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The difference equation
Au(k)+ Y pi(k) u(ri(k)) =0,
=1

is considered, where m € N, the functions, p;: N — Ry, 7: N — N, limg_, 4o 7i(k) = 400, 73(k) <
< k-1, ¢=1,...,m, are defined on a set of natural numbers, and Au(k) = u(k + 1) — u(k) is the
difference operator. New oscillation criteria for all solutions of the equation are established.

Po3rstHyTO pi3HHIIEBE PIBHIHHS
Au(k) + > pi(k) u(ri(k)) =0,
i=1

ne m € N, dynkuii p;: N —» Ry, 7,2 N = N, limg 400 7(k) = +00, 7(k) < k-1, i=1,...,m,
3aIaHi Ha MHOXWHI HaTypaJbHUX YHMCel, a pisHnLeBuil orrepaTop Mae Burisan Au(k) = u(k + 1) — u(k).
3HalinmeHO HOBi KpUTepii KONIMBAHL IS BCEX PO3B’I3KiB IILOTO PIBHIHHS.

1. Introduction. Consider the difference equation

m

Au(k)+ Y pi(k) u(ri(k)) =0, (1.1)

=1

where m > 1 is a natural number, p;: N — Ry, 7,: N — N are functions defined on the set
N ={1,2,...} and Au(k) = u(k + 1) — u(k). Everywhere below it is assumed that

lim 7;(k) = 400 and Tilk)<k—-1, i=1,...,m. (1.2)
k—+o00

For each n € N denote N, = {n,n+1,...}.

Definition 1.1. Let n € N. We will call a function vw: N — R a proper solution of equati-
on (1.1) on the set N,, if it satisfies (1.1) on Ny, and sup{|u(i)|: i > k} > 0 for any k € N,,.

Definition 1.2. We say that a proper solution w: N, — R of equation (1.1) is oscillatory,
if for any k € N, there exist ni,ns € Ny such that u(ny)u(ng) < 0. Otherwise the solution is
called nonoscillatory.
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Definition 1.3. Equation (1.1) is said to be oscillatory, if any of its the proper solution is
oscillatory.

The problem of oscillation of solution of linear difference equation (1.1) for m = 1 has been
studied by several authors, see [1 —3] and reference therein. As to investigation of the analogous
problem for equation (1.1) and for differential equations see [4—10].

Some results of this paper without proof is given in [11].

Remark 1.1. Below we assume that

limsup p;(k) < 400, i=1,...,m,
k—4o00
otherwise equation (1.1) is oscillatory.
2. Main results. Throughout the paper we assume that

To(k) =min{r;(k): i=1,...,m},
n™ (k) = max{s: s € N, 7.(s) < k}, (2.1)
ni* (k) =n™(k), n (k) =nion*, for ke N, i=23,....

By (1.2) it is obvious that 7,* (k) < +oo forany k € N and n;* (k) 1 +o0 for k 1 +o0.
Let £ € N. Denote

m k
vk =11 TI (1—|—mp1/m(j)> for k> ko, 2.2)
=1 j=r (k)

=1 j=mi(k)

m & 1/m
bs(k) = (H I1 (1+mp1/m(s)¢51(j))) for k>n7(ky), s$=2,3,..., (2.3)

p(i) = [ [ p:(5)- (2.4)
=1

Theorem 2.1. Let there exist sy € N and non-decreasing functions o;: N — N, i =
=1,...,m, such that

Ti(k)+1<o;k)<k for kKeN, i=1,...,m, (2.5)

and

m m k oi(k)—1 1/m
hmsupH(H > owits) I (1+metm0) ;O/mu))) > @

k=rto0 p 21 \i=1 =y (k) j=Ti(s)

Then equation (1.1) is oscillatory, where 15, is given by (2.2), (2.3) and (2.4), when s = sy.

Corollary 2.1. Let there exist non-decreasing functions o;: N — N, i = 1,...,m, such
that
m m k oi(k)—1 1/m 1
limsupH H Z pi(s) H (1 —|—mp1/m(j)> > o 2.7
Fotoo ymt \islo=oe(k)  j=mi(s)

Then equation (1.1) is oscillatory, where p is given by (2.4).
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Theorem 2.2. Let (2.5) be fulfilled,

liminf p(j) > 0 (2.8)

J—+o0o
and

m k
limian. H 14+ ma/™ pt/™(5)
min { A=tee Z2E 229 n®) ( ) fa>1p > 1. 2.9)
e

Then equation (1.1) is oscillatory, where p is given by (2.4).
Corollary 2.2. Let for large j € N

and

(m n ZZI (k _ Tz(k)))m‘*‘zgﬂk—ﬂ(k))

