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The oscillation of solutions for a class of odd order nonlinear differential equation with impulses is consi-
dered and some sufficient conditions for oscillation of solutions are obtained, which improve and populari-
ze some results in parts of the relative references. Two examples are given to illustrate the obtained results
and one of them shows that not only delay but also impulses play a very important role in giving rise to the
oscillations of equations.

Poseaanymo koausanmna po3s’askie Kaacy HeAIHIUHUX OUPEPEeHUIANbHUX PIBHAHD 3 IMNYALCHOW Oi€t0
ma ompumMaHo neeHi 00CMAamMHi yMO8U KOAUBAHHSA pP036°A3Kie. Ompumari pe3yabmamu ROKpausyomo
ma pooaameb OOCMYNHIUUUMU 0eSKI Pe3yAbmamu, U0 OMpPUMaHri y 6i0N0BIOHUX YUNOBAHUX pOOOMAX.
Poszenanymo 0s8a npuxaaou, wjo intocmpyioms ompumari peayavmamu. OOuH i3 HUX NOKA3YE, WO M-
nyAbCcHa Ois 8i0i2pae 8eAUKY POAb Y UHUKHEHHI KOAUBAHb PO3B A3KIE.

1. Introduction. Oscillation and asymptotic behavior of solutions for impulsive differential
equations are of very important realistic significance, which has been focused on and deeply
investigated by many authors. There are some good results on oscillation of solutions of second
order differential equations with impulses [1—7]. Furthermore, some general results are obtai-
ned in [8 —10] for even order linear or nonlinear differential equations with impulses. However,
there are few references relating oscillation and asymptotic behavior of solutions for odd order
impulsive differential equations [9-12]. Chen and Wen [9] investigated oscillation and non-
oscillation of solutions for n-order linear impulsive differential equation. Mao and Wan [11]
discussed oscillation and asymptotic behavior of solutions for third order nonlinear impulsive
delay differential equations. Li et al. [12] obtained oscillatory criteria for third order difference
equation with impulses. There is no literature on generalizing oscillation and asymptotic behavi-
or of solutions for odd order nonlinear impulsive differential equations. In this paper, we investi-
gate odd order nonlinear impulsive differential equations with delay, and obtain some sufficient
conditions of oscillation and asymptotic behavior of solutions for these equations. In addition,
two examples are given to illustrate our results and one of them shows that though an ordi-
nary differential equation without impulses is nonoscillatory, it may become oscillatory if some
impulses are added to it.
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Considering the following odd order nonlinear differential equations with impulses and
delay:
2™ () + fltat—7) =0, t>tg, t#t,

2O = V@), i=0,1,....n—1, k=12, (1)

a(t) = ¢o, V) =2, i=1,2....n-1, telto—Tt)

where x(o)(t) = z(t),nisoddand 0 < ¢y < t; < ... < tp < ..., im0t = 400,
27 < tpy1 — tr < o0,
. (’i—l) (t _|_ h) _ x(’i—l) (t+) . x(i—l) (t + h) _ x(i—l) (t )
O+ = lim =~ k k (i) - I k k
o) = h ) =, h -

Here, we will establish oscillatory and asymptotic stability results based on combinations of the
following conditions:

(H1) f(t,x) is continuous in [tg, +00) X (—o0, +00), x f(t,z) > 0(z # 0)and f(¢t,x)/p(z) >
> p(t) (x # 0), where p(t) is continuous in [tg,+00), p(t) > 0 and zp(z) > 0 (z # 0),
o' (x) > 0forz € (—o0,0), p(ab) > ¢(a)p(b) for any ab > 0;

(Hy) g,(;) (x) are continuous in (—o0,+00), and there exist positive numbers a,(j), b,(;) such
that ai, < g\ (z)/z < bi,i=0,1,...,n—1;

(Hs)fori=1,2,...,n—1,

I (%)

H Z"il) ds = 00;
by

to to<tp<s

o

(0)
(H,) Z H1§k<i—1 e(ay,”) [

n—1
=2 H1<k§i—1 bl(c )

(Hs) partial product sequences H bgo) are bounded for m € N, series > -2, |a£0) — 1] and
i=1

ti—1+T (0) t;
/ p(s)ds + cp(ai_l)/ p(s)ds| = oo;
ti-1 ti—1+T

> o |b§0) — 1| converge;

