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We give a general closed expression for the minimum free energy in terms of Fourier-transformed quanti-
ties for a thermoelectromagnetic conductor with memory effects for the electric current density and the
heat flux, when the integrated histories of the electric field and of the temperature gradient are chosen to
characterize the states of the material. An equivalent formulation is derived and applied to the discrete
spectrum model material response.

Haseodeno 3azanavruil 3amkHenull 8upas 04 MIHIMAABHOL 8IAbHOL eHepe2il 8 MepMIHAX NepemeopeHHs
Dyp’e 044 NPOBIOHUKA 3 ePeKMOM 3ANAM AMOBYBAHHA 2YCIMUHU eAeKMPUYHO20 CIPYMY Md Menao-
8020 NOMOKY Y 8UNAOKY, KOAU 04 XAPAKMEPUIAUIT CIAHY mamepiany po32aa0a€mbCs IHMe2paabta
icmopis eaeKMpU4HO20 cmMpymy ma 2padienma memnepamypu. Ompumano i 3acmoco8aro exeisaneHm-
He POPpMYAIOBAHHA 00 MOOeAL PeaKyil Mamepianry, ujo mae OUCKPemHUIL CReKmp.

1. Introduction. In a recent work [1] we have studied the problem of finding an explicit form
for the minimum free energy of a linear thermoelectromagnetic conductor characterized, in
particular, by two constitutive equations for the electric current density and for the heat flux
expressed by means of two local functionals of the histories of the electric field and the tempera-
ture gradient, respectively [2—4]. The investigation of such a problem is very important since
the minimum free energy is related to the maximum recoverable work, that is, the maximum
quantity of work we can obtain from the material at a given state.

The presence of thermal effects in electromagnetism was considered, in particular, in [S,
6] by Coleman & Dill, who also derived the restrictions imposed on the constitutive equati-
ons by the laws of thermodynamics. Also in [7] these problems were studied for the materials
considered later on in [1], giving a theorem of uniqueness, existence, and asymptotic stability
too.

In this work we follow Golden’s lines of [8], where the minimum free energy is determined
for a linear viscoelastic material in a scalar case, together with the procedure used in [9] for
an analogous problem always in viscoelasticity, see also [10—12]. While in [1] the states of the
thermoelectromagnetic material are characterized by the actual values of the electric and the
magnetic fields, of the temperature and the histories of the electric field and of the temperature
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288 G. AMENDOLA, A. MANES

gradient, in the present work we consider the integrated histories of the electric field and of
the temperature gradient instead of their histories. Thus, new appropriate definitions of the
continuation of histories and processes are required.

The layout of this article is the following. After introducing the constitutive equations we
recall the thermodynamic restrictions on them in Section 2, writing some fundamental relati-
onships. In Section 3, we consider the definitions of states and processes and in the following
Section 4 we give a first definition of equivalence between integrated histories. After consi-
dering the thermoelectromagnetic work in Section 5, we give an equivalent definition of equi-
valence by means of the boundedness of the work in Section 6. Then, in Section 7 we derive
the expression of the maximum recoverable work, of which another equivalent form, derived
in Section 8, is used to study the particular case of discrete spectrum materials in the last Sec-
tion 9.

2. Preliminaries and basic equations. A rigid electromagnetic B occupies a region 2, which
is a bounded and simply-connected domain of the three-dimensional Euclidean space R?, with
a smooth boundary 0f2, whose outward normal unit is denoted by n.

We are concerned with the linear theory of thermoelectromagnetism, which is characterized
by the following constitutive equations:

D(x,t) = eE(x,t) + ¥(x,t)a, B(x,t) = pH(x,1), (2.1)
+oo oo
J(x,t) = / a(s)El(x,s)ds, q(x,t) = — / k(s)g'(x, s)ds, (2.2)
0 0
h(x,t) = cd(x,t) + O | A1 - D(x,t)/e + As - B(x, 1) /M} : (2.3)

where D and B are the electric displacement and the magnetic induction, E and H denote the
electric and magnetic fields, ¥ is the temperature relative to the absolute reference temperature
O, uniform in {2; moreover, the current density J and the heat flux q are expressed by two
functionals of the histories, up to time ¢, of the electric field, Ef(x, s) = E(x,t —s) Vs € RT =
= [0, +0), and of the temperature gradient g = Vv, g'(x,s) = g(x,t — s) Vs € R*, respecti-
vely; finally, h denotes the rate at which heat is absorbed per unit volume.

On supposing that the body is homogeneous and isotropic, all the parameters, that is, the
dielectric constant ¢ > 0, the magnetic permeability ;x > 0 and the specific heat ¢ > 0, the
vectors a, A1 and A, as well as the memory kernels « and & are constant for any point x € €.

In particular, the kernels « and k, called the electric and thermal conductivities, are two
relaxation functions o : RT™ — Rand k : RT — R given by [2, 3]

at) = ag —l—/o/(T)dT, k(t) = ko +/k:'(7)d7' vt € RT, (2.4)
0 0

where ag and kg denote the initial values, at time ¢ = 0, of the two functions « and &, with
lim lima(t) = 0and . ligrn limk(¢) = 0 under the hypothesis that they belong to H*(R™).

t——+00
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MAXIMUM RECOVERABLE WORK IN LINEAR THERMOELECTROMAGNETISM 289

It is useful to introduce the integrated histories of E and g, which are two functions E(x, -) :
R™ — R3and g/(x,-) : RT — R?3 defined as follows:

S S

Bl(x,5) = / E{(x, ), B(x,s) = / o' (x, )\ 2.5)
0 0

these quantities, taking account of the hypotheses assumed for « and &, allow us to rewrite the
constitutive equations (2.2) in an equivalent form,

+00 +o0
J(x,t) = — / o (s)E'(x,s)ds, q(x,t) = / K (s)g'(x, s)ds. (2.6)
0 0

The constitutive equations (2.1) - (2.3) characterize the behaviour of a simple material [6,
13], for which we have deduced the restrictions that the thermodynamic principles place on
the assumed constitutive equations in [7]. These principles state [14, 15] that the following two
relations:

7{ (1) + D) - B(t) + B() - H(t) + 3(t) - B@)]dt = 0, 2.7)

§ {h(0)/100+9(0)] + a(0)- (0100 + D0} dt < 0 28)

must hold for any cyclic process. In the last of these, the equality sign is referred only to reversi-
ble processes.

Here we have understood the dependence on the position x € (2 of all the functions; this
will be done later on because the statements will be relative to any fixed x € €.

Since we are concerned with a linear theory, only the linearized expression of (2.8) must be
considered; thus, (2.8) becomes [16]

g7 {00 —9(0)] +a(0) g0} dt <0 29)

and, hence, eliminating ©h(¢) by means of (2.7), it follows that

1

& 74 {h(t)o(t) + ©o[D(X) - B(t) + B(1) - H(t) + B() - I(1)] ~a(t) - g(®)}de > 0. (2.10)

This inequality must be satisfied by the constitutive equations; therefore, substituting (2.1)
and (2.3) into it, we obtain an inequality, which, because of the arbitrarinesses of ¥, E, g and of
the same 1) with respect to E and H, gives [7]

A1 = a, AQ =0 (211)
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290 G. AMENDOLA, A. MANES

and other two inequalities, concerning with J and q, which yield

+00 +oo
/ a(s) cos(ws)ds > 0, / k(s)cos(ws)ds > 0 Yw # 0. (2.12)
0 0

These results change the given form to the constitutive equation (2.3), which, taking account
of (2.1)1, reduces to

h(x,t) = (c+ ©pa’/e) J(x,t) + Opa - E(x,1) (2.13)

so that (2.10) assumes the following form:

