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In this paper we consider a reaction-diffusion equation with nonsmooth nonlinearity, whose solutions
have impulse effects at fixed moments of time. We show how this object generates a nonautonomous multi-
valued dynamical system and prove the existence of a compact semiinvariant global attractor in the phase
space.

Poszenadaembca asmonomue pieHAHHA peakyii-Oughy3ii 3 He2Aa0K0w NPagor HACMUHONW, PO36 A3KU
AKO20 3A3HAIOMb IMIYAbCHO20 30ypeHHA 8 (hikcosani momenmu wacy. /losedero, uo maxuii 06’ ekm
HOPOONYE HEABIMOHOMHY OAAMOIHAYHY OUHAMIUHY CUCIEMY, 04 AKOL 8 pa308oMmy NPOCMOPI iCHY€
KOMNAKMHULL HANIBIH8APIAHMHULL 2100AAbHULL AMPAKMOP.

Introduction. In this paper we study the asymptotic behaviour of solutions of an impulsive
reaction-diffusion equation from the point of view of the theory of global attractors. In the li-
terature there is a great number of results concerning the abstract theory of global attractors and
its applications [1]. But in the considered case, in spite the fact that the equation is autonomous,
the whole problem is nonautonomous because the moments of impulse effects are fixed. The
key idea of this paper is to investigate such a problem by the methods of the theory of global
attractors for nonautonomous dynamical systems.

The abstract classical (single-valued) theory of global attractors for nonautonomous dynami-
cal systems and its applications to almost-periodic and cascad systems are developed in [2].
However, if we want to relax the restrictive conditions imposed on the nonlinearity in the classi-
cal approach, the uniqueness of the Cauchy problem is lost. In this case we deal with a set of
solutions, so we need a generalization of the classical theory to the multivalued situation. On the
other hand, an important reason for developing the theory of multivalued dynamical systems
is justified by the well known models coming from the mathematical physics (Navier — Stokes
equations, Ginzburg — Landau equation and others), for which the problem of uniqueness of the
Cauchy problem is still open. In the recent years several approaches of multivalued analogous
constructions of the global attractor theory both in the autonomous and nonautonomous cases
were developed in [3-10]. Some applications of this theory to differential inclusions [6, 7],
evolution equations without uniqueness [8 —10] have been studied.
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320 G.IOVANE, O.V.KAPUSTYAN

In this paper we develop abstract results from [7—-10] and using methods, similar to [7],
apply them for proving the existence of global attractor of reaction-diffusion equation with a
nonsmooth nonlinearity and impulse effects occuring at fixed moments of time.

Setting of the problem. We consider the problem

ou(t, )
ot

= aAu(t,x) — f(u(t,x)) + h(x), (t,x) € (1,T) x Q, (1)

u(t7$)’x68Q = 07
2

u(t, x)|i=r = ur(x),

where @ > 0, Q C R" is a bounded open subset with smooth boundary, 7 > 0, h € L*(Q),
f € C(]0,+00)) and satisfies the following conditions:

dC1Cy > 0dp > 2da > 0Vu € R :
f(w)] < Cr(1+ uf™h), 3)

fw)u > alulP — Cs.

Let H = L?(Q). By ||-|| and (-, -) we denote the norm and the scalar product in H. We say that
a function u = u(t,z) € L2(7,T; HY(Q)) N L" (7, T; L (Q)) N C([r,T]; H) is a solution of (1),
(2) on (7,T), if for each v € H} () N LP(Q),

d
a(u,v) + au,v) g1 + (f(t,u),v) — (h,v) =0
in the sense of scalar distributions on (7,7) and u(7, z) = u,(z).

Under conditions (3) it is known [9, 10] that for each 7' > 7, u; € H there exists at
least one solution v = w(t, z) of problems (1), (2), constructed by the Galerkin approximation
method. So we can talk about globally resolvability of (1), (2), thatis, V7 > 0Vu, € H Ju €
€ W, = L2 (1,400; H}(Q)) N Ly, (7, +00; L"(€2)) N C([r, +00); H), a solution of (1) on each
(7, T), u(T) = ur.

Now, we can correctly set the following impulsive problem. Let at the fixed moments of time
{m:}32, every solution of (1), (2) in the phase space H have impulse effects of the form

u(r +0) —u(r) € vi(u(r)), i > 1, 4)

where 1; : H — 2 is some multivalued map, 71 > 0, 7,41 —7; > v >0 Vi > 1.