P lim inf -~ O —s > 1. (2.11)
k—+00 (ZZ:I (k- Ti(k)))Zm_l( (k)
Then equation (1.1) is oscillatory, where p = H:il P
Corollary 2.3. Let n; € N, i =1,...,m, forlarge k ¢ N
7i(k) <k —ni, n;eN, pi(k) >pi>0, i=1,2,...,m, (2.12)
and
_ m m4320 g
p<m+zi:1n> > 1. (2.13)

()

Then equation (1.1) is oscillatory, where p = Hnil D
Corollary 24. Let n; € N, i =1,...,m, forlarge k € N, (2.12) holds and

S (X
D n; .
=1 ' m—i_zl 1

Then equation (1.1) is oscillatory, where p = Hwil P
Remark 2.1. It is obvious that -

Zm Lo 0 i
Ny 1
=1
il 5z
m + E T, €
=1
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3. Some auxiliary statements. In this section we establish the estimate of the quotient

m 1/m
u(ri(k) . u (7i(k))
i=1,...,m, and (Zl_[lu(k+1)> ;

where u: Ny, — (0, +00) is nonoscillatory solution of equation (1.1).
Lemma 3.1. Let kg € N and u: N, — (0,+00) is a positive solution of equation (1.1).
Then for any s € {1,2,...} we have

m 1/m 1/m
o u (k) m  k m 1/m
<H’:1 T ) > T I [1+m (Hij)) ¥s(7) 3.1
u(k +1) i=1 j=r;(k) (=1
where functions s and 0+ are defined by (2.1)—(2.4).
Proof. From (1.1) we have
u(k) A GI))
aE T D) —1+i21pz<k) by 1) for k=m(k) (3:2)
and
u(n(k) _ T O () -
wk 1) —jl;[(k)<1+£z:;pg(j) u(j—l—l)) for k>mna(ko), i=1,...,m.

Using the arithmetic mean-geometric mean inequality, from the last equality we get

m 1/m
wink) no\Um (H: u(Tg(j)))
ak 1)~ 11 1+m<€1;[1p£(])> 8;(j+1)

J=7;(k)

for kzng(ko), 1=1,...,m.

Therefore,
(ﬁlu (Te(k‘))> 1/m - - L Jm (H;n 1 U(Tg(j)))l/m 1/m
: : ' - 3.3
u(k +1) > g]_l;[(k) +m (gm(])> RSy 3.3)
for k> T]Q(ko).
Since

(I, wmtin) ™
u(k+1) -
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the inequality (3.1) is obviously fulfilled for s = 1. Assume its validity for some s € {1,2,...}.
Then by (3.3) we obtain

m 1/m 1/m
" (k) ok mo A
(L, ) >(H I1 (1+m<Hm(j)> ws(ﬁ)) for k> n.’ (ko).
) /=1

u(k +1)

i=1 j=ri(k

where function 5, s = 1,2,... are given by (2.2) and (2.3). The proof of the lemma is complete.
Lemma 3.2. Let

and

Then

liminf p(k) >0 (3.4)

k—+o00

timinf [T TT_ w (LFmp () a)

k——+o0

min ca>1p > 1. (3.5)
(0%
i, (mintvx)) = oo a0

where functions p and 1, are given by (2.2)—(2.4).
Proof. Suppose contrary. Let

k—+

SETOO <hm1nf¢s( )> = f < 4o0. (3.7)

Then by (3.4) for any ¢ € (0,5 — 1) there exist kg, so € N such that

Yvs(k) > —e>1 for ke N, and se& Ng,. (3.8)

According to (3.8) from (2.3) we get

i=1 j=i(k)

m k 1/m
> (H 11 (1+mp1/m(j)(ﬁ€))) for s 17,

where p is given by (2.4).

That is

1/m
lim inf ¢4(k) > %@i{.ﬁf (H H (1 + mpl/m(j)(ﬁ — 5))) .

k—+
o K3 1] Tz(k)

By (3.8) of the last inequality, we have

1/m
P2 jmint (H I1 (1+mp”’"<j><ﬁ€>)) ~

=1 j=7;(k)
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Therefore,

- 1/m
lm inf_, 4o <Hi:1 Hj:n(k) (1 +m(8 —e) pl/m(j)>)

<1 (3.9
8
According to (3.9) for any € € (0, 5) we get
o m k 1/ . L/m
i (T T (107 000)
min ta>1y <
. m k 1/ . L/m
< %@igf (Hi:l Hj:n(k) (1 Tmp A - €)>> _
y 1/m
1/m
g o (H Y | O )>> B
5 —€ g R
with implies
m k ) 1/m
liminfy 4o <H11 Hj:r-(k) (1 +mp /m(]) Od))
min - ta>1) <1,

(0}

where p is given by (2.4). This however contradicts (3.5). The obtained contradiction proves that
(3.6) holds.

