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The difference equation with delayed arguments
Au(k) + > pi(k) u(ri(k)) = 0
i=1
is considered, where Au(k) = u(k +1) —u(k),p; : N - R, 7; : N — N, limp_, o 7i(k) = +00,1 =

= 1,...,m. Inthe paper sufficient conditions are established for all proper solutions of the above equation
to be oscillatory.

Pozenanymo pisnuyeee pisHAHHA 3 3aNI3HEHHAMU 8 AP2YMEHMAX

m

Au(k) + Z pi(k) u(rs(k)) = 0,

oe Au(k) = u(k+1) —u(k),p; : N = R, 7 : N = N,limy_, 1o (k) = +00,% = 1,...,m. Bnaiioeno
00CMAaMHI YMO8U 04 MO20, W00 6Ci NPABUALHI PO36 A3KU DIBHAHHA OY.AU OCUUAIOHYUMU.

1. Introduction. The aim of this work is to study the difference equation
Au(k) + > pi(k) u(ri(k)) = 0, (1.1)
i=1

where Au(k) = u(k+1) —u(k)andfor1 < i < m,

pi: N =R 71,: N N, (1.2)
Ti(k) <k—-1 for ke N and lim 7(k) = +oo. (1.3)
k—4-o00
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Define

Te(-) = min{7;(:) : i = 1,...,m}.

Definition 1.1. Let N,, = {n,n+ 1,...} and ng = min{7n.(k) : k € N,}. We will coll a
function u : N,,, — R a proper solution of the equation (1.1) if it satisfies (1.1) on N,, and

sup{|u(i)| : i > k} >0 forany k € Np,.

Definition 1.2. We say that a solution w : Ny, — R of (1.1) is oscillatory if for any k € Ny,
there exist ny,ny € Ny such that u(ny)-u(n2) < 0. Otherwise the solution is called nonoscillatory.

The oscillation theory of delay differential equations has been extensively developed [1-8].
The oscillation theory of discrete analogues of delay difference equations has also attracted a
growing attention in recent years. In particular, the problem of establishing sufficient conditions
for the oscillation of all solutions of the equation

Au(k) + p(k)u(r(k)) =0, k€ N,

has been the subject of many recent investigations (see, for example, [9-13]).

2. Some auxiliary lemmas. Let ky € N. We denote by Uy, the set of all solutions of (1.1)
such that u(k) > 0for k > ko.

Lemma 2.1. Let kg € N, Uy, # @, 73(k) < k—1,i = 1,...,m, 7; are noncreasing functions
and foreachi = 1,... ,m,
k—1
lim inf pi(j) > 0. 2.1)
k——+o0
J=mi(k)
Then
i(k 4
limsupM <, i=1,...,m (2.2)
kstoo Wk +1) G

Proof. By (2.1) it is clear that, for any ¢ = 1,...,mand ¢ € (0, ¢;) there exists k; € NN such
that

-1
S opi(j)>eci—e for K>k i=1,...,m. (2.3)
j=i(k)

Letu : [ko, +00) — (0,+00) be a positive solution of equation (1.1). According to (1.3), without
loss of generality we can assume that

u(ri(t)) >0 for k>ky, i=1,...,m.
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Thus, from (1.1) we have
sz < 0 for k > ko,

and u(k) is an nonincreasing function. Let £ € Ny, and € € (0, ¢;). Then by (2.3) either

C; — &

pi(k) 2 — (2.4)
or, if p;(k) < > k such that
E*—1 o e
Zk pij) < =5 — and sz >4 _F (2.5)
]:

Let (2.4) be fulfilled. Then from (1.1) we obtain

(k) = u(k +1) ij )2 pik) un) > S um) 26)
and by (2.3),
k—1 k—1
u(ri(k)) —u(k) > Y pi(§) u(ni(d) > ulr(k - 1)) pi(j) =
j=i(k) j=i(k)
2 (ci —e)u(mi(k —1)). 2.7)
Combining the inequalities (2.6) and (2.7) we get
(i =€) L om i —
u(k) > 5 u(ri(k —1)). (2.8)
Assume now that (2.5) holds. It is clear that
k-1 e i ci—e ¢ —¢
> om)= > p sz 2 (-e)——5— = "5 (29)

J=mi(k*) J=ri(k*)

Summing up (1.1) from £ to k* and using the fact that the function u is nonicreasing and the
function 7; is nondecreasing by (2.5) we have

k*

ulh) = (b +1) = SN peli) ulre()) = ulri(k sz > S un(k)). (210)
/=1

i=k
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Analogously we can find that

C; —

w(mi (k%) > - u(mk — 1). (2.11)

Consequently, according to (2.8), (2.10) and (2.11), for any k € Ny,

u(ri(k—1)) 4
Wk S (e

i.e.,
u(r;(k)) 4
I <
PSPk 1) S (e —e)?

which, for arbitrary small values of ¢, implies (2.2).
Lemma 2.1 is proved.