Let us denote 79 := 0, ¢o(u) = 0. Then Vr € [r;, 7;41] the problem (1)-(4) is globally
resolved in the class W (0y), thatis, Vu, € H Ju € L2 (7, +o0; H}(Q)) N Ly, (7, +00; L™ (2))
is a solution of (1) on (7, Ti+1), (Tit1, Tit2),-..,u(T) = u, and at the points {7;, 7i+1,...} the
function u(-) has impulse effect (4) and is left-continuous.

Our aim is to investigate the qualitative behaviour, for ¢ — oo, of the solutions of problems
(1)-(4) in the phase space H using methods of the theory of global attractors of infinite di-
mensional multivalued dynamical systems. Since the moments {7;}?°, are fixed, the problem

(1) - (4) is nonautonomous, so we should use the theory of nonautonomous dynamical systems.

ISSN 1562-3076. Heainitini koausanns, 2005, m. 8, N2 3



GLOBAL ATTRACTOR FOR IMPULSIVE REACTION-DIFFUSION EQUATION 321

Elements of abstract theory of global attractors of nonautonomous multivalued dynami-
cal systems. For some complete metric space (X, p) we denote by P(X) (5(X)) the set of
all nonempty (nonempty bounded) subsets of X, VA, B C X dist(A,B) = sup in}fEe p(z,y),

r€EAYE

O5(A) = {x € X|dist(z,A) < ¢}, B, = {z € X|p(z,0) < r}, R4 = [0,+00), Ryy =
= {(t,7) € R2|t > 7}. Let ¥ be some complete metric space.

Definition 1. The family of multivalued maps {U, : R 14 x X — P(X)}sex is called a
family of Multivalued SemiProcesses (MSP), if on X there acts a continuous semigroup {T'(h) :
Y — Z}hzoandVU €Y Vee X:

DUs(1,72) =x V1 > 0;

2) Uy(t,,2) C Us(t,s,Uy(s,T,)) Vit > s > T

3) Us(t+h, 7+ h,x) C Uppyo(t, 7, 7) VYt > 71 VYh >0.

The family of MSP is called strict if in conditions 2), 3) there is equality.

We denote Us;(t, 7,z) = |J Us(t, 7, ).

oeY
Definition 2. A set 0x, C X is called a global attractor of the family of MSP {U,}sex, if
Oy, # X and
1) 05, is a uniformly attracting set, that is, VB € (X)Vr > 0
dist (Ux(t, 7, B),0x) — 0, t — oo;
2) Oy, is a minimal uniformly attracting set, that is, for an arbitrary uniformly attracting set Y,

we have 05, C Y.
It is known [8—10] that if a family of MSP {U, },c»x satisfies the following conditions:

VB € B(X) IT =T(B): | JUs(t0,B) € B(X),
t>T

VB € B(X) Y{t,|t, / oo} arbitrary, (5)

the sequence {&,|&, € Us(ty,0,B)} isprecompactin X,

then the family of MSP {U, },¢x has a global attractor,

Oz = | s(r) = 05(0), (6)

7>0

where Ox.(7) = |J wx(7,B),andwx(7,B) = (| U Us(t, 7, B) is compact in X. Moreover,
Bep(X) s2Tt>s

y € wy(r,B) <= y = lim y,, vy, € Us(t,+7,7,B), t,, " oc.
n—oo

Theorem 1. Let a family of MSP {U, },¢x satisfy the conditions (5).
LIf 3By € B(X) VB e pB(X) dist: (Ux(t,0,B),By) — 0, t— oo,then Oy is compact
in X.
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322 G.IOVANE, O.V.KAPUSTYAN
2. If for some t > 0 and for each T > 0, we have the following property:
Zf gn € UT(tn)E(t + T,T, Un); tn / o, gn - 57 M — 1, (7)

then ¢ € Us(t+T,7,1),

then 0y, C Ux(t + 7,7, (92)
If, additionally, 3y > 0 such that (7) holds ¥t € (0,7), and the family of MSP {U,}scx is
strict, then Oy, is semiinvariant, that isV(t,7) € R 44

Os. C Ug(t, T, 92).

Proof. 1. We have thatVé > 0 VB € B(X) 3T = T(5,B) Vt > T: Usx(t,0,B) C
C Os(Byp). From (6) we obtain that wx (0, B) C O5(By), so 0y, C Os(By). Further, Vt > T
Vp > 0 UE(t+p7t7 U2<t7O7B)) - UZ(t+p7ta Oé(BO)),

Us(t+p,0,B) C Urws(p,0,0s(Bo)) C Us(p,0,0s(Bo)).