(Hy) partial product sequences [, b" ") are bounded for m € N, series Z |a£"_1) —1]

i=1"4
i=1

and Z |bz(~n71) — 1| converge;

=1
() [ pl)de = o
to

(Hs) p(a”) > 1 and
o tit1
Z% /p(t)dt: o0;
el | by, i

1<k<i *
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260 F. CHEN

(Ho) b <1,i=0,1,...,n—1,and

o0

/t"_lp(t) dt = oo;

to

(Hio) (@) < 1,00) < 1,i =0,1,...,n—1,and

90(@120)) . <tk+1 > n? )

n—1
o = e

(Hi) o(@l”) > 1,00 < 1,i=0,1,....n—1,

play)) _ (tm)a

b)Y th+1
and
/to‘p(t) dt = oo,
to

where 0 < o < n — 2.
In this paper, we always assume that conditions (H1), (H2) and (H3) hold.

Definition 1.1. A function z(t) : [to — 7,to + a) — R, ty > 0, a > 0is said to be a solution
of equation (1), if

(a) 2(t) = ¢o, 2D (t5) = 2V i =1,2,... ,n—1,t € [to — 7. to};

(b) z(t) satisfies ™ (t) + f(t,x(t — 7)) = O whent € [to,to+a),t # tpandt # ty+7; x(t),
2 (t),..., "=V (t) are continuous for t # ty;

(c) 2D (t)) = g,Ef) (D (ty)), 2 (t) are left continuous ont = ty,i = 0,1,...,n — 1.

The uniqueness of solutions and the existence of global solutions of differential equations
with impulses can be seen in [13]. In the following, we always assume the solutions of equation
(1) exist on [ty — T, +00).

Definition 1.2. A solution of equation (1) is said to be nonoscillatory if it is eventually positive
or eventually negative. Otherwise, this solution is said to be oscillatory.

2. Main results. Similar to Lemma 2 and Lemma 3 in [10], for » be odd we also have the
following lemmas.

Lemma 2.1. Let x = x(t) be a solution of equation (1). Suppose that there are i € {1,2,...
...,n—1}and T > tg such that 29 (t) > 0 and 0tV (t) > 0 fort > T. Then there exists
Ty > T such that z—V(t) > 0 fort > T}.

Lemma 2.2. Let © = x(t) be a solution of equation (1). Suppose that therearei € {1,2,...,n}
and T > tq such that x(t) > 0 and 2D (t) < 0 fort > T. Then 0~ (t) > 0 for all sufficiently
large t.
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Lemma 2.3. Let x(t) be a solution of equation (1). Suppose that there exists some T > t
such that x(t — 1) > 0 fort > T. If condition (Hy) holds, then

(—1)'29(t) >0, i=1,2,...,n,

for all sufficiently large t.

Proof. Let z(t — ) > Ofort € (tx,tx+1], Where ¢, > T. By equation (1) and condition

(Hy), we obtain

2(t) = —f(t,2(t = 7)) < —p()p(a(t — 7)) < 0.
Hence, by Lemma 2.2, there exists a 7} > 7T such that z("~D(¢t) > 0Oont € (t,tp41] for
te > T).

For 2("=2)(t), "~V () > 0 deduces that 2("~2?)(¢) is monotonically nondecreasing on ¢t €
€ (tg,tpy1] for t, > T1. There are two cases for the sign of z("~2)(2).

One is that there is a t; such that z("=2)(t;) > 0, then 2("=2)(¢t) > 0 for all t > t;. By
Lemma 2.1, =V (¢) > 0 and z(»=2)(¢t) > 0 imply that (*=3)(¢) > 0 for all sufficiently large
t. Applying Lemma 2.1 repeatedly, we have () (t) > 0,7 = 1,2,...,n — 1, for all sufficiently
large ¢.

Another is that for any t;, 2*~2)(t,) < 0, then 2"2)(t) < 0fort € (t,tgs1], tr > T1.
By Lemma 2.2, 2"~ Y(¢) > 0 and (" 2(t;) < 0 yield that there exists a 7o > T} such that
=3 (t) > 0fort € (tg,tpr1], tx > To. Thus we have a need to continuously define the sign
of z("=4)(¢).