Lemma 2.2, Let kg € N, Uy, # @, u € Uy, (k) < k—1,i = 1,...,m, 7; be noncreasing
functions and the condition (2.1) be satisfied. Then

Ead

-1 m
Z/\sz ) = 400 forany N (2.12)

1 =1

&M\ IS

lim wu(k)exp
k——+o0

J

4
Proof. Since all the conditions of Lemma 2.1 are fulfilled, for any ; > — there exists

k1 > ko such that for each 7 € {1,...,m},

m <~ for k> k. (2.13)
For any k* > Kk,
~ Aulk) u(k) . = u(k)
gk:l u(k+1) :Zk:l (1_u(k+1)> =k _k1+1_k§16>{p<lnu(k+1)> =
k* k*
Y — — nLk) = — nu(k) —Inu =
<k —k+1 k§1<1+1 u(k+1)> k:zkl(l (k) = Inu(k + 1))
u(k:*+1)‘

=Inu(k*+1) —Inu(k;) =In (k)

From (1.1), we have
~ Aulk) s ulmk)
2 ey~ 2 2
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252 R. KOPLATADZE, S.PINELAS

Combining (2.13) with the last two relations, we obtain
k* m
k*+1
T E Wk + 1)
k=k; i=1 u(kr)
=k1 1=

and, consequently,

u(k* +1) = u(k1) exp Z > ipilk)

k=kq1 1=1

By (2.1) it is obvious that

+o00
Z pi(j) = +o0
j=1

4
Therefore if \; > —, the last inequality yields

Z

m
li 1) =
kgﬁoou (k* +1)exp Zk ;Alpl 400,
J=Fr1

i.e., (2.12) holds.
Lemma 2.2 is proved.
Now consider the difference inequality

k) + > qi(k) u(oi(k)) <0, (2.14)
i=1
where
¢G:N—R,, o0,:N— N and klirf oi(k) = 400, i=1,...,m. (2.15)
—+00

Lemma 2.3. Assume that (2.1) is satisfied and for sufficiently large k,

oi(k) < (k) < k-1, pi(k) < qi(k) for ke N,
(2.16)

lim o;(k) = 400, i=1,...,m,
k——+o00

and u : Ny, — (0,400) is a positive solution of (2.14) for a certain ko € N. Then, there exist
k1 > ko such that Uy, # @ andu* : Ny, — Ry is asolution of (1.1) which satisfies the condition

0 < u*(k) < u(k) for k> k. (2.17)
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Proof. Let u : Ny, — Ry a positive solution of (2.14). By (2.16) and (2.1), it is clear that
there exists k1 > kg such that

u(oi(k)) >0 and > Z pi(j) >0 for k > ki (2.18)
i=1 j=7;(k)
Summing up (2.14) from k to n and making n — +oo we have

+oo m

> ) a)uloili) for k> ki (2.19)

j=k i=1

Assuming that £* = min{7.(k) : k& € Ny, } where 7.(k) = min{r;(k) : 1 < i < n} and

consider the sequence of functions u; : Ny~ — R, ¢ = 1,2,..., defined as follows:
ul(k) = u(k) for k € N, (220)
+oo m
YO pe(i)uj1(re(i)) for k€ Ny,
uj(k) = i=k t=1 (2.21)

u(k) for ke [k* ki), j=23,....
By induction we will prove that
’LLJ(k‘) < Ujfl(k‘) for k€ Ng,, 3=2,3,.... (222)

Indeed, by (2.16) and (2.20) using the fact that the function w is nonincreasing, we have