7{ [ C Hy9(t) + éf)(t)-D(t) 180 BO +I0) B - —a(t)-g®)|dt > 0. (214)

6o H BC
We recall that in thermoelectromagnetism the equations which are to be considered are
Maxwell’s ones besides the energy equation expressed by h(x,t) = —V-q(x,t)+r(x,t), where
h is given by (2.13) and thus can be eliminated while r denotes the heat sources.
We now introduce the Fourier transform of any function f : R — R", denoted by fr and
given by

+oo
ﬁ@%=/fwﬂ&%=hWH%4% (2.15)
where
—+00 0
ﬁwz/f%mm,ﬂmz/wwww (2.16)
0 —00

moreover, we consider the half-range Fourier cosine and sine transforms

+00 +oo
ﬁMZ/WMWW&ﬁMZ/mMWM& (2.17)
0 0

which hold if the function f is defined only on R* as well as f, . In particular, we remember that
if f is any function defined on R, it can be extended on R in several ways. For this purpose
we can consider its usual extension to (—oo,0), where it vanishes identically, or its extensions
made with an even (f(§) = f(—¢) V¢ < 0) oran odd (f(§) = —f(—¢) V¢ < 0) function thus
obtaining the following relations:

fF(w) = f+(w) = fc(w) - ifs(w)v fF(w) = 2fc(w)7 fF(w) = _2ifs(w)7 (2.18)

which hold in the three cases, respectively.
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We observe that the functions f, given by (2.16), can be considered as functions of z € C,
that is defined in the complex plane C; these new functions fy(z) are analytic for z € C(F),
where we

cH={:eC:mzeR 7}, CH={reC: Imze R}, (2.19)

R~ (R*T) denoting the strictly negative (positive) reals. We can extend, by hypothesis [8], the
analyticity on CT, where

C ={:€C: ImzeR"}, C"={:cC: ImzecR"}. (2.20)

We shall use the notation f()(z) to denote that the function has zeros and singularities in C*.
Therefore we can rewrite (2.12) in terms of the definition (2.17)1, that is, the thermodynamic
restrictions are expressed by

ac(w) >0, ke(w) >0 YweR, (2.21)

with the new hypotheses that a.(0) > 0 and k.(0) > 0. Moreover, we recall the following
results [1, 17]:

a(w) = —wae(w), ki(w) = —wk.(w), (2.22)

whence, if o/, k" € L?>(R*) and | o/(0) |< +o0, | '(0) |< +oo, we have

lim limwo(w) = — lim limw?a.(w) = /(0) < 0, (2.23)
lim limwk,(w) = — lim limw?k.(w) = £'(0) < 0. (2.24)

Still now we assume
a'(0) <0, K(0)<o0. (2.25)

Let us introduce the electric and thermal conductivities

t t
vt = [ a@)de, v®@t) = [ k(€)dg; (2.26)
/ /
in particular, we have
400 +00
D = [a@dt = a0 >0, o = [k = k() >0 @21)
0 0
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The static continuation, with duration 7 € R™™, of two given histories E’(s) and g’(s)
Vs € RT is defined by

E(t), s € [0,7], g(t), s € [0, 7],
Eln = gl = (2.28)
El(s—71), s>, gl(s—71), s>

The integrated histories, which correspond to these continuations, are

/E(t)dn — SE(t), s € [0,7], /g(t)dn — sg(t), s € [0,7],
B =4 0, g5 =4 0 .,
TE(t) + / E'(p)dp, s > T, Tg(t) + / gl(p)dp, s > 1,
0 0

(2.29)

and must be considered in the expressions (2.6) to evaluate the current density and the heat
flux yielded after the static continuations (2.28); thus, we obtain

+oo

It +7) = v (DE() - / o (r + p) B (p)dp, (2.30)
0
+oo

a(t+7) = @0 + [ K+ o) (2.31)

0

We observe that in the constitutive equations the present value of the temperature gradient
has not the same role, which, on the contrary, that one of the electric field has, since this appears
explicitly in the constitutive equation (2.1); for the electric displacement; the presence of g(¢)
in (2.31) is analogous to the one of E(¢) in (2.30), but this is due only to the static continuations
of both the values E(¢) and g(t).

Finally, we note that the asymptotic values (2.27) allow us to obtain the current density and
the heat flux at time ¢ when the constant histories Ef = E(s) = Eand gl = gi(s) = g
Vs € RT are considered. In fact, from (2.6) or directly from (2.2) it follows that

J(t) = vB,  at) = -,
which, on account of (2.27), express the physical results of a constant current density with the

same versus of the electric field E and of a constant heat flux whose versus is opposite to the
one of the temperature gradient g.

3. States and processes for the thermoelectromagnetic body. The behaviour of our thermo-
electromagnetic solid is characterized by the assumed constitutive equations (2.1), (2.3) and
(2.6), which, as we have already noted, allows us to consider B as a simple material. Thus, B can
be described in terms of states and processes.
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MAXIMUM RECOVERABLE WORK IN LINEAR THERMOELECTROMAGNETISM 293

Taking into account the relations (2.1) and (2.3), the function
o(t) = (E(t),H(t),9(t), B, g") G.1)

can be assumed to express the thermodynamic state at time ¢ at any fixed x € (2. We note
that, contrary to the choice made in [1], the integrated histories of the electric field and of
the temperature gradient are now chosen to express the memory effects on the instantaneous
values of the current density and of the heat flux.

Amap P : [0,d) — R*xR3xRxR3, piecewise continuous on the time interval [0,d) C R,
defined as

P(r) = (Ep(7),Hp(7),0p(7),gp(1)) V7 € [0,d) (3.2)

is said to be a kinetic process of duration d € R*. Here we have the time derivatives of
the electric and magnetic fields Ep and Hp and of the temperature ¥p together with the
temperature gradient at any instant 7 of the time interval [0, d). We shall denote by Py, ;, the
restriction of the process P to the time interval [¢1,t2) C [0, d); moreover, the set of the admi-
ssible states will be denoted by X, while II will denote the set of all admissible processes. Thus,
we can introduce the function p : ¥ x IT — ¥, defined by o/ = p(c?, P) € %, which maps an
initial state 0 € ¥ and a process P € II into the final state o/ and it is said to be the evolution
function; in particular, we call cycle the pair (o, P) such that o(d) = p(c(0), P) = o(0).
The response of the material is given by the function

U(t) = (D), B(t), J(t),a(t)), (3.3)

where the instantaneous values of D, B, J and q are given by (2.1) and (2.6), and therefore it
depends on the pair (o, P), that is, the output function

U= U(o,P) (3.4)
where U : ¥ x II — R3 x R3 x R3 x R3.

