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omAbstra
t. This paper des
ribes an approa
h to the linear minimax estimation of the generalizedpolinom with unknown partially unbounded parameters. Linear minimax estimations are 
onstru
ted onthe basis of measurements with random noise. We introdu
e notions of the upper and lower linear minimaxestimations. The su�
ient 
onditions for the minimax estimation existen
e are formulated. Numeri
alsimulation that illustrates these results is presented.ÂñòóïÏðîáëåìè àïðîêñèìàöi¨ �óíêöi¨ òiñíî çâ'ÿçàíi iç çàäà÷àìè îïòèìiçàöi¨ [1, 2℄ çîäíîãî áîêó, à òàêîæ iç ïèòàííÿìè îöiíêè �óíêöié çà äàíèìè ñïîñòåðåæåíü, ùî äî-ñëiäæóâàëèñÿ â ìàòåìàòè÷íié ñòàòèñòèöi [3, 4℄.Ó äàíié ðîáîòi ðîçãëÿäà¹òüñÿ âèïàäîê, êîëè ñïîñòåðiãà¹òüñÿ óçàãàëüíåíèé ïîëi-íîì iç øóìîì. Ïðè öüîìó êîðåëÿöiéíà �óíêöiÿ âèïàäêîâîãî ïðîöåñó ùî ìîäåëþ¹øóì íåâiäîìà i íàëåæèòü ïåâíié îáëàñòi. Ïðè îáìåæåííÿõ íà êîå�iöi¹íòè ðîçðîáëå-íî àëãîðèòì ïîáóäîâè ãàðàíòîâàíî¨ ëiíiéíî¨ îöiíêè òàêîãî ïîëiíîìà.1. Ïîñòàíîâêà çàäà÷iÍåõàé íà âiäðiçêó [0; T ℄ ñïîñòåðiãà¹òüñÿ ðåàëiçàöiÿ âèïàäêîâîãî ïðîöåñó y(t), ùîìà¹ âèãëÿä y(t) = mXi=1 �i'i(t) + �(t) (1)äå 'i(t) i = 1::m � íåïåðåðâíi íà âiäðiçêó [0; T ℄ �óíêöi¨, �(t) � ðåàëiçàöiÿ íåïåðåðâíîãîâ ñåðåäíüîìó êâàäðàòè÷íîìó âèïàäêîâîãî ïðîöåñó ç íóëüîâèì ñåðåäíiì òà íåâiäîìîþêîðåëÿöiéíîþ �óíêöi¹þ R(t; s) 2 KK = fR : TZ0 TZ0 (R(t; s)�R0(t; s))2dtds � q2g (2)R0(t; s) � âiäîìà êîðåëÿöiéíà �óíêöiÿ íåïåðåðâíà íà [0; T ℄ � [0; T ℄. Íåõàé òàêîæ âi-äîìî, ùî êîå�iöi¹íòè �i; i = 1::r; r � m íàëåæàòü ìíîæèíi G, äåG = f� : j�i � b�ij � �i; i = 1::rg (3)



24 Äåìèäåíêî Ñ.Â., Íàêîíå÷íèé Î.�.Ïîçíà÷èìî ÷åðåç [P (T ) ëiíiéíó îöiíêó òðåíäó P (T ) = mXi=1 �i'i(T ) âèãëÿäó[P (T ) = TZ0 u(t)y(t)dt+ 
, äå u(t) íàëåæèòü ïðîñòîðó âèìiðíèõ çà Ëåáåãîì iíòåãðî-âàíèõ ç êâàäðàòîì �óíêöié, 
 � äîâiëüíà êîíñòàíòà. Ïîçíà÷èìî ÷åðåç �(R; �; u; 
)ñåðåäíüîêâàäðàòè÷íó ïîõèáêó òàêî¨ îöiíêè, òîáòî�2(R; �; u; 
) =M(P (T )�[P (T ))2 (4)Îçíà÷åííÿ 1. Îöiíêà äëÿ ÿêî¨ bu òà b