SoVs > T U Us(¥,0,B) C Us(p,0,0s(By)). Therefore, Vs’ > 0:

t'>s+p

U U Us(t',0,B) C U Us(p,0,05(Bo)),

p>s' t'>s+p p>s’

U Us(#,0,B) c | Us(p,0,0s(Bo)),

t'>s+s’ p>s’

and finally we obtain wy.(0, B) C wx(0,05(By)). From this embedding and (6) we obtain 6y, =
= wy(0,05(By)) is compact in X.
2. According to (6), 0z, = |J Ox(7). Let £ € 6x(7). So, from the structure of 0x.(7) there
720
exists B € B(X), {on} C X, {t, 0}, &, € Uy, (tn + 7,7, B) such that§,, — £in X.

So&, € Uy, (tn+t—t+71,7,B) CUs, (tn +t —t+1,t, =t +7,Us, (t, =t +7,7,B)) C
C Ur(ty—t)o, (t+7,7,10)), where n,, € Uy, (tn —t+ 7,7, B) C Up(r)q, (tn — 7,7, 0%)). From (5),
(6) on some subsequence 7, — 7 € Oy. Therefore from (7) £ € Us(t+7,7,1n) C Us(t+7,7,05),
so Oy C Us(t+1,7,60x).

Now let {U, },ex be strict and (7) take place V¢t € (0,7). Then Vn > 1: Us(nt + 7,7,0%) =
= Us((n—1t+7+t710s) =Us(t+7+n-1t, 7+ (n—-1)t,Us((n—1)t + 7,7,0x)).
From this we immediately obtain that 0y, C Us(nt + 7,7,05) Vn > 1 ¥Vt € (0,7). SoVt > 0:
0s, C Ux(t+ 7,7,0x) and the theorem is proved.

The family of MSP, generated by the problem (1)-(4). For using the abstract theory of
MSP we need to embed the problem (1) - (4) into a family of specially constructed problems.
Foranyh € (1;-1,7],7 > 1, we denote by o}, the problem (1), whose solutions have impulse
effects of the form
w(tj —h+0) —u(rj —h) € Yj(u(r; —h)), j =i (4)n
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GLOBAL ATTRACTOR FOR IMPULSIVE REACTION-DIFFUSION EQUATION 323

By 0y we denote the problem (1) —(4).

By 0., we denote the problem (1), (2) without impulse effects.

Note that V7 > 0Vh € (1;-1,7),% > 1, the problem (1)-(4); is globally resolved in the
same sense as problem (1) —(4). More exactly, we shall say that the problem (1) —(4), is globally
resolved in the class W, (0y,), if Vur € H 3Ju € LE (1,+00; H}(Q)) N LY (7, +00; LP(Q)) is
a solution of (1) on (7,7; — h), (1 — h,Tj41 — h),...,u(T) = u,, where 7; — h is the nearest
moment to 7, and at the points {7; — h, 7j11 — h, ...} the function u(-) has impulse effects and
is left-continuous.

On the space ¥ := {0} }1>0 U {0} We define the functionp : ¥ x ¥ — R,

1 1 1

M+l hyt1]| P Oo0) = 777

P(Uh1 ) UhZ) =

and Vs > 0 we define the map
T(s): X — X, T(s)op = opas, T(8)0s0 = Ooo-

It is easy to show that (X, p) is a compact metric space and {T'(s) : ¥ — X} . is a continuous
semigroup acting on X..
Now for any o, € 2, 0 < h < oo we define the map

Us) (t,7,ur) = {u(t)| u(-) € Wr(op) is a solution of (1)-(4),, u(t) =u}. (8)
From noted above we have that formula (8) Vo, € X correctly defines a multivalued map,
Uy, : Rygx H — P(H).

Lemma 1. The family of maps, defined by (8) is a strict family of MSP.

Proof. The problem (1)—-(4) is autonomous and the required result for U,_, can be easily
obtain from [10]. Let 0 < h < oo. From (8) V7 > 0: Uy, (7, 7,ur) = u(7) = u,, and we have
condition 1) from Definition 1.