We can introduce the linear functionals J : I'n — R3and q : 'y, — R?, on account of
(2.6), such that

+00 +oo
IE) = [ Q@B ) = [ Ko e (3.5)
0 0

where, taking in mind (2.30), (2.31), the function spaces I, and I';, are defined by

+00

I, = {E": (0,+c0) — R / (s +7)E (s)ds| < 400 V7 >0y, (3.6)
0
+o0

Iy = & (0,400) — R®: /k;’(s+7)gt (5)ds| < 400 ¥r>0%. 37
0
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Any process P = P(7), of duration d, is defined in the time interval [0,d) C R™ by means

of (3.2); it may be applied at any instant ¢t € R™.
First, we suppose that P is applied at time ¢ = 0, when the state is ¢(0) = (E.(0), H.(0),
)

9,(0),E,8Y) € . In this case 7 = t and therefore (3.2) becomes P(t) = (Ep(t),Hp(t),
Ip(t),gp(t)) € II; the evolution function yields a set of states o(t) = (E(t), H(t),9(t), Et, g')
for any ¢ € (0, d], characterized by
¢ t
B() = B.(0)+ [ Bpe)de. H() = H.0)+ [ (e, G9)
0 0
¢
00 = 0.0)+ [ ee)de, (3.9)
0
where E(t) = Ep(7) and similarly for H and ¢, and
(ot
/Ewwm 0<s<t,
El(s) = ¢ . (3.10)
Eo(s—t)+/E( ydn, s >t,
( 0
(¢
gp(n)dn, 0<s<t,
gi(s) ={ 1 (3.11)

t
g?(s—t)+/gp(n)dn, s > t,
0

where E(n) is given by (3.8); and gp(n) is assigned in the process.
Now, we apply the process P at time ¢ > 0, when the initial state is o(t) = (E(t), H(?),
9(t), Et, g'). The process P(7) = (Ep(7),Hp(7),9p(7),gp(7)), defined on [0, d), is related to

T

Ep:(0.d — R®,  Ep(r) = B(t) + / B (n)dn, (3.12)
0

Hp : (0,d] — RS, Hp(r) = H(t) —l—/Hp('l])d??, (3.13)

Ip: (0,d — R, Op(r) = 0(1) + / Jp(n)dn (3.14)
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MAXIMUM RECOVERABLE WORK IN LINEAR THERMOELECTROMAGNETISM 295
for any 7 € (0, d]. In particular, the process P assigns the temperature gradient
gp:[0,d) = R’,  gp(1) = g(t+7) (3.15)

Moreover such a process, starting at time ¢, to which corresponds the initial integrated histories
E! and g’ that appear in o(t), induces the continuation of the initial E* and g’ by means of
Ep(t) = E(t + 7) and (3.15)9, with t + 7 < ¢ + d, and expressed by

Et-i—d(s) _ (EP *E)t—i-d(s) _ E%(S) = O/E(}D(n)dna 0<s<d, (3.16)
| E%(d) + Ef(s — d), s >d,
gt+d(8) — (gP *g)t+d( ) — g%(s) = O/gdp(ﬁ)dﬁa 0 <s< dv (317)
| 84(d) +g!(s — d), s >d,
where
d ¢
Ep() = [EBodn, Els—d) = [ EQds Vs d (3.18)
0 t—(s—d)
d ¢
g = [erin. ge-d= [ s@d vszd (3.19)
0 t—(s—d)

are the integrated histories corresponding to P in [0,d) and the initial integrated histories,
respectively for E and g.

The current density and the heat flux, yielded by the application of a process P, of duration
d, to a given initial state o(t), are J((Ep = E)'*%) and §((gp * g)'™%) and can be evaluated by
using (3.5) with (3.16) and (3.17). We derive these results in the case where a restriction of the
process Py ;), applied at time ¢ when the state is o (t) = (E(t), H(t),9(t), E*, g"), is considered;
in this case d must be substituted by 7 in (3.16), (3.17) to evaluate (3.5), which thus give

+00
JEST) = — / (s)(Ep*E)(t+ 71— s)ds =
0

T “+oo
— a(r)Ep(r) - / o () B ()i — / o (o) (p — 7)dp, (3.20)
0 T
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+oo
a(g"m) = / K(s)(gp +B)(t 4+ 7 — s)ds =

T +oo
= K(n)ER(r) + / K () g (n)dn + / K (0)g'(p — 7)dp. (3.21)
0 T

4. Equivalence of states and of integrated histories. We can now introduce an equivalence
relation in the state space ¥ by means of the following definition [11].

Definition 4.1. Two states 0; € 3, j = 1,2, are equivalent if

U(O’l,P) = U(O’Q,P) VP e II. (41)

Thus, whatever may be the admissible process, two equivalent states yield the same response
of the material and therefore they are indistinguishable. This definition satisfies the requi-
rements of an equivalence relation, denoted by R. Therefore, if ¥ contains equivalent states,
then we can introduce the corresponding quotient space Y.r, whose elements o are the classes
of equivalent states.

Definition 4.2. We say that a state of the material is minimal if it is characterized by a minimum
set of data.

The introduction of the functionals in (3.5) allows us to give a new definition of equivalence
relative to the integrated histories of the electric field and of the heat flux.

Definition 4.3. Given two states o;(t) = (E;(t), H;(t),9;(t),E}, &%), = 1,2, corresponding
to the same values of the magnetic field, H;(t) = H(t), j = 1,2, and of the temperature, 9;(t) =
= ¥(t), j = 1,2, the integrated histories of the electric field, E;, j = 1,2, and of the temperature
gradient, gj.,j = 1,2, are said equivalent if for every Ep : (0,7] — R3,gp : [0,7) — R? and
for every T > 0 the relations

E(t) = Ex(t), J(Ep+E)TT) = J(Ep « Ey)*7), (4.2)

)t+7’)

q((gp* 81 = q((gp*82)""7) (4.3)

hold, whatever Hp : (0,7] — R3 and 9p : (0,7] — R may be.

With this definition the integrated histories of E and g, which yield the same current density
and the same heat flux, respectively, are identified. Moreover, the conditions required in Defi-
nition 4.1 are now satisfied. In particular, we observe that for any process the values of Hp(7)
and ¥p(7) do not depend on the two couples of the integrated histories EE and gj., j=12;
furthermore, we note that for both the integrated histories we must consider the same process
P and hence the same value of the temperature gradient, gp(p) Vp € [0, 7), which yields, in
particular, gp(0) = g(t) by virtue of (3.15). Therefore, it follows that the equivalence of two
integrated histories of E and g yield the same response of the material.
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If we consider the continuation of the zero integrated histories of E and g, Ef(s) = 0f(s) =
= 0 and g'(s) = 0f(s) = 0Vs € R*, by means of a process Py ;) applied at time ¢ when the
initial state is o (t) = (E(t), H(t),9(t), 0,07), (3.16) and (3.17) yield

E%(s),0 < s < T,

EL(r),s > T,

(Bp 07 (s) = { (g * 0 T(s) = { " (44)
a |

As a consequence of Definition 4.3, from (3.20), (3.21) it is easy to see that two integrated
histories E? and g’ are equivalent to their relative zero integrated histories if for every 7 > 0

+oo +0oo

/ o (s)E'(s — T)ds = / (14 E()dE = 0, (4.5)
T 0

+o0 +oo

/ K (s)g'(s — 1)ds = / E(t+€gl(¢)de = 0. (4.6)
T 0

Thus we see that both the relations (4.2), (4.3) and these last relations (4.5), (4.6) express
the same equivalence between two couples of integrated histories. In fact, given the integrated

histories E; and g;, 7 = 1,2, equivalent in the sense of Definition 4.3, obviously they must
satisfy (4.2), (4.3), from which we deduce that

+oo +oo
/ o ($)EL (s — 7)ds = / o ()b (s — 7)ds, (4.7)
+oo +oo
/ K (s)gl(s —1)ds = / K (s)gh(s — 1)ds (4.8)

must hold for all 7 > 0 too. Finally, it is enough to define Ef(s — 7) = E{(s — 7) — Ef(s — 7)
and g'(s — 7) = gl(s — 7) — gL(s — 7) to verify that (4.7), (4.8) coincide with (4.5), (4.6) and
conclude that the integrated histories obtained by the two differences are equivalent to their
zero integrated histories.