400 m +oo m
=D e ua(re(i)) = D> peli)u <
i=k (=1 i=k (=1
+o0o m
<D a(i)u ) < u(k) = ui(k)
i=k {=1

and supposing that u;_; (k) < u;_2(k) for k € N, , we have

+oo m +oo m
=Y pei) ujoa(rel) < D0 peli) wjoa(re(i)) = i1 (k).
i=k (=1 i=k (=1

Thus (2.22) holds. Without loss of generality by (2.1) assume that

e

-1
pi(j) >0 for k > k. (2.23)

<
Il
3
—~
Sy
=
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Define lim;_, 1 uj(k) = u*(k) (according to (2.22), this limit exists). Therefore, from
(2.21), we get

+oo m

= i) ut(re(i)) for k€ N, (224)

i=k ¢=1

Now we will show that u*(k) > 0 for £ > k;. Assume, for the sake of contradiction, that
there exists ko > ki, such that u*(k) = 0 for & > ko and u*(k) > 0 for k € [k*, k). Denote by
N* the set of natural numbers k for which 7;(k) > ks,i = 1,...,n,and k = min N*. By (2.16),
(2.23) and (2.24) we have k > ko. Therefore, ay = min{u*(74(i)) : 7¢(k) <i < k—1} > 0and
according to (2.1) and (2.23), we obtain

+oo m m
ZZP@ u*(Te(i Zzae Z pe(z) > 0,
i=ko (=1 (=1 i=m2(k)

which in view of u*(k2) = 0, leads a contradiction. Therefore, u*(k) > 0 for & > k;. Hence,
equation (1.1) has a positive solution u* satisfying the condition (2.17).
Lemma 2.3 is proved.

Lemma 2.4. Assume that kg € N, Uy, # 9, 7i(k) < k—1,i = 1,...,m, and the condition
: 4 -
(2.1) is fulfilled. Then, for any \; > Ex condition (2.12) holds.

i
Proof. Since u : N, — (0,+00) is a solution of (1.1), it is clear that w is a solution of the
inequality

+sz ) <0 for k> ki,

where o;(k) = max{7;(j) : 1 < j <k, j € N}andk; > ko is a sufficiently large number.
We will show that

k—1
lim inf pi(j)=¢ i=1,...,m. (2.25)
k—4o00
j=oi(k)
Assume that (2.25) in not satisfied. Then there existig € {1,...,m} and a sequence {k,} >

of natural numbers such that o;, (k¢) # 7, (ke), ¢ = 1,2,..., and

ke—1
lglinig Z pio(J) = C;“o < Cig- (2.26)
Jj=0iq(ke)

From the definition of the function o; and in view of o;,(k¢) # 7, (k¢), for any k, there exists
ky < ko such that o, (k) = o4, (ke) for kj < k < kg, limy_, oo k) = +00, and oy, (k) = 73, (kp).
Thus

ky—1 ky—1 ky—1 ko—1
ST = Y. bl = Y. bl < D piold)
J=Tiq (kp) j=0iy (ky) §=0iq (ke) J=0iq (ke)
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and by (2.26) we have

ky—1 ke—1
it 2, pal) Simint 3 pol) =, <
J=Tiq (ky) j=0iq(ke)

In view of (2.1) the last inequality leads to a contradiction and consequently (2.25) holds. Now
by Lemma 2.3, we conclude that the equation (1.1) has a solution «* (k) such that

0 < u*(k) < u(k) for ke Ny, (2.27)

where k; > kg is sufficiently large. Hence, taking into account that the functions ¢; are nondec-
reasing, in view of Lemma 2.3, we obtain

N

-1

“ 4
li = ;> .
i —11—&1-’100 u* (k) exp Z i pi(j +oo forany M\ > —
7j=1 =1 1
Therefore, by (2.27), we get
k—1 m 4
kBToou(k)eXp ;;)\ipi(j) = +oo forany \; > g, i=1,...,m.
Lemma 2.4 is proved.
Lemma 2.5. Let ¢, : N — (0, +00), ¥ be nondecreasing and
li k) = 2.28
G @(k) = +oo, (2.28)
liminf ¢ (k) (k) = 0, (2.29)
k—+o00

where (k) = inf{p(s) : s > k,s € N}. Then there exists an increasing sequence of natural
numbers {k;}1°7 such that

lim ki = 4o, (k) = k), 0(k)Bk) > b(k:) Bk,

i—+00

We refer the reader to [13] for a proof of Lemma 2.5. For a continuous case, analogous of
Lemma 2.5, see [14] (Lemma 7.1).

