4 cm, thickness
h = 0.2 cm, cone angle v/2 = 0.647) weakened by a circular notch with a radius r = 2 cm and
loaded by uniform longitudinal tensile forces N.

Figure 2 shows the change in the stress concentration factors k; = coc/crp, ka = opg/o
(0pes Opp are the maximum stresses in the middle surface of the shell and the bending stresses
at the contour of the hole on the outside surface of the shell, o, = N/2wRoh) on the contour
of the hole. The dashed line shows the results of the calculation in [4]. It can be seen
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Fig. 2. Bending and membrane stress
concentration factors at the contour
of the hole.
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Fig. 3. Dependence of the membrane stress concentration factor
on the coordinate x.

Fig. 4. Dependence of the error of the stress calculation on the
number m.

that there is satisfactory agreement. The concentration of the bending stresses is com-
parable to the stress concentration in the middle surface of the shell.

Figure 3 shows the decay of the maximum stress concentration in the middle surface of
the shell from the contour of the hole (x = y/5r, with the origin of the coordinate y lo-
cated at the hole contour).

Figure 4 shows the dependence of the error of the stress calculation on the number of

finite elements m for v/2 = 0.12. There is sufficiently good convergence with respect to
the number m.

The time of solution of the problem on a BESM-6 computer was about 40 min form=13,n= 14
with a number of unknowns N=1260 and a half-width of the shell stiffness matrix B =96,
Thus, the algorithm developed makes it possible to efficiently determine the stress—strain
state of conical shells with notches.
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