For (=4 (t), 2("=3)(t) > 0 deduces that z(»~%)(#) is monotonically nondecreasing on ¢ €
€ (tp,tpy1] for t, > Ty. Similar to the argument of the sign of 2("~2)(¢), we also obtain two
statements from 2("~%)(¢) > 0. One is () (t) > 0,7 = 1,2,...,n — 3, for all sufficiently large ,
an other is (=4 (t) < 0 and z(*~%(t) > 0 for all sufficiently large t.

By induction, eventually there are a 77 > T and an odd integer [ € {1,3,...,n} such that
(=1)z@(#) > 0,1 <i <n,andz®(t) > 0,0 <i <1 —1,fort € (tg,tp1], tr > T

In the following, we prove that / must be equal to 1, that is, (—1)’z(®)(¢t) > 0,7 = 1,2,...,n,
fort € (tg,tg+1], tr > T'. For the sake of contradiction, assume that there exists 2/(t — 1) > 0
fort € (tg,tpr1], tx > T

Let u(t) = m, then u(t) > 0. By (1) and condition (H,), we have
o (t) = ¢(z((:)£t)7)) - x(n_l)(t)(f;gg::));x/(t “T) o ) <0 for t £t it (2)
o) = G < =
bt = (eo<)(<tt%; ? < “’”;(;li’“(;)) : ¢<($>;fo?tk>)> ) so(cjé‘”) v
Integrating (2) from t; to t; + 7, we have
ulti +7) < ult) - tk/+7p<s> s, G)
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262 F. CHEN

Meanwhile, integrating (2) from t; + 7 to 51, we have

tr4+1
u(tpyr) < u((ty +7)7) — / p(s) ds. (4)
te+71
By (3) and (4), we get
) te+T lkt1
uter) < - (uteh) = [ po)ds—e@?) [ plas).
(p(ak ) tk tp+T
Similarly, the following inequalities hold:
b(nil) t+7 tet1 ( (0)) tp+1+T7T
ultirn+7) < 0 e = [ pods—ee?) [ poas- S8 [ pas .
gp(ak ) th totT bk+1 tha1

b(n 1) tp+T tet1
k+1 + (0)
i) < — gt ut) ~ [ pls)ds—ola”) [ pls)ds -

gp(ak—kl)gp(ak tr t+1
tey1+T7 thyo
play) elagy)e(ay’)
CE)) p(s)ds — — 10 p(s)ds
bk"'l tet1 bk'H lgp1+T

By induction, for any natural number j > k, we have

b(n 1)b(n 1) b(n—l) tp+T tret1
ultjn) < j = 0) kH(o) u(ty) — /p(s)ds w(aéo)) /p(s)ds—...
( )90(@ ). play”)
- g tk tp+T
0) (0) 0). titT
ela ey o) T
BT ) p(s) ds—
j R i
tj+1
e@)p(@?) .. o)
1 p(s)ds | . (5)
b(” )b(n—l) b(n 1)
Jj—1 k41 tir

By (5) and condition (Hy), we get u(tj+1) — —oo as tj41 — oo. This is a contradiction with
u(t) > 0fort > T'.Hence, 2/(t — 7) < 0fort € (tg,tr11], tx > T’, which means that [ = 1.
Lemma 2.3 is proved.
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Remark 2.1. In Lemma 2.3, if we replace the condition ”z(t — 7) > 0” with "z(t — 7) < 07
then under condition (H,4), we can prove similarly that

(i) <0, i=1,2,...,n,

for all sufficiently large ¢.

Lemma 2.4 [14]. Set z(t) is continuous for t # ty, and left continuous for ty., and exists right
limit. If

(i) there exists at € R such that x(t) > 0 (or < 0), fort >

(i) there exists a m € N such that x(t) is nonincreasing (or nondecreasing) on the interval
(tg,tgs1], where k > m;

(iii) series Y oo [x(t) — z(t),)] converges.

Then limy_,», x(t) = «a exists and o > 0 (or < 0).

Theorem 2.1. Suppose that conditions (Hy), (Hs), (Hg) and (H7) hold, then every solution
of (1) is either oscillatory or tends eventually to zero.

Proof. Assume that (1) has an eventually positive solution xz(t). Then there existsa 7" >
such that z(t — 7) > 0for¢ > T, and Lemma 2.3 holds by condition (Hy).