 íàëåæàòü ìíîæèíi (bu;b
) 2 argmin�21(u; 
), äå�21(u; 
) = supG;K �2(R; �; u; 
)íàçèâà¹òüñÿ ìiíiìàêñíîþ ñåðåäíüîêâàäðàòè÷íîþ îöiíêîþ.2. Óìîâè iñíóâàííÿ òà âèãëÿä ìiíiìàêñíî¨ îöiíêèÒâåðäæåííÿ 1. Ïðèïóñòèìî, ùî 'i(t), i = (r + 1)::m, ëiíiéíî íåçàëåæíi, òîäi iñíó¹¹äèíà ìiíiìàêñíà ñåðåäíüîêâàäðàòè÷íà îöiíêà ïðè÷îìóinfu;
 �21(u; 
) = infu2U �21(u;b
) = �22(bu) (5)äå �22(u) = �21(u;Pri=1 b�izi(0)), bu = argminbu2U �22(u), U ìíîæèíà, ùî âèçíà÷à¹òüñÿ içóìîâè U = fu : zi(0) = 0; i = (1 + r)::mg (6)à b
 = rXi=1 b�ibzi(0), bzi(0) = zi(0)ju=bu, äå zi(0) = 'i(T )� TZ0 u(t)'i(t)dt.Äîâåäåííÿ. Çàóâàæèìî, ùî ìà¹ ìiñöå ðiâíiñòü�2(R; �; u; 
) = ( mXi=1 �izi(0)� 
)2 + TZ0 TZ0 R(t; s)u(t)u(s)dtds (7)�21(u; 
) = supG ( mXi=1 �izi(0)� 
)2 + supR TZ0 TZ0 R(t; s)u(t)u(s)dtds = I1(u; 
) + I2(u) (8)Êðiì òîãî I1 =1 ïðè u =2 U iI1(u; 
) =  rXi=1 �ijzi(0)j+ �����
� rXi=1 b�izi(0)�����!2 (9)ïðè u 2 U . I2(u) = TZ0 TZ0 R0(t; s)u(t)u(s)dtds+ q2 TZ0 u2(t)dt (10)¾Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè¿, �1' 2009



Ìiíiìàêñíi ñåðåäíüîêâàäðàòè÷íi îöiíêè òðåíäó â çàäà÷àõ ðåãðåñi¨ 25Äàëi çàóâàæèìî, ùî òàê ÿê �óíêöi¨ 'i(t) ëiíiéíî íåçàëåæíi, òî ìíîæèíà U ¹íåïîðîæíüîþ îïóêëîþ çàìêíåíîþ â L2(0; T ) ìíîæèíîþ. Ôóíêöiîíàë�22(u) =  rXi=1 �ijzi(0)j!2 + I2(u) (11)¹ ñëàáêîíàïiâíåïåðåðâíèì, ñèëüíî îïóêëèì �óíêöiîíàëîì i çíà÷èòü iñíó¹ ¹äèíà�óíêöiÿ bu 2 argmin�22 , â ñèëó íåðiâíîñòi�21(u; 
) � �22(u) � minu2U �22(u) = �22(bu) (12)ÿêà ïåðåòâîðþ¹òüñÿ â ðiâíiñòü ïðè u = bu, 
 = b
, îäåðæèìî íåîáõiäíå. �Ïîçíà÷èìî äàëi ÷åðåç V ìíîæèíó ìàòðèöü B, ùî ìàþòü âèãëÿäB = (bij)i;j=1;rbij = 1Z�1 :: 1Z�1 xixj�(dx) (13)�(�) � ïðîáiãà¹ ìíîæèíó éìîâiðíîñíèõ ìið, ùî çîñåðåäæåíi íà ãiïåð-êóái [�1::1℄� ::� [�1::1℄:Òâåðäæåííÿ 2. Ìà¹ ìiñöå ðiâíiñòüminu2U �22(u) = maxB2V minu2U �23(u;B) (14)äå �23(u;B) = rXi;j=1�i�jbijzi(0)zj(0) + I2(u) = (Bz1(0); z1(0)) + I2(u)z1(0) = (�1z1(0); ::; �rzr(0)) (15)Äîâåäåííÿ. Òàê ÿê rXi=1 �ijzi(0)j!2 = max�1�xi�1 rXi=1 �ixizi(0)!2 == max�(�) 1Z�1 :: 1Z�1  rXi=1 �ixizi(0)!2 �(dx) = maxB2V (Bz1(0); z1(0)) (16)òî â ñèëó òåîðåìè ïðî ìiíiìàêñ îäåðæèìî íåîáõiäíó ðiâíiñòü. �Òâåðäæåííÿ 3. Ìà¹ ìiñöå ðiâíiñòüminu2U �23(u;B) = �23(bu;B) (17)¾Òàâðiéñüêèé âiñíèê ií�îðìàòèêè òà ìàòåìàòèêè¿, �1' 2009