5. Thermoelectromagnetic work. The local form of the second law of thermodynamics
is expressed by (2.10), to which we have given the form (2.14) taking account of the consti-
tutive equations of 5. These expressions allow us to deduce the work done on any process P
[6, 13—-16]. With reference to the second form (2.14), the work done on a process P(1) =
= (Ep(7), Hp(7),p(7),gp (7)), defined for any 7 € [0, d) and applied at time ¢ when the state
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=

i(),9:(t), EL, g!), can be written as follows:

=
q@~
>
Il
=

(Ei(t)a Hi(t)a ﬂi(t)a Ef?@fa Ep, I:IP719P7 gP) =

6. 0p(7)0p(7) + TD(EBe(r) 0p(r) - D(E(r). () +  BHLR()
0 € o

B(Hp(7)) + J(Ep *E)"*7) - Ep(r) — @10("1((5513 «g)"7) gp(r)|dr. (5.)

Here we have considered the variable 7 € [0, d) and therefore Ep(7), Hp(7), 9 p(7) are expres-
sed by (3.12)—(3.14), gp(7) is given by P and has the form (3.15) and finally Ep * E;, gp * &;

are the continuations (3.16), (3.17). If we consider the variable { € [t,t + d) we can transform
(5.1) as follows:

t+d
We'(0.P) = [ | 50006 + TDB(E.0(6) - DB, 0(E) +
- BH(E) - BOH(O) + 3B+ BJF) B - 5-al(er «8)) 80 de
(5.2)
For the sake of simplicity we eliminate i in o?(¢) and from (5.2) we derive
1| c 1 1 1| c
W(a(t),P) = 3 [@0192(75 +d) + EDQ(t +d) + ;BQ(t - d)] -3 [90192(1&) +
1 ] t+d +oo
+gD2(t) + MBQ(t)] - t/ 0/ o (s)(Ep * B)(s)ds - B(¢)dé—
1 t+d +oo
o [ [ FOer s g (53)
t 0

where we have to use (3.16), (3.17) for the continuations of the integrated histories.
In Section 3 we have considered the particular case where the process is applied at time
t = 0. Now we suppose at this initial instant the state to be

50(0) = ¢(0) = (0,0,0,0',0"), (5.4)

that is, E(0) = 0, H(0) = 0,9(0) = 0, E°(s) = 0f(s) = 0and g°(s) = 0f(s) = 0Vs € R*;
therefore, the ensuing fields, now denoted by Eq, Hy, ¥y to distinguish this particular case,
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taking into account (3.8) —(3.11), assume the form

Eo(t) = [ Ep(s)ds, Ho(t) = [ Hp(s)ds, 9(t) = [ Ip(s)ds (5.5)
/ / /
and
_ Ei(s),0 <s < t, _ gt,(s),0 < s < t,
(Epx0N)'(s) = { - (gp*0")'(s) = { %P (5.6)
El(t),s > t, gh(t),s > t.

With these hypotheses we are able to distinguish the work due only to the process and give the
following definition.

Definition 5.1. Ler P(t) = (Ep(t), Hp(t),9p(t), gp(t)) be a process of duration d applied at
timet = 0 and related to Ey(t), Hy(t), ¥o(t), (Ep * 01!, and (gp = 01, given by (5.5), (5.6), if
the work done on P is finite, then P is said to be a finite work process.

Such a work is given by (5.3), which, using (5.5), (5.6), assumes the form

W(UO(O)?P) = W(OaanvﬁTaﬁT;Epa:[:IP’nggP) =

[g’oﬂo(two(w + 2D (Eo(0), do() - D(Bo (1), (1)) +

I
O\&

+ B (Ho(1) - B(Ho(1) + T(B £ 01)) - Bolt)-

~ Later 0 ~gp<t>] i, (5.7)

which, taking account of (2.6) with (5.6), can be written as follows:

W(ou(0)P) = ;| g-03(d) + TDR(@) + - B3(a)| -
d t +o0o
—/ |:/O/(S)E6(S)d8+/O/(S)Eg(t)ds -Eo(t)dt—
0 0 t
1 d t +o0o
-5 0/ { O/ K ()8 (s)ds + / k’<s>gtp<t>ds] gt (58)
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Lemma 5.1. The work obtained by any process, which is a finite work process in the sense of
Definition 5.1, is positive.

Proof. Let P be a finite work process of duration d; such a process, starting from the state
00(0) at time ¢ = 0, yields the work (5.8), which, integrating by parts the integrals over [0, t]
and evaluating the other two, becomes

W0 P) = ;| g-03(d) + TDR(@) + B3| +

0

N =

d t t

—i—/ /a(s)EB(s)ds -Eo(t) + elo/k(s)g}(s)ds -gp(t)| dt. (5.9)

0 0

Assuming that the functions in (5.9) are equal to zero for any ¢ > d, the integral in (5.9)
being extended on R, and using * to denote the complex conjugate, by means of Plancherel’s
theorem assumes the form

—+o00

|| [ aEs s Eot) + o [ hogbls)ds - ge(t) | de =
0 0

0

+o0
— % / [OZF<W)EOF(W) . ESF(w) + i/{:F(w)gPF(w) g}"DF(w)] dw —

Sl
+00
— 5 [ {ecB @+ B3 @)+ g ket @)+ gl oo >0 610)

—00

The last result follows easily from (2.21) and from the consideration that the Fourier transforms
of the functions, defined on R* and equal to zero on R~ —, by means of (2.18) can be expressed
in terms of their cosine and sine transforms, which are even and odd functions, respectively.

The lemma is proved.

Usually, the duration of a process P is finite, d < +o0o; however, as we have already done
in the proof of the previous lemma, we can define P on R by putting P(7) = (Ep(7), Hp(7),
p(7),gp(7)) = (0,0,0,0) for any 7 > d. If we assume that Ep(7) = 0, Hp(7) = 0, 9p(7) =
= 0 for any 7 > d too, (5.7) can be written as follows:

d
Wou(0).P) = [ | - 30(€006) + 1D0(©) Do(€) + - Bo(€) - Bu(©)] e~
0
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+oo [ 400
_ / {/a/(S)EZQ(S)ds—k/ a'(S)EZ(U)dS} -Ep(n)dn—

0 n
" oo
{ / K (s)2b(s)ds + / k’(S)QZ(n)dSI -gp(n)d, (5.11)
0 n

which, taking into account that the initial state is o((0), given by (5.4), and integrating by parts,
reduces to

W (0(0), P) = % [900192@) + §D2(d) + iBQ(d)} 4

oo 7 0
+ O/ L/a(s)E?a(s)ds.Ep(n) + Gioo/k(s)gl(s)ds.gp(n)] dn =

- % [960792@1) + %Dz(d) + ;Bz(d)} +

+oo [ 400
+;/ {/ a(l n—p )Ep(p)dp - Ep(n)+
0 0

+00
+@10 0/ k(I n—p )gp(p)dpgp(n)] dn. (5.12)

In the last relation we have the even functions a(| 7 — p |) and k(| n — p |), whose Fourier
transforms can be written in terms of their Fourier cosine transforms; therefore, using (2.18),,
(5.12) becomes

W (00(0), P) = % [50192(0[) n %DQ(d) + iB?(d) +

+00
o o B i s

(5.13)
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This result allows us to introduce the functional spaces

+00
H,(RT,R?) = {E :RT — R?; / (W) Ey (w) - B (w)dw < +oo}, (5.14)

—00

+oo
A(RT,RY) = {g: R" — R, / he(@)g4 (@) - 87 ()dw < +00 5, (5.15)

—00

which characterize the finite work processes. The completions of these spaces, with respect to

+oo

the norms corresponding to the inner products defined by (E;,Es), = / ac(w)E14(w) -
+0o0 -

‘B (w)dw and (g1,82)r = / ke(w)gi4(w) - 854 (w)dw, respectively, yield two Hilbert’s

spaces, which are denoted by H,(R*,R?) and H,(R™, R?) and characterize the spaces of the
processes.