We first prove that lim,_,~ z(t) = a (a > 0) by Lemma 2.4. Obviously, condition (i) of
Lemma 2.4 holds. By Lemma 2.3, there exists a 77 > T such that 2/(¢) > 0 for ¢ > T”, which
means that x(¢) is monotonically nonincreasing on (¢, t1] for ¢, > T, then condition (ii) of
Lemma 2.4 also holds. In the following, we prove that condition (ii7) of Lemma 2.4 holds, that is,
S, [z(t)) — x(t))] converges. Since z(t) is monotonically nonincreasing on (ty, ty41] for ¢t >
> T, wesee that z(tp41) < z(t]), z(t), ;) < b,(clla:( ). By induction, we obtain that z (¢, ) <
< bl(cJZm 1bl(£2m 2 bl&llx(t—i_) (t:er) — blgolmbl(gzm 1 bl(f(izlx( ) for any m € N. Note
that partial product sequences [ [, b(o) are bounded, thus sequence {z(t;)} is also bounded,
there exists a constant A/ > 0 such that z(¢;) < M. Since ago)x(ti) < z(t) < bZ(O)w(ti), we
have
Y = Dalts) < 2(t)) —x(t) < (¢ ~ Da(t),

then

2(t)) —a(t)] < |(af” = ()] + 6 = Datt)] < M (la” =11+ -1/,

f} 2(6) — e(t)] < Mi (108 =11+ —11).

Thus 5%, [e(t]) — w(t:)| converges. From |3, [e(t) — e(t)]| < T2%, a(t)) — a(ty)], we
have 322, [z(t) — z(t;)] also converges. So condition (iii) of Lemma 2.4 holds. By Lemma 2.4,
we have lim,_, z(t) = a > 0.
Next we prove that a = 0. If it is not true, then a > 0, p(a) > 0 and limy;_,oc p(z(t — 7)) =
= ¢(a). Note that ¢'(x) > 0, there exists a 7" > T" such that p(z(t — 7)) > ¢(a)/2 > 0.
From (1) we have

() = —f(s,2(s — 7)) < —pls)pla(s — 7)) < — Y ps). ©)
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264 F. CHEN

Integrating (6) from ¢; to ¢, we have

¢
2V (1) —a:("*l)(tj) = /f(s xz(s —71))ds + Z < (=1t m("fl)(ti)> <
t]

i<t <t
(@ |
o(a n—1) 4+ n—1
<-4 /p(s)ds+ 3 (2 V) - af >(t1)), 7
t; tj<ti§t

where t; > T”. Similar to the argument of Y 2, [x(t) — x(t;)], condition (Hg) implies that
S22 [ () — 2"~ (;)] converges. By (7) and condition (H~), we have ("D () — —oo
ast — oo, which is a contradiction with z(»~1)(¢) > 0 for all sufficiently large ¢. Then a must
be equal to 0. Therefore, every solution of (1) is either oscillatory or tends eventually to zero.

Theorem 2.1 is proved.

Theorem 2.2. Suppose that conditions (Hs) and (Hg) hold, then every solution of (1) is either
oscillatory or tends eventually to zero.

Proof. Assume that (1) has an eventually positive solution z(¢). Then there exists a 7' > ¢y
such that z(t —7) > Ofort > T.

By condition (Hg), we have that condition (H4) holds, then Lemma 2.3 holds. Similar to
the proof of Theorem 2.1, condition (Hj) yields that lim; o 2(t) = a (a > 0). If a > 0, then
o(a) > 0and limy,o p(z(t — 7)) = w(a) > 0. ¢'(z) > 0 yields that there exists 7" > T such
that p(z(t — 7)) > ¢(a)/2 > 0.

Integrating (6) from ¢; to ¢t;11 (t; > T”), we have

tit1 ti+1
a
2 (1) = 2 - / fls,x(s —7))ds < 2" V() - S0(2) / p(s) ds.
tj tj
Similarly, we have
@[
n— n— a
2"V (t1) < 2V, - % / p(s)ds <
i+l
( ) tit1 ljt2
n n p(a 1
< b§-+11) (E( 1)(t;‘) — T / p(s) ds + W / p(s) ds
t; J+1 ti+1
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By induction we get, for any natural number m > 2,

n— n—1 n—1 n—1 n— pla
2D (t) < BT 00D b o 1>(tj+)—(—> / p(s)ds +

) tj+2 . titm
+ Iz / p(s)ds + ...+ S D) D) ;D p(s)ds (8)
Il Jtm=1"j+m=2 i+l gt

By (8) and condition (Hg), we have z("~(t;) — —oo for t; — oo, which is a contradiction
with (»=1(t) > 0 for all sufficient large . Then a = 0, which means that every solution of (1)
is either oscillatory or tends eventually to zero.