Lemma 2.6. Let7; : N — N,i = 1,...,m,and (1.3) be fulfilled. Then there exists a nondec-
reasing function o : N — N such that

(i) lim o(k) = 400,

k—4o00
(ii) o(k) < min{r(k) :i =1,...,m}, (2.30)

(iii) o(Nk) D UL 7i(Ng) forany k € N.
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Proof. Consider the sequence

A=A{ar,a2,...;amy...,02m, ...} = {11(1),..., (1), 71(2), ..., T (2),...}

and denote by 7 the function 7 : N — A thus defined. By (1.3) it is obvious that
lim 7(k) = +o0 and 7(Ng) D 7(Nk), (2.31)

k—+4o00

k=1,...,m, forany k € N.

Introduce the following sets:

s€ Ay & seN, 7(s)=inf{r(k): k€ N},

sedA;j e seN, 7(s)=inf{r(k): ke N\U_ A},

j=2,3,...,
and denote & = max 4j, j = 1,2,..., &) = &, &) = max{¢;,&) | +1},7 = 2,3,.... We will
construct the function o as follows:

ok) =7(&) for 1 <k< 5(1),
o(k) =7(§) for &, <k<g&), j=273,...

The function o is obviously nondecreasing and satisfies the conditions (i) and (ii). We also have
o(Ny) D 7(Ng) for any k € N. Therefore, in view of (2.31) it is obvious that the condition (iii)

is also satisfied.
Lemma 2.6 is proved.
Remark 2.1.1ett, : N - N,i=1,....m,p: N — Ry, (1.3) be fulfilled and

Then

k
lim sup p(s) < 400,

1
k——4o0 s=o (k)

where the function o is given by Lemma 2.6.
Lemma 2.7. Let ky € N, Uy, # @, (1.2), (1.3) be fulfilled. Then for any u € Uy, we have

k=1 m
lim sup u(k) exp E pi(J) | < +oo. (2.32)
k=400 ; ;

7j=1 =1
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Proof. Since Uy, # @ (see Definition 2.1), (1.1) has a positive solution u : Ny, — (0, +00).
From the equality

"LAu() o= (Au(i+1) e Au(j+1)
270 ‘§< u(j) ‘1>‘§1 (e (2557 1))
for ki > ko,
since e* > 1+ z, we obtain
S Au() ey Au() L Aulk+ 1)
g:kl i) 2]2111 e =1In ) (2.33)

Taking into account that the function « is nonincreasing, from (1.1) we have

m

Au(k) = = pi(k)ulri (k) < —u(k) S pi(k) for k> ki,
=1

where k1, is a sufficiently large number.
Consequently,

Mw

A . k m
-y Z (2.34)
j=ky i=1

J=k

[y

Combining the inequalities (2.33) and (2.34), we obtain

u(k +1) < u(ky)exp ZZ])@ ,

j=k1 i=1

that is (2.32) holds.
Lemma 2.7 is proved.

Lemma 2.8 (Abel transformation). Let {a;} % and {b;}; > be sequences of nonegative
numbers and 3> a; < +o0. Then

k k
> aibi = Atby — Apsrberr — > Aipa (b — biga),

i=1 i=1

where A; = ;;Of a;.

3. Necessary conditions for existence of positive solutions.
Theorem 3.1. Let kg € N, Uy, # 9, (1.2), (1.3) and (2.1) be fulfilled and

k—1
lim sup Z p*(j) < +oo. (3.1)
R=Fo0 jeri (k)
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4
Then there exists \ € [1 } such that

)
€0

e

limsup | lim inf exp <()\ +¢)

e—0+ k—+o00

S p*<s>> x

+oo m 7(j)—1
xZZpl exp( A+¢) Z p*( <1, (3.2)

)
—_

7

j=k =1 s=1

where ¢co = min{c; : ¢ = 1,...,m}, p*(k) = Y2, pi(k).

Proof. Since Uy, # @ (see Definition 2.1), (1.1) has a positive solution u : Ny, — (0, +00).
According to Lemma 2.7, (2.32) holds. On the other hand, since all the conditions of Lemma 2.4
are satisfies, we conclude that condition (2.12) holds.