Let us now assume o(t) = (E(t),H(t),9(t),E! g') as the initial state of B such that its
integrated histories E! € T', and g’ € T, see (3.6), (3.7), are admissible histories which yield
a finite work during any process, characterized by gp € Hi(R*,R3) and related to Ep €
€ Hy(R",R3.If P = (Ep, Hp, ﬁp,gp) is one of these processes with duration d < +oo, it
may be extended on R on supposing that P(7) = (0,0,0,0) for every 7 > d and that it is
related to Ep(7) = 0, Hp(7) = 0, 9p(7) = 0 V7 > d. The work done on such a process is
given by (5.1), which, using (3.20), (3.21), now assumes the following form:

d
Wio(.P) = [ [ecoqép(ﬂﬁp(rniD<EP(T),19P(T))-D(EP(T),ﬁP(T))+
0

+oo
1.
LB (7)) B(HA()| dr + 0/

+00 +00 7

- / o/ (r+ OB/ Qe | -Ep(r)ir + o / B(r)ER(r) - / K (5)Ep(s)ds —
0 0 0
+o0o

- / K(r+ O ()de | - gp(r)dr. (5.16)

0

This expression, by evaluating the first integral and integrating by parts in the other two,
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can be changed as follows:

Wo(t), P) = [@C(]ﬁ%(d) + 1D (Bp(d), 9p(d)) + ;BQ(Hp(d)] -

_ % [9‘3019%(0) + éDz(EP(O)ﬂP(O)) + ;BQ(HP@))] +

+00 +o00
+ [ !; [ all 7= DBrr)dn — Yo (B | - Be(r)dr+

0 0

+oo +oo
+$0/ {; / k(7 —n )gp(n)dn1<k)(r,gt)] -gp(T)dT, (5.17)

0 0
where we have put

“+oo “+00

I (r, B = / o (v + EBHO)dE, Ty (r.g!) = / K+ Ogl©)de, 7> 0. (5.18)

0 0

These two quantities, defined on R, are present in (2.30), (2.31) and hence are related to the
static continuations having the duration 7; their induced regularities allow us to evaluate the
Fourier transforms,

+oo +oo
Lot (w,EY) = /6_MTI(a)(T7Et)dT7 L+ (w,8") = /e_iWTI(k)(T,gt)dT-
0 0

Thus, by means of Plancherel’s theorem, (5.17) becomes

W(o(t).P) = 5 [Gfoﬁ%a(co + D3 () 0p(a)) + ;B%<Hp<d>>} -

3 |60+ LDH(ER(0).00(0) + L BEHA(0)] +

210,
1 7 1

tor [ |acoBrs @) Bp () + g bl)grs () g ()] do-
1 e 1

o [ [ B B )+ T 008 b ()]
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6. The equivalence relation done in terms of the thermoelectromagnetic work. In Defini-
tion 4.3 we have called equivalent two couples of integrated histories, E; and g§, j=1,2,if
they give the same electric current density and the same heat flux when the body is subjected
to the same process; moreover, as we have already observed, this equivalence relation yields
the same response of the material because of the equality of the values of E, H and ¢ at the
initial instant of the process. An analogous equivalence relation may be done by means of the
termolectromagnetic work as follows.

Definition 6.1. Let o;(t) = (E;(t), H;(t),9;(t), B, gh), 7 = 1,2, be two states of B. Two
couples of integrated histories EY, g, and Et, g}, are said to be w-equivalent if and only if the
equality

W(E:(t),Hi(t),9:(t),El, gl Ep, Hp,p,gp) =

— W (Ex(t), Ha(t), 9a(t), BS, 85 Ep, Hp, Up, gp) (6.1)
is satisfied for every Ep : [0,7) — R® Hp : [0,7) — R3,9p : [0,7) — R,gp : [0,7) — R3
and for every T > (.

The two definitions of equivalence are equivalent as the following theorem states.

Theorem 6.1. For the thermoelectromagnetic body B, two couples of integrated histories of
the electric field and of the temperature gradient are w-equivalent if and only if they are equivalent
in the sense of Definition 4.3.

Proof. 1t is obvious that if two couples of integrated histories, E{, g and Ef, g}, are equi-
valent in the sense of Definition 4.3, then for every Ep : (0,7] — R3, Hp : (0,7] — R?,
Ip : (0,7] — R,gp : [0,7) — R3 and for every 7 > 0 we have

d
/ [@Cﬁp(prw + 1D(Ep(r).9p(r)) - D(Ep(r), 9p(r)) + ~B(Hp(r)) -
0 0 © a

B(Hp(7)) + J(Ep +E1)'*7) - Ep(r) - (;Oti((gp «81)"7) gp(r) | dr =

d
= [ | 20(0090(0) + TD(B(r), 02 (r)) - DER(r), 02(r)) + L B{ER(7))-
; 0 € 2

- B(Hp(7)) + J(Ep * By)"'") - Ep(1) — @1051((&3 «82)"7) - gp(r) | dr, (6.2)

because of (3.12)—(3.15) and of the conditions imposed by Definition 4.3. This relation yields
the equality of the two works done on the same process of duration d, applied to the states
(E;(t), H;(t),9;(t), E;, g5),j = 1,2, whose instantaneous values coincide.
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On the other hand, on supposing that the two couples of integrated histories, E{, g and Ef,
gh, are w-equivalent, (6.1) holds for any P with an arbitrary duration d. Using the expression
(5.17) of the work, (6.1) yields

S [ (d) — 0h) — 9%, (0) 3, O} + - (DB, ()~ D) ~

~[D3%,(0) - DE,(0)]} + 21u {B%,(d) — B, (d) — [BE, (0) = B, (0)]} +

“+00 +00
1

+ 5 / / a(| T—n |)[EP1 (77) -Ep, (T) —Ep, (77) -Ep, (T)]dndT_

0 O

“+00

- / (o (7 BY) - By () — Ty (7, B5) - B (r)]dr—
0

—+00

/[I(k)(ﬂ g1) — Iy (7,85)] - gp(r)dr =0, (6.3)
0

1
S}

where the quantities evaluated in d and 0 are given by (3.14) and (2.1) taking into account
d
(3.12) - (3.14). In particular, we have ¥ p, (d) = ﬁj(t)—k/ Vp(s)dsand Ip,(0) = 9;(t),j = 1,2,

0
and analogous relations for Ep, and Hp,, j = 1,2. Obviously, since the same gp appears on
both sides of (6.1) the integral with k(| 7 — £ |) has been eliminated. Substituting all these
relations into (6.3), we get

d

{ <Gj0 + f) 91(t) — D2(8)] +a- [By () - Ez(t)]} 0/ Ip(s)ds + {alvs (1) -

d

d
~02(0)) + B, (1) — Ea(0)]} - [ Bos)ds + EL(0) — Ha(0)] - [ Ep(s)ds+
0 0

+00 00
+ B0 - B30 [ [ allr = n Dandr + 5B, (6) - Ba0)
0 0
“+00 +00 T n +oo
. / /a(| T—n]) [/Ep(s)ds%—/]é)p(s)dsl dndt — /[I(a)(T,Etl).
0 0 0 0 0
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—+00

-Eq (t) - I(a) (7—7 Eg) ’ EQ(t)}dT - / [I(a) (7—7 Eli) - I(a) (T’ Eg)}
0

+

[ Brts)dsar — o [ L0o(7.80) ~ T g8) - ge(r)dr =0, (64)
0 0

which must hold for any P and any d > 0. The arbitrariness of 9 and the one of Ep yield the
following system:

<C I aj) [91(t) — Do(t)] +a- [E,(t) — Ea(t)] = 0,

A9
(6.5)
alt1(t) — V2(t)] + €[E; (¢) — Eo(t)] = 0,
whence it follows that
U1(t) = J2(t), Ei(t) = Ea(t); (6.6)
moreover, since H p and gp are also arbitrary, we get
H, (t) = Hy (t)v I(a) (T7 Etl) = I(a) (7—7 E%)v I(k) (Ta gi) = I(k:) (7—7 gé) (67)
From (6.7)2 3 and (5.18) we obtain
+00 +o0
/ o/ (T + €)[EL(€) — E5(6)])de = 0, / k(7 +€)[g1(6) — 85(8))de = 0, (6.8)
0 0

which, together with the conditions (6.6) and (6.7);, expresses the equivalence of the two
couples of integrated histories E, gl,j = 1,2, since the differences E! = E! -E, g' = gl —g}
satisfy (4.5) and (4.6)5.