Theorem 2.3. Suppose that conditions (Hy), (Hs) and (Hg) hold, then every solution of (1) is
either oscillatory or tends eventually to zero.

Proof. Assume that (1) has an eventually positive solution xz(t). Then there exists a 7' > ¢,
such that z(t —7) > Ofort > T.

According to the proof of Theorem 2.1, we can see that lim;_,o z(t —7) = a > 0. If a > 0,
then ¢(a) > 0 and lim; o p(z(t — 7)) = ¢(a). ¢(x) is monotonically nondecreasing implies
that there exists a 7/ > T such that p(x(t — 7)) > ¢(a)/2.

Multiplying (6) by s”~!, and integrating it from ¢, to ¢, we have

t t

/s"lx(”)(s) ds < —(’0(;)/3”1]7(3) ds, )

173 tk

where ¢, > T'. Let t be equal to ¢, at (9) and applying integration by parts repeatedly to the
left side of (9), we obtain

tpt1 trp41
s" LM () ds = s" L dz( () =
12 ti
lkt1
= tZJ:llx(n_l)(tk—&-l) _ tz_lx(n_l)(t:) _ (n _ 1) / Sn—Qx(n—l)(s)dS -
tr
o= D () — D )+
n—1 7
+ Z(_l)z H(n _ ]) (tZ;i_lw(n_l_l)(tk-i-l) _ tz_l_lx(n_z_l)(t;:)) )
i=1 j=1
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266 F. CHEN

By induction, for any natural number m, we have

tetm m—1 ki1
s M () ds = Z s 1M () ds =
the =0 bt
m—1
- [tg;llﬂx( D(thprer) — =0, +
1=0
n—1
(-1 H n =) (it e D ) — a0 ) ) | =
i=1 j=1
m—1
= 1D ) = 3t (20 0) 20D ) -
=1

n—1 7
— 7tV + (D [ = Dt e (frm) —
~

B Z Z H tZHl ! (ff(”_i_l)(t$+z) - l‘(n_i_l)(tml)) -

tn i—1 (n ifl)(t;—)' (10)

|M‘
||',j

Noting that (—1)?z(®)(t) > 0 for sufficiently large ¢, (10) yields

tk+m m—1
-1 1 1 1 -1
"2 (s)ds = L a" T (bam) = Y B ( - 1) 2 () —
tr =1

_tz—lw(nfl)(t;{i—) + Z(_l)iH(n_j t;cl—&—:nl (n— ifl)(thrm)_
— e

m—1n—1 . '
-2 (-1 H N (bzﬁ’fﬁ’_” - 1) 2" (tg40) -
=1 i=1 j=1
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n—1
— itV + [0 D thpma (trm) -
j=1
—1n—-1
n 7, n—i—l n—i—
_ Z H (n— jytri™ (bl(c+z ) 1) 2D gy )~
=1 z:l j=1
n—1 %
= O [ =t D @), (11)
i=1 j=1
By (11) and b,(f) < 1, we obtain
tk+m n—1
s (s)ds > [[ (= D trama(term) — 7 2D (@) -
ti J=1
_Z H n— ] tn i—1 (n i— 1)(t+) (12)

By (9), (12) and/ t"Ip(t) dt = oo, we get that z(t;) < 0ast; — oo, which is a contradiction

with z(t) being eventually positive.
Theorem 2.3 is proved.

Theorem 2.4. Suppose that conditions (Hy), (Hs) and (Hyo) hold, then every solution of (1)
is either oscillatory or tends eventually to zero.

Proof. Assume that (1) has an eventually positive solution z(t). Then there exists a T > ¢
such that z(t — 7) > 0for ¢ > T. Similar to the proof Theorem 2.1, let lim; ,oc z(t — 7) = a
(a > 0), we have limy_,o0 (2(t — 7)) = @(a) > 0and p(z(t — 7)) > p(a)/2fort > T' > T.