4. Proofs of the theorems. Proof of Theorem 2.1. Suppose to the contrary, that equation
(1.1) has a non oscillatory proper solution u: Ny, — R. Since —u(k) is also a solution (1.1), we
confine ourselves only to the case that « is eventually positive solution of equation (1.1). Then
there exists k; > ko such that u(7;(k)) > 0 for k € N;(k), i = 1,...,m. As seen while proving
Lemma 3.1

() \
u\T7; - B
(}_[lu(k+1)> > gs(k) for k>ni(k), s=1,2,..., @.1)

where the functions nJ* and )5 are defined by (2.1)—(2.4).
From (1.1) by (2.1), (2.5) and (3.2) we have

k m
S > pi(s)ulri(s) for k=nl(k), s=1,2,..., (4.2)
s=o;(k) j=1
and
B u(oi(1)
u(7j(s)) > u(o;(k)) tH() 1+Zm Y (4.3)
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for n (k1) <s<k, j=1,...,m

Therefore, by (4.2) and (4.3) we get

k U](k) 1 m
( > pils)uloik) ] ( ; t+1 )) =

s=o;(k) t=T7;(s)

u(oi(k)) =

1M

k Uj(k)_l m
u(aj(k:))< > pits) 11 < Z t+1 )) i=1,...,m.

s=o;i(k) t=T7;(s) =

Il
1M

Using the arithmetic mean-geometric mean inequality, from the last inequality we get

m 1/m m k
)) = m (H U(Uj(k))) (H > pils)x
=1 ‘

o;(k)-1 m 1/m ™ odl®) L/m
T (v (fTo) (T )

t=7;(s)

for k>ni*(k1), i=1,...,m.

On the other hand by Lemma 3.1 we have

for k>nlx(k1), s=12,...,

where functions 7] and 1, are given by (2.1)—(2.3). Therefore, for s = kg

m m k o;(k)—1 m 1/m 1/m )
lim sup H (H Z p;(s) H (1 +m (Hpg(t)) Ui, (t)) ) < ps
= =1

j=1s=0;(k) t=T;(s)

which contradicts (2.6). The proof of the theorem is complete.

Proof of Corollary 2.1. Since 1)s(k) > 1 for large s,k € N, this corollary immediately
follows from Theorem 2.1.

Proof of Theorem 2.2. Suppose to the contrary, that equation (1.1) has a nonoscillatory
solution u: Ny, — (0,400). Then according to (2.8), (2.9) and Lemma 3.2 condition (3.6) holds.
By (2.5) and (2.8), choose M > 0 such that for large & we have

m m k o;(k)—1 1/m
H(H > w6 ] (1+mpl/m<j>M1/m)) > 2 (4.4
(=1 \i=1 s=0;(k) j=Ti(s)
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On the other hand according to (3.6) there exist s € N and ko € N such that ¢, (k) > M for
k > ko. Therefore, by (4.4) the condition (2.6) be fulfilled for s = sy, which proved the validity
of the theorem.

Proof of Corollary 2.2. 1t is suffices to show that condition (2.9) holds. Indeed by (2.10) for
large k£ we have

liminfy 40 HZl Hj:n(k) (1 + mat/™ pl/m(j))
e

>
m (h=rs(k)+1
liminfy o0 [[ (1 4 mal/m pl/m>

(0}

(1 +m al/m p1/m)2?ll(k—ﬂ:(k))+m

= lim inf >
k——+o0 (67
(1+mal/m p1/m)m+2?ll(k*ﬂ(k))
> lkimJirnf min ta>1y, 4.5)
—+oo «

where p = Hm Pic Since
1=
(14 mat/mpt/mym R )
min
a>1 Ie%

m m+3 7L (k—7i(k))
TGRS S s

() T

according to (4.5) and (4.6) condition (2.9) holds, which proved the validity of the corollary.
(m + )™t

(4.6)

Proof of Corollary 2.3. Since function (1 < 2 < +00) is non-decreasing,

according to (2.12) and (2.13) condition (2.9) be$fulﬁlled, which proved the validity of the
corollary.

Remark 4.1. 1t is obvious that if (2.12) be fulfilled and m = 1, then Corollary 2.4 is
Theorem 7.5.1, [2].

Remark 4.2. The following example illustrate the significance of our results.

Consider difference equation

Au(k) + p(k) u(k — 1) =0

then condition (7.5.2) [2] is reduced to the condition

. 1
jmint o) > @)
and condition (2.9) is reduced by the condition
2
lim inf (\/p(k 1)+ \/p(k:)) > 1. (4.8)
k——+o0
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It is obvious that condition (4.7) implies condition (4.8).

. 1 ..
On the other hand if ¢ € <0, ik p(2k) = e and p(2k+1) =1—¢, k= 1,2,... then it is

obvious that condition (4.8) be fulfilled but condition (4.7) is not fulfilled.

10.

11.
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