7. Maximum recoverable work. The maximum recoverable work is the maximum work
obtainable from the material at a given state. It is defined as follows.

Definition 7.1. Given a state o of B, the maximum work obtained by starting from o is
Wg(o) = sup{-W(o,P): P € 1l}, (71)

where 11 denotes the set of finite work processes.

We observe that from thermodynamic considerations we have Wg(o) < +oo0; moreover,
Wr(o) is a nonnegative function of the state, since the null process, which belongs to II, yields
a null work. In many works [2, 8, 12] it has been shown that such a work (71) coincides with the
minimum free energy, that is,

Ym(0) = Wg(0). (72)
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In order to derive an expression for these quantities we consider an initial state o(t) =
= (E(t),H(t),9(t), Et, g') at a fixed time ¢ when we apply a process P € II with a finite durati-
on d but extended on [d, +00), where P = 0 and we assume the following values: Ep(d) = 0,
Hp(d) = 0,9p(d) = 0. Then, we consider the corresponding work expressed by (5.17), which
now reduces to

W(o,P) = —% {0192@) + é[eE(t) + 9(t)a)® + ,LLH2(t)} +

©o
1 +00 400 ,
+20/ 0/ [a(l T—¢ I)Ep(n).Ep(rH@—Ok(y r—n Dep(n) - gp(r)| dndr—
+00 _ , 3
_ / |:I(a)(T,E ) . EP(T) + 6701“/,)(7'7g ) . gP(T) dr. (73)

0

The required maximum recoverable work will be obtained by an opportune process P(™)
related to E(™) and g(m); therefore, we consider the set of processes related to

Ep(r) = (1) +e(r), gp(r) = g™ (7) +év(r) 7€ RY, (74)

with v and ¢ real parameters, e and v arbitrary smooth functions with ¢(0) = 0 and v(0) = 0,
and we study the maximum of —W (o, P) by substituting (74) into (73) and evaluating

+oo [ +oo
) _
&ﬁ4wmpnhﬂF—1/ [ all 7= 0 DE™ s — 10y B - E(r)ar =0,
0 0
oo + ()
9 1 (m) i
%[—W(m P)] |s=0= ~ o k(| 7—n g™ (m)dn — T (7,8") | - v(r)dr =0,
0 0
whence it follows that
+oo
/lmf—nbﬂWWMn:n®mE%
0
(76)

“+o0

/kﬂr—nnémmmnznmwgw
0

for all 7 € R™. These relations turn out to be two integral equations of the Wiener — Hopf type
and of the first kind, which are not solvable in the general case. Nevertheless, the thermodynamic
properties of the kernels o and k and some theorems on factorization allow us to determine the
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solutions E("™) and g(™) of (76), which corresponds to the maximum recoverable work, whose

expression, derived from (71), (73) with (76), is

whwy:;{éf%o+ibmw+ﬁ@mﬁ+uH%w}+
1 +00 +00
3 [ [ latir =€ DE™ @) B +
0 0
-+é;k(!T-—nl)g“”Nn)~g“”NT)]dndT

which, applying Plancherel’s theorem, becomes

thy:;{&ﬁ%w+ikmw+ﬁamﬁ+uH%w}+

©o

It remains to solve the Wiener — Hopf equations (7.6). For this purpose let

“+o00 “+o00

r(a)(q-) = / all| T—s ])E(m)(s)ds, I'(k)(T) — / k(| 7—s \)g(m)(s)ds Vre R,

—00 —0o0

be equal to zero on R+, We observe that supp(r(®) € R, supp(r¥

+5- Pwm@w»m@ww+lhwm@w»@@Wde

(77)

(79)

R, supp(E(m)) -

) ¢
C RT, supp(g™) € R*, supp(I(,)(-,E")) € RF, supp(I;y(-,&")) € RF; therefore, (76) can

be rewritten as follows:

+o00

/aﬂf—nDﬂmmMn=R®hEU+ﬂ”h%
0

“+oo

/iﬂf—nnémmMn:y@wgw+ﬂ“v>
0

for all € R, whence Fourier’s transform yields
m = « m — k
200 (W) EL™ (W) = Tioyy (0, B + 1% (), 2ke(w)g™ (@) = Tpy1 (w,8) + ().
Let us introduce

KYW) = 14+ w)a(w), K® (W)= (14 w?)k(w),

(710)

(711)

(712)
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which are two functions without zeros for any real w € R, and at infinity, because of the
properties (2.22)—(2.25). They can be factorized as well as «.(w) and k.(w) and, therefore,
we have

K@) = KO @K @), KD = K @K W), (713)
ac(w) = o) (W) (W), ke(w) = kpy(w)k(-)(w), (714)

whence, from (7.12) it follows that

1 (@) 1 (k)
) (w) = . iinH:)(”)’ k) (w) = 1 iin(i)(w)- (715)
Thus, from (711) we obtain
(m) 1 =6y, (@)
m 1 _
ki) (@)™ (w) = G Ty (@, 8) + e ()], (717)

Let us consider

+oo —
1 [ Ty (W, EN /oy (w)

Pta)(z) = 4—7”__ P dw, Pfa)(i) (w) = ﬁli%lq: limP’Ea) (w+1i6), (718)
o St
Pl () = ﬁ 1<k>+(w;g)£k:<>(w) Ao, Plyy(w) = lim TPl (@ +if),  (719)
which, by using the Plemelj formulae [18], yield
M) ) W-Plan(©) (120
foel8) _py ) (@) =Pl (@)- (721)

Qk(_)(w) N (k

We observe that both Pza) ) (z) and Pfk)( 1) (2) have zeros and singularities in z € C*, and

hence they are analytic in C) and, by the hypothesis on the Fourier transforms [8], also on R.
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From (716), (717), taking into account (7.20), (721), we have

E" (w) + P! — p! rw) 722

) W) + Play) () = Play o @) + 55 70y 2
k

koo (@)™ () + P — p! w) 723

(0 (@)g7 (W) + Py (@) = <k>(—>(°")+2k<—>(w)’ 29

where the quantities in the left-hand sides, considered as functions of z, are analytic on C~,
while the others in the right-hand sides are analytic on C™; consequently, the functions in the
left-hand sides have analytic extensions on C and vanish at infinity, therefore are equal to zero
and hence we get

Pam® - _Pum®). (124)
agy(w) 7T kyw) '

E{" (w) = -

analogous relations may be derived by putting the right-hand sides of (7.22), (723) equal to zero.