Denote by A the set of all A for with

k—1 m

lim wu(k)exp )\ZZpi(j) = 400 (3.3)

k=
oo J=1i=1

4
is fulfilled and denote Ao = inf A. In view of (3.3) and (2.32) it is obvious that \y € [1, 2} Lt
C,

0
is obvious that for any e > 0

k—1
pm (k) exp ( (Mo +e z;p* ) (34)
j=
and
k-1
liminfu(k)exp | (Ao —¢) » p*(5) | =0. (3.5)
k—+o00 =

According to Lemma 2.6, there exists a nondecreasing function o such that (2.30) is fulfilled.
Hence, by virtue of (3.4), (3.5) and (2.30), it is clear that for any ¢ > 0, the functions

o(k)—1
o(k) = u(o(k)) exp ( (Ao +¢€) Z ) (3.6)
and
o(k)—1
Y(k) =exp | =2¢ > p*(j) (3.7)
=1
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satisfy the condition of Lemma 2.5, for sufficiently large k. Hence, there exists an increasing

sequence {k; }+ of natural numbers,
Y(kj) o(k;) < (k) (k) for k" <k < kj,
o(kj) = @(ky), j=12,...,
where k* is a sufficiently large number. By (2.30) and (3.4) it is clear that

o(s)—1
o(k) = inf {u(o(k))exp (Mo +¢€) p*(j)) s> k,s € N} <
1

Jj=

J=1

7i(s)
< inf{u(n(s))exp (Ao +¢) Z p*(j)) s> k,s € N}, i=1,...,m.

By (3.10), from (1.1) we get

400 m m 4o
uok)) = S Spum) =3 Y )
j=o(ke) i=1 i=1 j=o(ky)

m  +oo 7i(§)—1
>ZZpZ exp | —(Ao + ¢€) Z =1,2,...

i=1 j=ocky

where p*(s) = > pi(s), that is,

m ke—1 7i(5)—1
o(ke)) > Z{ > pild)exp (()\0 +e) D p*(8)> o(J) +

=1 j=o(ke) s=1

7i(j)—1
30 exp( Mote) 3 p*<s>) @(j)}.

Jj=ke s=1

(3.8)
(3.9)

(3.10)

Thus by (3.8), and using the fact that the function ¢ is noncreasing, the last inequality yields

m ke—1
u(o(ke)) > Z{ Z (pexp( 25Zp > X

i=1 | j=o(ke)
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7i(§)—1
o(ke) Zpl exp( (Ao +¢) Z p*(s))}, C=1,2,.... (3.11)

Put
ke—1 Jj—1 i(j)—1
Ii(kg,e) = Z pi(j) exp (25 Zp*(s)) exp | —(Ao +¢) p*(s) | .
j=o(ke) s=1 s=1

Using the Lemma 2.8, we have

o(ke)—1 +00 Ti(5)—1
Li(ke,€) = exp (26 3 p*<s>) > pili)exp ((Aom 3 p*<s>) -

s=1 j=o(ke)

ke—1 +oo Ti(5)-1
— exp <2£ Z p*(3)> Z pi(j) exp ((/\0 +¢) Z p*(s)) +
s=1

J=ke+1

+ Z (exp <2gzp*(s)) — exp (25 ip*(8)>> o
Jj= U(k s=1 s=1

+oo Ti(k)—1
X Z pi(k)exp | —(No +¢€) Z p*(

k=j+1 s=1
Since
J Jj—1
exp <25 Zp*(s)) — exp (26 Zp*(s)) >0
s=1 s=1

ISSN 1562-3076. Heainitini koausarns, 2014, m. 17 N2



OSCILLATION CRITERIA FOR FIRST-ORDER LINEAR DIFFERENCE EQUATIONS... 261

from the last equality we obtain

o(ke)—1 400
Ii(k,€) = exp (26 > p*(S)) > pilh)x

s=1 j=o(ke)

s=1

7i(j)—1 ke—1
X exp (()\0 +e) Z p*(s)) — exp (26 Z p*(s)) X

Ti(5)—1
X Z pi(j) exp (()\o+€) > p"(S))' (3.12)

j=ke+1 s=1

According to (3.11) and (3.12) we get

m ke—1
ulo (k) > G(ke) 3 exp (—25 > p*<s>> x
s=1

s=1

s=1 j=o(ke) s=1

o(ke)-1 oo 7)1
X exp (26 > p*(S)) > pilg)exp (()\o+€) > p*(S))-

Therefore, by (3.6) and (3.9) the last inequality implies

o(ke)—1 m  +oo
exp ((Ao+s) > p*(s)) > Z
s=1 i=1 j=o

s=1 (ke)