26 Äåìèäåíêî Ñ.Â., Íàêîíå÷íèé Î.�.Äîâåäåííÿ. Íåõàé zi(t) ¹ ðîçâ'ÿçêîì ðiâíÿííÿzi(t)dt = �'i(t)u(t); zi(T ) = 'i(T ); i = 1; ::; m; zi(0) = 0; i = (r + 1); ::; m (18)Ââåäåìî òàêîæ �óíêöi¨ pi(t), ùî ¹ ðîçâ'ÿçêàìè ðiâíÿíüpi(t)dt = 0; i = 1; ::; m (19)pi(0) = rXj=1 bij�jzj(0); i = 1; ::; r (20)Òîäi ïîõiäíà �àòî âiä �óíêöiîíàëà �23(u;B) áóäå ìàòè âèãëÿä12 ��23�0 = � mXi=1 'i(t)pi(t) + TZ0 R0(t; s)u(s)ds+ q2u(t) (21)Òàêèì ÷èíîì äëÿ bu(s) îäåðæèìî iíòåãðàëüíå ðiâíÿííÿTZ0 R0(t; s)bu(s)ds+ q2bu(t) = mXi=1 'i(t)pi(t) (22)Çàïèøåìî bu ó iíøîìó âèãëÿäi, äëÿ öüîãî çàóâàæèìî, ùî pi(t) íå çàëåæèòü âiä t iòîìó ÿêùî ïîçíà÷èòè ¨õ ÷åðåç pi, òî îäåðæèìî, ùîbu(t) = mXi=1 pi i(t) (23)äå  i(t) ¹ ðîçâ'ÿçêîì iíòåãðàëüíîãî ðiâíÿííÿTZ0 R0(t; s) i(s)ds+ q2 i(t) = 'i(t) (24)Òîäi zi(t) = � mXj=1 pizij(t) + 'i(T ), äå zij(t) = TZt 'i(s) j(s)ds:Òàê ÿê pi = pi(0) = rXj=1 bij�jzj(0); i = 1; ::; r;òî äëÿ zj(0) îäåðæèìî ñèñòåìó ðiâíÿíüzi(0) = � mXj=1 rXk=1 bikzij(0)�kzk(0) + 'i(T ) (25)¾Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè¿, �1' 2009



Ìiíiìàêñíi ñåðåäíüîêâàäðàòè÷íi îöiíêè òðåíäó â çàäà÷àõ ðåãðåñi¨ 27à êîíñòàíòè pi, i = (r + 1)::m âèçíà÷àþòüñÿ iç ñèñòåìè ðiâíÿíümXi=1 TZ0 'j(t) i(t)dtpi = 'j(T ); j = r + 1; ::; m (26)�Íàñëiäîê 1. Íåõàé r=0. Òîäi ìiíiìàêñíà îöiíêà ìà¹ âèãëÿäbbP = mXi=1 pi TZ0  i(t)y(t)dt (27)Âåëè÷èíè pi âèçíà÷àþòüñÿ ç ñèñòåìè ðiâíÿíümXi=1 pi TZ0 'j(t) i(t)dt = 'j(T ); j = 1; ::; m (28)Íàñëiäîê 2. Ïðèïóñòèìî, ùî R0(t; s) = 0. Òîäi  i(t) = q�2'i(t).Íàñëiäîê 3. Ìiíiìàêñíà îöiíêà ìà¹ âèãëÿäbbP = mXi=1 bpi TZ0  i(t)y(t)dt+ b