Let ¢ € Uy, (t,7,2). Then § = u(t), () € Wi(op) is a solution of (1)—(4)n, u(r) = =.
From this, Vs € (7,t): u(s) € Uh( s,7,x). We put w(p) = u(p),if p > s. Then w(-) €
€ Ws(op) is a solution of (1)—(4)p, w u(s), so & = u(t) = w(t) € Uy, (t,s,u(s)) C

C Uy, (t,8,Uq, (8,7, )).
Let ¢ € Uy, (t,s,Uy, (s, 7,2)). So & = u(t), where u(-) € W;(oyp,) is a solution (1)—(4),
u(s) = n,n = v(s), where v(-) € Ws(oy) is a solution of (1) —(4), v(7) = z. We put

w(p) = { v(p), p € [T, 3],

u(p), p > s.

Then w(-) € W;(oy,) is solution of (1) - (4)p, w(7) = z,s0w(t) = u(t) = & € Uy, (¢, 7, ).

Let{ € Uy, (t+ s, 7+ s,2). Then & = u(t + s), u(-) € Wrys(oy) is a solution of (1) —(4),
u(t+s) = x. Weputv(p) = ulp+s),p > 7. lf r+s € (7,1 — h, 7, — h], then u(+) is a solution
of (1) on (7 + s, — h), (s — h,Tix1 — h), ... which has impulse effect,

u(rj —h+0) —u(rj —h) € Yi(u(ry —h)), J =i
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324 G.IOVANE, O.V.KAPUSTYAN

So, v(-) is a solution of (1) on (7,7 — h — s),(1; — h — s, 741 — h — s), ..., which has impulse
effect

v(rj —h—5+0)—v(r;—h—s) € Yj(v(rj —h—3s)), j=>i,

and v(7) = u(r + s) = z. Therefore, § = u(t +s) = v(t) € Uy, (t,7,2) = Up(s)o, (t, 7, 7).
Let § € Upggo,(t,7,7) = Uy, (t,7,2). Then § = u(t), u(-) € Wr(opys) is a solution of

Oh+s

(1) = (4)pyss u(t) = x. We put v(p) := u(p — s), p > 7+ s. Then analogously to the above
arguments we obtain that v(-) € W, s(0oy,) is a solution of (1)—(4)p, v(T +s) = u(1) = z. So,
E=u(t) =v(t+s) € Uy, (t+s,7+s,x).

The lemma is proved.

We will assume that the following dissipative property holds:

dR1 >0 Vr>0 Vr>0 VYur € H: |u.|| <r and, for an arbitrary solution,
u(-) € Wr(op) of the problem (1)-—(4), u(7) = ur, 9)

I =Ti(r) VE>Tr: |u(t+7)| < Ry,
thatis V¢ > T1: Uy, (t+7,7,B,) C Bp,.
We shall discuss sufficient condition for (9) in the terms of the initial data given at the end
of this paper in Lemma 4.
Now we note that from (9) and Lemma 1, Vo, € X,0 < h < o0:

Uo,(t + 7,7, B;) = Up(hyoo(t + 7,7, By) = Ugo(t + 7+ h, 7+ h,B;) C Bg, vt > 11,

where 77 does not depend on 7 and h. Using results from [9] we can write the estimate: Vu(-) €
€ W, asolution of (1),Vt > 0Vr > 0:

lu(t +7)* < flu()]* e + K, (10)
where the constants § > 0, K > 0do not depend on u(-), ¢, 7. From (10) we immediately obtain
Vr>0 Vr>0 3 =T(r) Yt>Ty: U, (t+7,7,B;) C B g7
So we have the following consequence of (9): 3Ry > 0V7 > 0Vr > 03T = T'(r) Vt > T(r):

Us(t+7,7,B;) C Bg,. (11)
Also we need the following condition:

vr>0: sup [[¢(u)] =0, i— oo, (12)
UEB’I‘

where [[¢);(u)[| = sup,ey,(u) llall-
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GLOBAL ATTRACTOR FOR IMPULSIVE REACTION-DIFFUSION EQUATION 325

The main result.

Theorem 2. Let the conditions (2), (9), (12) hold. Then the family of MSP {U, },cx, defined
by (8), has a global attractor 0y, C H, which is seminvariant and compact in H.

Proof. Since embedding (11) takes place, for the existence of a global attractor we need
to prove that for an arbitrary » > 0, {t, /" oo}, the sequence {&,| &, € Us(tn,0,B,)} is
precompact in H. To do this, we need the following result which is a particular case of the result
obtained in [10].