7i(§)—1 ke—1
X exp (()\0 +¢) Z p*(s)) < exp (25 Z p*( ) (3.13)

By (3.1) and Remark 2.1, there exists M > 0 such that Z]:Z:j(lw) p*(s) < M, ¢ =1,2,.... From
(3.13) we have

o(ke)—1 m  +oo 7i(§)—1
lim sup exp (()\0 +¢) Z p*(s)) Z pi(j) exp (()\0 +e) Z p*(S)) < e2M

l——+o0 —1

a.c.

k——+o0

k—1 m 400 (7)1
hmlnfexp<)\o+€ S s )Zzpm)exp (()\0+5) ) p*<s>) <
s=1

which implies (3.2).
Theorem 3.1 is proved.
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4. Sufficient conditions for oscillation. In this section, using Theorem 3.1, sufficient conditi-
ons will be established for oscillation of all solutions of the equation (1.1) which generalizes the
results given in [12].

Theorem 4.1. Assume that the conditions (1.2), (1.3), (2.1), (3.1) are satisfied and, for any

4
A€ [1,2] ,
i)

o( +00 m

k—1
limsup | liminfexp [ (A +¢) (7) %
msup | lim inf exp > pr(s) | DD i)

s j=k i=i
7i(j)—1
xexp [ —(A+¢) Z p*(s) > 1. 4.1)
s=1

Then all proper solutions of equation (1.1) oscillate, where
co =min{¢; : i =1,...,m} and p*( sz (4.2)

Proof. Suppose the contrary. Let v : Ny, — (0,400) with kg € N be a positive proper
solution of the equation (1.1), i.e., Uy, # @. Taking into account Theorem 3.1 we will conclude

4
that there exists \g € {1, 2} such that the inequality (3.2) holds for A\ = \¢. But this contra-
¢

dicts the condition (4.1). The obtained contradiction proves the theorem.
Theorem 4.2. Let the conditions (1.2), (1.3), (2.1), (3.1) be satisfied and

Z sz (Hm(@) R R (4.3)
i=1

k=1

4
and, for any \ € {1, 2} ,
0

e—0+ k—4o0

k—1 +oo
lim sup [ lim inf exp (()\ +e) p* (2)> ZP* (4)

X exp —)\:’;E Z Z p*(s) > 1. (4.4)

Then all proper solutions of equation (1.1) oscillate, where cy and p* are given by (4.2).

Proof. To prove the theorem, it suffices to show that by (4.3), (4.4) implies (4.1). By (3.1)
there exists k* € N and M > 0 such that

k—1

p*(s) <M for k >Kk*. (4.5)
> 2

1=1 s=7;(k)
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Denote
k—1 400 m Ti(j)—1
plek) =exp [ (A+2) D p () | DD piG)exp [—-(A+2) > p'(s)] -
j=1 j=k i=1 s=1

Using the arithmetic mean-geometric mean inequality, for £ > k* we get

S

-1

7i(§)—1
p(e, k) = exp ((Mr&) P () mz sz exp( Ate) Y p*(8)> >

1 s=1

<.
Il

1
m

>exp(x+5j§§p* mz<HpZ ) ;

A+ m Ti(§)—1 k-1
xexp | — - Z p*(s) | = exp ()\+€)ZP*(j) X

)

—

=1 s=

x mZ {p (;p () - (ﬁm(i))riﬂ x

m 7i(j)—1
A
X exp ( ;;E Z p*(s)) .

~.

400 m i
— mexp (;<A+5>M) 3 (;pm - (Hmm) ) . (4.6)
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On the other hand by (4.3) it is obvious that

1
m

kginoo sz <£[1pi(j)> — 0.

Therefore, according to (4.4), from (4.6), we get

lim sup (hm inf p(e, k)>
e—=04+ \ koo

i.e., (4.1) is fulfilled, which proves the validity of the theorem.
In a manner similar to the above, we can prove the following theorem.

Theorem 4.3. Let the conditions (1.2), (1.3), (2.1), (3.1) be fulfilled and

Z|p, s)| < 400, i,j=1,...,m, (4.7)

4
and, for any \ € [1, 2} ,
)

k—1
li lim inf A *( —(A 1.
im sup k}gl—Il—I;o exp (( +e¢) ;p )Zp ) exp +e¢) Z p*( >

e—0

Then all proper solutions of equation (1.1) oscillate, where cy and p* are given by (4.2).