 (29)÷èñëà bpi çíàõîäÿòüñÿ ç ðîçâ'ÿçêó çàäà÷i íà ìiíiìóì íàñòóïíî¨ �óíêöi¨F (p1; ::; pm) =  rXk=1 �kj'k(T )� mXi=1 pizki(0)j!2 + mXi;j=1 pipj(R0 i;  j) + q2 mXi;j=1 pipj( i;  j)(30)äå (R i;  j) = TZ0 :: TZ0 R0(t; s) i jdtds; ( i;  j) = TZ0 :: TZ0  i jdtds; (31)ïðè îáìåæåííÿõ 'i(T ) = mXk=1 pk TZ0 'i(t) k(t)dt; i = r + 1; ::; m (32)Äîâåäåííÿ. Iç òâåðäæåííÿ 3 îäåðæèìî íàñòóïíèé âèãëÿä �óíêöi¨ bu(t) íà ÿêié äî-ñÿãà¹òüñÿ ìiíiìóì ñåðåäíüîêâàäðàòè÷íî¨ ïîõèáêè îöiíêè bP (T ), bu(t) = Pmi=1 bpi i(t),âðàõîâóþ÷è âèãëÿä �óíêöiîíàëó �2(u; 
) îäåðæèìî íåîáõiäíå. �Ïðèêëàä 1. Ïðîiëþñòðó¹ìî çàñòîñóâàííÿ íàñëiäêó 3 íà ïðèêëàäi íàñòóïíî¨ ìîäåëi'1(t) = sin(t); '2(t) = sin(t2); '3(t) = 
os(t); �1 = 2; R0 = 0;
�1 = 0. Âèïàäêîâèéïðîöåñ �(t) ìà¹ âèãëÿä �(t) = �1 � sin(20 � t), äå �1 � âèïàäêîâà âåëè÷èíà, ùî ìà¹¾Òàâðiéñüêèé âiñíèê ií�îðìàòèêè òà ìàòåìàòèêè¿, �1' 2009



28 Äåìèäåíêî Ñ.Â., Íàêîíå÷íèé Î.�.íîðìàëüíèé ðîçïîäië ç ïàðàìåòðàìè (0; 0:2). Íåõàé � = (1 1 1)T i ðåàëiçàöiÿ âèïàä-êîâîãî ïðîöåñó �(t) ìà¹ âèãëÿä �(t) = �0:226� sin(20� t). Ïðîöåäóðà îöiíþâàííÿ áóäåïðîâîäèòèñÿ â óìîâàõ êîëè âñi çàçíà÷åíi âèùå ïàðàìåòðè �iêñîâàíi, à ïàðàìåòðè Tòà q áóäóòü âàðiþâàòèñÿ â ìåæàõ T 2 [1; 3℄ òà q 2 [0:2; 2:2℄ ç êðîêîì 0:05 òà 0:4. Âiä-ïîâiäíèé àëãîðèòì áóëî ðåàëiçîâàíî â ñèñòåìi Mathemati
a 6, ðåçóëüòàòè îá÷èñëåíüçîáðàæåíi íà íàñòóïíèõ ãðà�iêàõ.
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�èñ. 1. �åàëüíi çíà÷åííÿ P (T ) (ñóöiëüíà ëiíiÿ), ðåàëiçàöiÿ y(t) (ñóöiëü-íà òîíêà ëiíiÿ), îöiíêè [P (T ) ïðè ðiçíèõ çíà÷åííÿõ ïàðàìåòðà q (øòðè-õîâi ëiíi¨)
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�èñ. 2. Ìiíiìàêñíà ñåðåäíüîêâàäðàòè÷íà ïîõèáêà ïðè ðiçíèõ çíà÷åííÿõïàðàìåòðà q ¾Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè¿, �1' 2009



Ìiíiìàêñíi ñåðåäíüîêâàäðàòè÷íi îöiíêè òðåíäó â çàäà÷àõ ðåãðåñi¨ 29Îòæå, ÿê âèäíî ç ìàëþíêó 1, ïðè çìåíøåííi ïàðàìåòðà q ÿêiñòü îöiíþâàííÿ ïî-êðàùó¹òüñÿ, ïðè q = 0:2 îöiíêè ðîçòàøîâàíi íàéáëèæ÷å äî ðåàëüíèõ çíà÷åíü òðåíäó.Ïðè öüîìó íàéìåíøi çíà÷åííÿ ìiíiìàêñíî¨ ñåðåäíüîêâàäðàòè÷íî¨ ïîõèáêè òåæ äîñÿ-ãàþòüñÿ ïðè q = 0:2 (ìàë. 2).3. Âåðõíÿ òà íèæíÿ ìiíiìàêñíi îöiíêèÎçíà÷åííÿ 2. Îöiíêà bbP+(T ) òà bbP�(T ) íàçèâàþòüñÿ âåðõíüîþ òà íèæíüîþ ìiíiìàê-ñíîþ ÿêùî âîíè ìàþòü âèãëÿäbbP+(T ) = TZ0 bu+(t)y(t)dt+ b