These last relations (724) substituted into (78) yield the required expression of the minimum
free energy

o) = {0+ Lm0 + ol + 1) +
1 +o0 .
o [' Ploy@) 7 o, | Pl ) (W) \2] dw. (725)

8. An equivalent formulation of v,,,. The minimum free energy ,,,, we have now derived,
is expressed in terms of Pfa) (4)(w) and Pfk)( +y(w), which are related to E’ and g'. In order
to obtain new relations in function of these last quantities, we extend the kernels o/(s) and
K'(s) on R~ with odd functions, denoted by o/(°)(s) and k'(°)(s), such that o/(9)(s) = /(s),
k'©)(s) = K'(s) Vs > 0; moreover, we take the usual extensions on R~ for E! and g, i.e.,
Ef(s) = 0,g!(s) = 0Vs < 0. Identifying these functions with their extensions, (5.18) become

+00 +oo
oy (r, BY) = / o/ (r 1 B (€)de, Ty (r.g!) = / KO+ Ogl(©)de, 7 >0,  (8.1)

which, by defining

+00 +o0
)E) = @O+ OB ©d 1)8) = [ KO0+ 98Ot <0 (52)
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can be extended on R as follows:

™) (7, B) 70 o+ opee = | 0T 20 (83)
T, = a (T = _ .
) J 1Y) (rE) vr <o,
+00 =t
Ik)(Tag> VT >0,

R) =ty _ (o) _t )

I 7,8) = /k: T4+ g (§)dE = (8.4)

w (&) J (rroetd) { 1) (r.8) vr<o.

Introducing Ef;(s) = E!(—s), gi(s) = g'(—s) Vs < 0 with their extensions E4(s) = 0,
gl/(s) = 0Vs > 0, their Fourier’s transforms are

Ey, () = Ey_(v) = (B{W))", &h,(w) =8y (w) = (81 W) (8.5)

Thus, (8.3) and (8.4) can be written as

+o0 400
1 (r,B) = / o/ (7 — 5)Bi(s)ds, T (7,8") = / KO (r — 5)gy(s)ds, (8.6)

whose Fourier’s transforms, taking into account (2.18)s, are given by

1) (w,B) = ~2iaj(w) (BL )", I (0.8) = ~2ikl) (8} (@) . (67

Hence, using (2.22) and (7.14), it follows that

1 o L
za(_)(w)lg))p(w’E) = iwa(p (W) (EL (), (8.8)

1 t *
%(_)(w)IEkR))F (w,8") = iwk( (@) (& ()" (8.9)

Directly from the definitions (8.3), (8.4) we obtain

R = N = _
IEQ))F (w,Ef) = Iga))_ (w, E") + I 10y (w, EY), (8.10)
IE%)F (w,8") = IEQV))_ (w,8") + Iyt (w, B, (8.11)

whence, taking into account (7.20), (721), we get

L o® o omey L o) me ¢ t
Bay @) e @ B = 50 Ty - (B Py ) () Play ) (@) (812)
1 _ 1 _
I(R)F(W,gt) = I (w, " +Pfk)(_)(w)—Pfk)(+)(w), (8.13)

2/6‘(_)(&)) (k)—
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where, using the Plemelj formulae, we also have

1 (R) =6 (D) (1)t

WI@F(%E ) =Py (@) =P @), (8.14)
1 (R) —t\ _ p)? (1)t

2h (@) e (@8 = Pig (@) = P (@) (8.15)

t t . .
pY I (w) and Pg}g)(i) (w) being defined as in (7.18) and (719).

(a)(

Thus, (8.12) —(8.15) yield two relations, which define the functions

(1 L v e
W) =P (W) + ———I ) (w,E),
0 =Pl @)+ 55— - B

B
I
)

(8.16)

_ pt (1)" _ pt (1)" 1
V(@) =P (@) =P (@) = Py (@) = Py @) + 5070

with two different expressions, which assure the analyticity on C* and on C~, respectively, and
vanish at infinity; therefore, we have V(,)(w) = 0 and V;)(w) = 0. Hence, it follows that

1) (w,8"), (817)

— = 1™ (Y, (8.18)

t t 1 _
Pl (@) =P @), Pl yw) =Py @) - ——I) (w.g).  (819)

Hence, taking account of (718), (719), (8.18), (8.19) and (8.8), (8.9), we get

R N (Et nY*
! _ p’ o 1w (@) (BL (W)
PlyWw) = P(a)(+)(w) = zlilf— hm2—7r, / R dw', (8.20)
(1)t 1 i kn(@) (@)
t _ T O ,
P(k)(+)(w) = P(k)(+)(w) = zLHSf hm2m’ / T dw', (8.21)
—00
from which we have
* 1w @) R (W)
t I O _ ,
(P(a)(+) (w)) =1 7]1_1>r(1‘r}1+ lim i / g dw', (8.22)
* 1 +oow,k( )(w’)gi(w’)
t RIS O , ,
<P(k)(+)(w)) = ani{r}r hm2m, / o7 dw'. (8.23)

—0o0
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Application of the Plemelj formulae to the last two relations yields

o) @B (@) = QLo (@) — Qo (@), (824)

wh(—)(W)E (W) = Q) (@) — Q) (W), (8.25)

where Q{,,) 1(2), Q{4 (2) have zeros and singularities for 2 € C*, being

+00 —
1 [ Wae)(W)EL (W)
Qfo) (1) (@) = lim lim / S du, (8.26)
1O ()8 ()
Q]Ek)(i) (w) = zl_lgljF lim% / o dw'. (8.27)
Comparison of (8.22), (8.23) with (8.26), (8.27) yields
(Ployny @) = Q) @): (Pl (®) = Q). (8.28)
which, substituting into (725), gives the required new expression
1 1
Uinlt) = 5 4 500 + [FE(®) + 9(al’ + pH () p +
2 @0 9
1 " 1
t 2 t 2
tam [ | Qo) g | Q) B do (329)

We note that both the current density and the heat flux can be expressed in terms of the
last quantities we have derived. For this purpose we apply the Plancherel theorem to (3.5);
using (2.18)3, since o’ and £’ are considered as two odd functions, (2.22), where «. and k. are
factorized by means of (714), and (8.24), (8.25), we get

. +OO

JE) = £ [ 0 Q@) Qlays (@] do

™

These expressions, for the analyticity of o) (W)Qéa)( ) (w) and k() (W)QE 1) (+) (w)in C~,reduce
to

.+OO .+OO
3B = 2 [ i @)Qlu @i, a@) =~ [ k@)@ )i
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which must be real and give the required relations.

9. A discrete spectrum model. We now apply the results of Section 8 to the particular class
of response functions that characterize the discrete spectrum model. The relaxation functions
« and k have the form

n n
—ait —k;t
et ¢ >0 hie 5t ¢ >0,
alt) = Z:gze IR O 2_: ‘ = 9.1)
0, t <0, 0, t <0,

where g;, a5, h;, k; € R++,i =1,2,...,n,n € Nandozj < (Jéj+1,]{3j < ]{Jj+1,j =1,2,...,n—
—1. These hypotheses assure that «(0) = >, ¢; > 0, k(0) = >_7 , h; > 0, which are two
conditions derived in [1] on account of (2.21) by using the inverse Fourier transforms of «.
and k..

The Fourier transforms of (9.1) are

n

gi - hi
arw) = Z o +iw’ kr(w) = Z ki + iw
i—1 (3 . 2

whence, taking account of (2.18), it follows that

= ;g kihi
ac(w) = Z m, kC(W) = Z a2 w € R,
i=1 g i=1 g

and we write (712) as

K®(w) = Z%‘gz’
i=1

Wi+l

1
gt KE® (w Zkh il eR (9.2)
w Oéi

w2 + k2’

The last two expressions coincide with the ones derived in [1]. Thus, we recall the results of the
study of the function f(®(z) = K« )( yand f¥)(2) = K®)(z), where z = —w?.