Multiplying (6) by s"~2, and integrating it from ¢;, to ¢, we have

t t

/s"_Q:U(”)(s)ds < —SO(QCL) /s”_Qp(s) ds, (13)

tr tk

where t, > T’. Similar to the argument of Theorem 2.3, for any natural number m,

thtm tktm m—1
_90(;) / " 2p(s)ds > / "2 (s)ds > — Z tZ+l2 (bgjrll) )x(n_l)(tkﬂ)—
tr ty =1
n—1
— 2 () 4 H (7 = J)htrm® (ttm)—
j=1
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m—1n—2
- Z Z H (n— ity (bl(:i—lz = 1) 2D ()~
=1 i=1 j=1

n—2
_ Z( H n _] tn7i72$(n—i—1)(t;) >
=1 J=1

HM\

H tn i—2 (n ifl)(tz—)' (14)

On the other hand, by condition (Hyy), it follows that

( ) t+T1 tet1 H ( (0)) tetm—1+T
9”2“ =2 / p(s)ds + p(al) /p(S)ds+. hicktm- “O(n’l) / p(s)ds+
tr T Hk<z§k+mfl bz tetm—1
tk+m
Hk<i<k+m71 @(GEO))
R pl)ds | =
k<i<k4+m—1"4 et 14T
lkt1 7] ( (0)) thtm

IN

0
#1a) n—s / p(s) ds + £L% )/P(s)ds+... Uisichim- “Z(n 5 / p(s)ds | <

2 b(n 1)
k+1 k<i<k+m—1"4

tr lk41 btm—1
[t tht2 Prgm
gp(a) o tk+1 n—2 tk—l—m—l n—2
< Azl [ pe)as +( ) /p<s>ds+---+() | pds|<
2 tk b
|tk tht1 botm—1
(7 tet2 biegm
ola) Ly AN
< B2 / p(s)ds+(> / s”_QP(S)ds+...+<) / s"p(s) ds | <
2 tk b
ty tht1 betm—1
tri1 thtm
< “’(;) ( / (tr% = 5" P)p(s)ds + / s“p<s>ds)- (15)
t Uk
By (14) and (15), we have
(@ T Ukl
a —
Bl [ s+ o) [ atsast
ti, tp+T7

A o) BT a0y

(n 1)
Hk<z<k+m 1b; Hk<z’§k+mfl i

tk+m71 tk+mfl+7
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tr4+1
< 9"(2@) / (#7272 = 5" 2)p(s) ds + tp 2D (E)+
ty
n—2
+Z( H tn i—2 (n i— 1)(t+) (16)
=1 7=1

By condition (H,) and (16), a contradiction is reached if we let m — oo, that is, the left of
(16) tends to infinity but its right is limited. Then a must be zero.
Theorem 2.4 is proved.

Theorem 2.5. Suppose that conditions (Hs) and (H11) hold, then every solution of (1) is either
oscillatory or tends eventually to zero.

Proof. We have
t1+7 to (0) tm—1+T
[ poras @) [ ptoyas . Himema PO L) 40
t1 tidT 1<i<m—1 bz L1
(0) tm
H1<z<m 1 @Enzl)) p(s) ds >
H1<1§m71 bz b1 4+T
to t3 tm
(0) (0)
> / (s)ds + SO((all)) /p(s) ds+ .. H1<Z<m 1‘P((n 1)) / p(s)ds >
tl b2 t2 H1<z<m 1 b m—l
to a ts a tm
t tm
Z/p(s)ds—i-(;’) /p(s)ds+...+<t> / p(s)ds >
t1 2 to 2 tm—1
to 1 a tm
> /(1 — sM)p(s)ds + <t> /so‘p(s) ds. (17)
2
t1 t1

Ifwelett,, — oo, (17) and / s%p(s) ds = oo imply that condition (Hy) holds. Then Lemma 2.3

holds. Similar to the proof of Theorem 2. 1, condition (Hj) yields that lim; o 2(t) = a (a > 0).
Ifa > 0,0 < «a < n-—2yields that

/s"_Qp(s) ds > /so‘p(s) ds = o0, (18)
to to

and (14) and (18) will lead to a contradiction. Then a = 0.
Theorem 2.5 is proved.
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3. Examples.