Theorem 4.4. Let the conditions (1.2), (1.3), (2.1), (3.1) and (4.3) be fulfilled. Then the condi-
tion

m k—1
lim inf ( p*(s)) > (4.8)
s )

is sufficient for all proper solutions of equation (1.1) to be oscillatory, where p* is given by (4.2).

Proof. To prove the theorem, it suffices to show that (4.8) implies (4.4). Indeed, by (4.8)
there exists k* and ¢y > 0 such that

k-1

zmz z p*( > m+ e for k > k*. (4.9

=1 \s=7;(k)
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Thus

pi(e, k) = exp ((/\+5) } p*(i)

k—1 +00 -1
= exp ((A +¢e) ) p(9) p"(j) exp (—(A +¢) Zp*(8)> x
i=1 i=k s=1
Ate on A
e e S SR
i=1 s=r,(j)

and by (4.9) and the last equality, we get

k—1
pi(e, k) > exp <()\ + 5)m:7;60> exp (()\ +¢) Zp*(z)) X

=1
+oo Jj—1
x> p*(j) exp (—()\ —1—6)219*(5)) for k> k*. (4.10)
=k s=1

Defining

7j—1
> p(s) = a1
s=1

and we will show that

+o00
1
lim inf A _ *(j —(A 1) > . 411
lim inf exp (A + £)ay 1)219 () exp (=(A+€)aj-1) = 1= (4.11)
Indeed, by (2.1) it is obvious that
+o0
Zpi(j) =400, i=1,...,m,
j=1
that is, lim;_, ;o a; = +o00. Therefore,
+oo
exp((A + €)ar-1) Y p*(j) exp(=(A + €)aj1) =
j=k
+oo
= exp((A+&)ag—1) Y (aj — aj-1) exp(—(A+&)aj1) =
j=k
+oo %
= exp((A +¢)ar—1) Zexp(—()\ +e)aj—1) / ds >
j:k aj—1
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Y

oo Y
exp((A +€)ag—1) Z / exp(—(A+¢€)s)ds =
=k

aj;_1

+oo

exp((A+ &)ag—1) > _exp(—(A+¢)s)ds =
j=k

1
A€

Hence, by (4.11) and (4.10) we obtain

> 1

)
m

lim sup <lim inf pq (e, k)) > exp (()\ +¢)
k—+4o00

m+€o) 1 S m+ &g
e—0+

Ate ™ m

that is, condition (4.4) holds, which proves the validity of the theorem.
Using Theorem 4.3, similarly to Theorem 4.4 one can prove the following theorem.

Theorem 4.5. Let the conditions (1.2), (1.3), (2.1), (3.1) and (4.7) be fulfilled. Then the condi-
tion
m k—1 1
lim inf pi(s) | > — (4.12)

k—4o00 4 e
=1 \s=7;(k)

is sufficient for all proper solutions of equation (1.1) to be oscillatory.

Example. Letm € N, \ € (0,+0), a; € (0,1),% = 1,..., m. Consider the equation (1.1),
where

kA —(k+ 1)~

i(k) = |agk], pi(k) = , i=1,...,m, 413
rilk) = loakl, k) = T e " (413)
where [a] denotes the integer part of a. It is obvious that

fl+ (/-c—A ~(k+ 1)”) A for k- too. (4.14)

According to (4.13) and (4.14), we get

m k—1 k—1 SN . Y
— 1 1
lim in plh) | = tmint 3 IS )
e’} [e'e} « e (6779
A 1
= ln . 4.15
C¥1—A+~-+0477{\ aq...0, ( )

Using the arithmetic mean-geometric inequality we obtain

A 1 A 1
DY -\ In < = X In =
o + ...+ oy a1 ...0m, (al.__am)—ﬁ a1 ...0n;
A 1
= Z(ay...am)m In——— (4.16)
m ap...0m
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Since
1 1
maX{A(al...am)sz In—— : X € (O,+oo)} ==
m a1 .. Qo e
andif o; = 1,7 = 1,...,m, thenfor A = — we have
nag
m k—1 1
lim inf pi(s) | = —. (4.17)
k—+o0 4 e
i=1 \s=7;(k)

1—

1
® < liminf pili) | < -
(&

According to (4.13), it easy to see that the function u(k) = k= is a positive solution of (1.1).
This example shows that (4.12) is an optimal condition.
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