Lemma 2. Let {u,(-)} C W; be a sequence of solutions of (1) and u, (1) — u, weakly in
H. Let us assume that YT > T we have a sequence {t,} C (7,T) such, thatt, — ty € (1,T).
Then there exists u(-) € W, a solution of (1), such that u(t) = u, and, for some subsequence,
un(tn) — u(ty) in H. If u, (1) — wu, in H, then, moreover, for t,, — T on some subsequence,
Up(tn) — ur in H.

Now let &, € Uy, (tn,0,B;). Then Vt* € (0,7) ¥n > N(r) we have §, € Uy, (tn —
—t* + 1"ty —t*, Bry) = Ur(t,—t*)o,, (t*, 0, Br,). So there exists {n,} C Bg, such that §, €
€ Ur(t,—t)on, (t*,0,m,) and n, — nweakly in H (we always can choose a suitable subsequence).

Let h,, € (ti,—1,ti,]. Since t,, /" 0o, we always have T'(t,, — t*)o, — 0 in 3. Note that
for every n > 1 we know the elements {7, — h,, — t,,};>1. ThenVn > 1 3!'m(n) > 1 such that
An = Tn) — hn — th < 0, 00 = Typm)41 — hn — tn > 0. Moreover, m(n) — oo, n — oo and
Yn > 1: 6, — A\, > v > 0. Since we can always consider a subsequence, we should investigate
only two situations:

1. 3¢ € (0,7) Vn > N(r): A\, < —e. In this case we choose t* € (0,¢) and obtain that
Ap + 10 < 0, 0, +t* > t*. Since &, € Uy, ., _,.(t",0,m,), we have &, = u,(t*), where
un(-) € Wo(on, +t,—+) is a solution of (1)—(4)n, +¢,—t+» un(0) = ny,. Therefore, u,(-) has the
first impulse effect at the moment 6,, +¢* > t*, so it has no impulse on [0, t*). From this we can
use Lemma 2 and obtain that on some subsequence &, = u,(t*) — u(t*), where u(-) € Wy is
a solution of (1), u(0) = 7. So, in this case the sequence {,} is precompact in H.

2.¥n > N(r): A, <0,but), /0,n — oo.In this case we take arbitrary t* € (0,~) and
for sufficiently large n > N(r) we have\, + t* € (0,t%), 6, + ¢t* > t*. So for &, = u,(t*) the
solution u,,(-) has a unique impulse effect at the moment of time s,, = A, +t* = Tin(n) — hy, —
—t, +t*, s, /" t*, which is characterized by the inclusion

un(sn + 0) - Un(sn) € wm(n) (’U,n(Sn))

According to Lemma 2, u,,(s,) — u(t*), where u(-) is a solution of (1), u(0) = 7. In particular,
Ir >0 : fJun(sn)|| < .80 |lun(sp + 0) = un(sn)| < dem(n)(un(sn))u < SUDPyep, wm(n)(u)H -
— 0,n — oo. Therefore, u, (s, + 0) — u(t*), n — oo. Because &, = u,(t*) € U, (t*, sp,
Un(sn +0)) = Ur(s,)ou (7 = 81,0, un(sn + 0)), we have &, = v, (t* — s,), where v, (-) € Wy
is a solution of (1), v,(0) = wu,(s, +0) — wu(t*). So from Lemma 2 on some subsequence,
&n = up(t*) = vp(t* — sp) — u(t*), and we obtain precompactness of {,,} in H.

Further, from embedding (11) and Theorem 1 we immediately obtain that the family of MSP
{Us}sex has a compact global attractor 6y, C H.

Now we shall prove semiinvariance of 5. We need the following result.

Lemma 3. If &, € Urpy,)s(t,0,m,), where t € (0,7), t, / o0, m, — 1, then on some
subsequence &, — & € Uy (t,0,n).
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326 G.IOVANE, O.V.KAPUSTYAN

Proof. Our arguments in this case will be similar to the one described above, but not
analogous, because in this lemma we cannot choose ¢ € (0, ), but we have a strong convergence
Ny — nin H.