Example 3.1. Consider

1
" (t) +ta? <t— 2) =0, t>1, t+#2F

z((28)) = (1 + ;)x(2k), 20 ((28)F) = <1 - 21k>x<i>(2k), i=1,2, k=1,2,..., (19)

i i I _
,(CO) = bg)) = 1+2—k,a§€) = blg) = 1—?,2 =1,2,p(t) = t7 1 tp = 2¥and p(z) = 23. It

is easy to see that conditions (H1), (H2), (Hs), (Hg) and (H7) are satisfied. For condition (H3),

where a

(1) .
%k 210 2" =1)...(2-1) i
[T Zrds=1+—"@-2)+...+ (@t _om) s
0
o t0<tk<sb](g) 2+1 2m+1)...(2+1)
2(2-1) 2m(2m —1)...(2—1)
2+1 27 +1)...(2+1)
2 4
>1l+-+-+1+...4+1+... =00,
3 5
00 e 0
and / Tio<ti<s % ds = / ds = oo, then condition (H3) is satisfied. Meanwhile,
to by, 1
t1+7 to (0) tm—1+T
. a:
/ p(s)ds + ¢(a§0)) / p(s)ds + ...+ HlSKm_l # (;) ) / p(s) ds+
t1 ti+7 H1<i§m71 bz‘ P
11 @y 7 3 ol
. a:
4L @ / p(s)ds+... = /s‘lds+ <1+2> /s_lds—i-...
[icicm10: ¢ 4 A

(R )
A T e el R

om—1
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() (). (e )] T
oy = J

s lds+... >

2m—1+%
3 4 2l
>/s_1ds+/s_1ds+...+ / s tds+
2 5 2m71
2
2m 00

+ / slds—i—...:/slds:oo,

2m—1+% 2

which means that condition (H,) is satisfied. By Theorem 2.1, every solution of (19) is either
oscillatory or tends eventually to zero.

Example 3.2. Consider

")+ St 23 (t—7) =0, T = %, t>1, t#Ek,
+ 1) (i) (+ 1\ o
z(kT) = 1—? xz(k), =W(kT)= 1—% zW(k), i=1,2, k=23,..., (20)
(i) ) . 3
(t) = ¢o, (1) ==z, =12 te 1,1 ,
where a!” = 5(¥ = |1 LY dD b o L o =1 p) =
(k+1)2 9 k; k k+1’ bl bl b EAR

3
=3 t72 tp =k+1and p(z) = x5, Itis easy to see that conditions (H), (Hz), (Hs) and (Hy)

are satisfied. For condition (H3),

079 0 c$1)d LT T
to to<tp<s ]({;) 3 4 (k+ 1)
22 32 k2
=142 . . =
+ <33+ +. (k+1)3+ ) 00,
e 00
and L ds = ds = oo, then condition (H3) is satisfied. For condition (Hj),
pD)
to t0<tk<s by, 1
1
by gp(ak)) =1- Fr1e < 1, we have
t1+7 to (0) m 1+7
=<<m— SO
[ perds s oty [ ps)ds .. + Lhsiono 0 [ wtsrdst
t1 ti+T H1<z§m—1 bz L1
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0 tm
" H1§z’§m71 <p(a§ ))

o) / p(s)ds+... >

[licicm—1b b T

b2 ©0)y, ( (0)) 3

a a
> cp(ago)) /p(s) ds + % /p(s) ds+ ...
t1 bl t2
(0)y fm
. a:
ot ngzgmil @i(;) ) / p(s)ds+... =

[licicm—1b b

2
m—1 1 1 m
+ ’i;fl( kf) /282ds+ =
s (1—3) J.

m—1
3 1 1 1 1 1 1
S SN I N S e+ I (14 7) x| =
8( 22> [2x3+(+3>x3x4+ * :<+k>x(m—1)xm+

B NN S SR
=5 l\lgtgtt gt = 00,

which means that condition (Hy) is satisfied. By Theorem 2.3, every solution of (20) is either

oscillatory or tends eventually to zero. However, if we let 7 = 0 in (20), the classical ordinary
3

differential equation ="' (t) + < 203 (t) = 0 has a nonnegative solution x = ¢2. This example

shows that, in some cases, not only delay but also impulses play a critical role in giving rise to
the oscillations of equations.
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