Letn # 1. 1f we suppose that o?, k? # 1,4 = 1,2,...,n, the functions f(*)(z) and f(k)(z)
have n 51mple poles at o? and k2,7 = 1,2,...,n. The number of simple zeros is nif 1 < o2 and
1 <k¥ora? < 1land k:,% < 1,WhICh are denoted by? = 1,7]2,j =2,3,..,n,and 67 = 1, 6]2,
j=23,..,mifa) <1 <a; ;andk} <1< k2, , wherepandp' are two 1nteger numbers,
which may also coincide but in any case they must assume only one of the values 1,2,....,n — 1,
then the zeros 72, ; and 62| are such that 42, lim Z1 = 7 and 62, lim 1 = 67 and hence
they can be equal to 1, therefore they have multlphclty 2, and the number of the distinct zeros

reduces to n — 1. In any case the zeros different from 1 are such that
2 2 2 2 2 2 2 2 2
aq < Y2 < (65 < ... < Oép < pr+1 < Ofp+1 < ... < ap_q < Yn < oL,

(9.3)
ki <85 <ki<..<kh <&y, <ky, <..<ki, <6<k,
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moreover, (9.2) can be written as

where

K = hm limK (@ Zazgl > 0, K® = lim limK®* Zk hi >0

o0 oo
w—Foo w—Foo

andy; = 1,0; = 1, and only one of the other zeros, say fyp .1 and 62, can be equal to 1, which
thus becomes a zero of multiplicity 2.

The factorizations (7.13), taking account of (9.4), yield, in particular,

/_;’_1,

a o “o(w+ y; k “(w+ 10;
K@) = K T] { al } K@ = K] {} , ©5)
where

B =K, kP =KD

We must consider (8.26), (8.27), which give Qfa)(_) (w) and ka)(_) (w) present in (8.29); in them
a(~y(w) and k(_(w), contrary to what occurs in [1], are multiplied by w, therefore the new zeros
70 = 0 and ép = 0 are introduced and (715), taking account of (9.5), yield

— i1.(a) w - w1 _ (k) w - w+ id;
wa (@) = ke o= 1;[1 {w el QLIS Rl Sy 1;[1 ol G S
These expressions, taking into account that 4?2 = 1, 62 = 1 and putting p; = 7 = 0 and

pi =7 =2,3,...n¢1 =6 = 0and ¢; = J;,j = 2,3,...,n, can be written as follows:

@TT 9t _ e (145 A
wa_y(w) = ikyg H{w—i—mi} ko ( +z;w+mT , (9.7)

_ (k) w + ig; _ (k) . B,
wh(_y(w) = ik H{wﬂk} ik(k 1+z;w+ikr , (9.8)

with

_( T [ri—a o [ ¢i— k)
Ar - (Pr OZT) '_H {057,' — Oér} 5 Br - (¢7" kr) 4_H { k’l — k‘r } 5 (99)
where we can have ppy1 = Ypy1 = land ¢y = 01 = 1.
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We now consider the case where one of the inverse decay times «; and of k;,i = 1,2, ...,n,
is equal to 1. If o = k¥ = 1ora? = k2 = 1 then f(*)(z) and f*)(z) have n — 1 zeros 2, 62,

j=2,3,...,n,and n— 1polesa],k]2j:2,3 L n,oral, ki =1,2,..,n—1,in the two cases;

wii in (9.6) yields the zeros p1 = 0, ¢1 = 0 and thus (9.7), (9.8)

and (9.9), where of = k¥ = loraj = k7 = 1, still hold. It may be that o2 = 1,1 < p < n,
k:2, =1,1<9p <mn, therefore we haven— 1 zeros 72,6]2, j = 2,3,...,n,and n — 1 poles a2,
1_1,2,. wp—1,p+1,. n,kl,z—l,Q,. Sp —=1,p +1,. nallorderedasin(93)andalso
by o2 1<’yp<1<’yp+1<a k2 oy <6 <1<6 1<l<: however, (9.7), (9.8) and

p+1>Tp P
(9.9) hold with ap = kg, = 1.

Let n = 1. This particular case must be considered separately by writing (715) by means of
(9.5) withn = 1; we get

the presence of the factor

. (@) .
1kso’w 1A
= e = 3 (Oé) 1 1 A = — (Oé) = .1
wa—y(w) oo ik < +- n ia1> ;A1 a1, ks’ = Vaign, (9.10)
. (k) ,
tkao’ w 1B
wk(_)(w) o+ ik Zkoo < + w—i—ikl) , 1 k1, /COO v/ k1h1 (9 )

When n # 1, that is in the general case, from (8.26), (8.27) with (9.7)2, (9.8)2 we have

400 _ oo _
k:(a) Et (w/) n k‘(a)A Et (w/ /(w/ _ er)
t _ oo + I o0 T + /
Qo) W) =i = / o ; 27 / o (—iay)

Q) (w) = k(k) 70 B Zn:k(k)B +/°°g+(w')/(w/_w+)d '
WO =tn | w2 o o= (k)

where the first integrals of the two expressions vanish because E! ", gl %, considered as functions
of z € C, are analytic on C(-), and the same integrals can be extended on an infinite contour
on C) without changing their values, which are zero; then, it remains to evaluate the second
integrals by closing again on C(~) and taking account of the sense of the integrations, thus
obtaining

n

Q. —k) 1o 12
(e)( - 1w+zar —tar), 0-12)
“. B
t _ (k)E:ir_t .
Q(k)(_)((d) - koo v w+ lk’,‘g_;'_( Zkr)- (913)
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We observe that (2.16); gives

+oo

E' (—ia,) = / e S El (s)ds = (Ei(—iar))*, (9.14)
0
+o0o

gl (i) = [ g (5)ds = (B (~ih)" 9.15)
0

which allow us to obtain from (9.12), (9.13) that

n

Q@) = KDY 2 (i),

' ~_Br .
(ka)(,)(w)> = —k{ Z mgi(—zar).

Finally, we can evaluate the integrals

i ,
2 / ‘Qfa)(—)(W)‘ dw =

+oo
2 n _ _ . .
- (kgg>) 3 AAE (—iay) - B (—iay) L / lotiar)

w — iy
rl=1

n

o AR A ) _ ,
= K@ Z p—— alEt —ia,) - Ef (—iey),

T 2
o / ‘ka)(—)(w)‘ dw =

+o0o
2 O _ . _ o1 if(w+ iky)
— (k) t(_ Let (— - ST ) —
(koo ) TEZ_I B, Big’, (—ik,) - g% ( zkl)2m, / o dw

—00

. BB
k) PrDr —t .

rl=1
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which, after using (9.14)2, (9.15)2, can be substituted into (8.29) and give

1( ¢ 1
nlt) = 3 { 5 00) + LEB) + 0000l + 320} +
400 +00 A A
U —(arsitaise) gt Lt

+ - / / ZK Oér+0416 E'(s1) - E'(s2) +

0 0 T’l 1
1 « BBl (e ihss) _

oo 2 KT Hile (krorthis)g! (s1) - g'(s0) | dsadsa,

rl= T

This expression in the case where n = 1, taking account of (9.10)2 3, (9.11)3 3, assumes the
simpler form

Cc

nlt) = 3 { g0+ LB + 00l + uE ()} +

+00 2 +0o 2
1 _ 1
+ 3 g /e_o‘lsEt(s)ds + @—Ok‘%hl /e_klsgt(s)ds
0 0

In this last case it is easy to derive by means of integrations by parts the results obtained in [1],
where the histories of E and g are considered instead of their integrated histories.
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