+bbP�(T ) = TZ0 bu�(t)y(t)dt+ b
� (33)
äå (bu+;b
+), (bu�;b
�) çíàõîäÿòüñÿ iç ìiíiìiçàöi¨ �óíêöiîíàëiâ �2+(u; 
); �2�(u; 
) âiäïîâiä-íî i äëÿ ÿêèõ ñïðàâåäëèâi íåðiâíîñòi�2�(u; 
) � �2(u; 
) � �2+(u; 
) (34)Òâåðäæåííÿ 4. Îöiíêè äëÿ ÿêèõ ìà¹ ìiñöå ðiâíiñòübu+(t) = mXi=1 p+i  i(t);bu�(t) = mXi=1 p�i  i(t) (35)äëÿ ÿêèõ ÷èñëà p�i ; i = 1; ::; m çíàõîäÿòüñÿ iç ñèñòåì ðiâíÿíü i(T ) = mXi=1 p�k + zik(0) + Æirp�i (��i )2 (36)äå Æ = � 1; i � r0; i > r¹ âiäïîâiäíî íèæíiìè òà âåðõíiìè ìiíiìàêñíèìè îöiíêàìè.Äîâåäåííÿ. Ââåäåìî ìíîæèíè G+ òà G�G+ = f� : rXi=1 (�i � b�i)2�+i 2 � 1gG� = f� : rXi=1 (�i � b�i)2��i 2 � 1g (37)¾Òàâðiéñüêèé âiñíèê ií�îðìàòèêè òà ìàòåìàòèêè¿, �1' 2009



30 Äåìèäåíêî Ñ.Â., Íàêîíå÷íèé Î.�.÷èñëà �+i òà ��i âèáåðåìî òàê, ùîá G� � G � G+. Òîäi î÷åâèäíî, ùî�2+(u; 
) = supG+;R �2(R; �; u; 
)�2�(u; 
) = supG�;R �2(R; �; u; 
) (38)Ëåãêî áà÷èòè, ùî�2+(u; 
) = (( rXi=1 (�+i )2z2i (0)) 12 + j
� rXi=1 b�izi(0)j)2 + (R0u; u) + q2(u; u) (39)Çâiäêè b
+ =Pri=1 b�ibz+i (0), äå z+i (t) ¹ ðîçâ`ÿçêîì ðiâíÿííÿdbz+idt = �'i(t)bu+(t); bz+i (T ) = 'i(T ) (40)äå bu+(t) 2 argmin�2+(u) , �2+ =Pri=1(�+i )2z2i (0) + (R0u; u) + q2(u; u)Çâiäêè ÿê i â òâåðäæåííi 3 îäåðæèìî, ùîbu+(t) = mXi=1 p+i  i(t) (41)äå p+i çíàõîäèòüñÿ iç ñèñòåìè ðiâíÿíü� p+j (�+j )2 = 'j(T )�Pmi=1 p+i zij(0); j = 1; ::; r'j(T ) =Pmi=1 p+i zij(0); j = 1 + r; ::; mÇàóâàæåííÿ 1. Íåõàé ìíîæèíà çíà÷åíü ïàðàìåòðiâ ¹ G+, òîäi ìiíiìàêñíà îöiíêàñïiâïàäà¹ iç âåðõíüîþ ìiíiìàêñíîþ îöiíêîþ. �ÂèñíîâêèÂ ðîáîòi ïîêàçàíî, ùî ïðè äåÿêèõ óìîâàõ iñíóþòü ¹äèíi ìiíiìàêñíi ñåðåäíüîêâàä-ðàòè÷íi îöiíêè óçàãàëüíåíèõ ïîëiíîìiâ. Äàíi îöiíêè çíàéäåíi ó âèãëÿäi ëiíiéíî¨ êîì-áiíàöi¨ ðîçâ'ÿçêiâ iíòåãðàëüíèõ ðiâíÿíü Ôðåäãîëüìà äðóãîãî ðîäó. Ââîäÿòüñÿ ïîíÿòòÿâåðõíiõ i íèæíiõ ìiíiìàêñíèõ îöiíîê òà íàâîäèòüñÿ ¨õ âèãëÿä. Ïðè ïåâíèõ óìîâàõ íàêîå�iöi¹íòè ðîçðîáëåíî àëãîðèòìè äëÿ îá÷èñëåííÿ îöiíîê. Â ñèñòåìi Mathemati
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