Let & € Ur,oy, (£, 0,mm), on, € X. For arbitrary n > 1 we use A, < 0 and 6, > 0
which are introduced above. We have &, = u,(t), where u,(-) € Wy(oy,+p, ) is a solution of
()= (4)¢,+h, > un(0) = n, — n. Ast € (0,7), we have that u,(-) on [0, ¢] is not bigger than one

impulse effect at the moment 6,,. If Vn > 1 : 6, > t, then u,(-) on [0, ¢) has no impulse effect
and, according to Lemma 2, &,, = u,,(t) — u(t) € Uy, (t,0,7).
Let 6, € [0,t). Note that from estimate (10) Ir > 0 Vn > 1 : |ju,(6,)| < 7, so

[[tn(On +0) — un(6n)]| < HT/}m(n) (Un(en))H < SUPyep, 1/fm(n)(U)H — 0,n — oo,

Now we should consider all possible cases for 8,,. If 6,, \, 0 (or 8,, = 0), then from Lemma
2 we obtain u,(6,) — nin H. Therefore u, (6, + 0) — nand &, = u,(t) € Uy (t,Opn, un(6n +
+0)) = U, (t — 0,,,0,u, (0, +0)), where t — 0,, /" t. Using again Lemma 2, we have &, — & €
€ U, (t,0,n).

If 0, 7 t, then &, = u,(t) € Uy (t,0n,un(0, +0)) = Uy (t — 6,0, u,(6, + 0)), where
t—6h 0. As up (0, +0) — u(t) € Uy (t,0,n), we can use Lemma 2 and obtain that &, —
— & =u(t) € Uy (t,0,n).

If, finally 60, — 6 € (0,t), then & = u,(t) € Us_(t,0p,un(6, +
+0)) = Uy (t — 0, 0,upn (6, +0)), where t — 6, — ¢ — 6. Since, by Lemma 2, u,,(6,,) — u(0) €
€ U, _(6,0,7n), s0 uy(6, +0) — u(f). However &, = v,(t — 6,), where v,(-) € Wy is a solu-
tion of (1), v,(0) = uy (6, + 0). Therefore it follows from Lemma 2 that &, = v,(t — 6,,) —
—&=v({t—-0,) € Uy (t—0,0,u(d)) C Uy, (t,0,U,(0,0,n)) = Uy (t,0,n) and the lemma
is proved.

Now according to Theorem 1, let &, € Ur,)s(t +7,7,1,), where t € (0,7), 7 > 0, t, /o0,
&n — & nn — 0. Then &, € Upy, +0n(t,0,7,) and, from Lemma 3, we obtain

gn - f € UJOO (t70777) = UT(T)UOQ(t707n) = UO'OO (t+Ta T, 77) C UE(t + 7, 7—777)'

So from Theorem 1, it follows that fs: is seminvariant.
The theorem is proved.

Lemmad. IfVi >1 VYu € H: |¢;(u)] < allul| + b, where a,b > 0 and
1 2
—5+§ln(1+(a+1) ) <0, (13)

where 6 > 0 is the constant from estimate (10), then (9) holds.

Proof. From [10] we have, that if u(-) € W is a solution of (1), (2), then the scalar function
t — |ju(t)||? is absolutely continuous and for almost all ¢ > 7 it satisfies the inequality

% lu(®)]* + 6 [u(t)]* < C, (14)

when the constant C > 0 depends only on the constants if problem (1). Moreover, from (4) we
have ||u(r; + 0)|* = [[u(r)[1*] = [llu(ri + O)I| = llu(m)l[| [llu(rs + 0)[| + l[u(z)lI] < (alu ()] +
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+0) ((2+a) [lu(r)] +) < ((a+1) u(m)] +)* < (e + (a+1)%) Ju(m)|* + C-b* Ve > 0. So
for the function ¢ — |ju (¢)||* we have the following impulse problem:

d ~
—lu@)I* + 8 [u@®))* < C,

dt
(15)
(i + O)I* = [lu(m)I* < (¢ + (a + 1)) fJu()|* + C=b°.
Obviously, every solution of (15) is bounded by the solution of following problem:
ix(t) +6x(t) = C
dt -
(16)

z(t +0) — (1) = (e + (a+1)%) z (1) + Cb*.

For each 7 > 0, z. € R the solution z(-) of (16), z(7) = ., is given by the formula

t
z(t) = e 1+ e+ (a+1)2) g, + 6’/65(”’)(1 +e+4 (a+1)2) P apy

+C€b2 Z efts(tfn)(l_'_e,_:_i_(CL_'_l)Q)i(t,‘ri)7

T <t

where i(t, s) is a number of moments 7;, which belong to [s, ).
From (13), 3¢ > 0 3u > 0 such that

1
—5+;1n(1+8+(a+1)2) < —pu <0.

Then for . = ||u(r)||* we can easily obtain the following estimate:
lu(t +7)I* < 2(t+ 1) < e Jlu(r)||* + M

from what (9) follows.
The lemma is proved.
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