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In this article, we study oscillatory nature of all solutions of a class of neutral differential equations with
distributed deviating arguments. Some examples are also included to show the applicability of the results.

Busuaemuvca koausna npupooa po3e’askie Kaacy HelmpasbHux OugpepeHyiatbHUX piHAHb 3 PO3NOOi-
AeHUMU 8IOXUAeHUMU ap2ymenmamu. HaseOeno npukaadu 3acmocy8anta pe3yabmamie.

1. Introduction. We consider the neutral differential equation with distributed deviating argu-
ments

T2

[z(t) — R()z(t — p)) + /[P(t, Qu(t =) = Qt, Qz(t —C+0)ldC =0 for ¢ =1y, (1)

T1

where R € C([tg, ), R{), P,Q € C([tg,00) x [11,72],R{). Here [r1, 2] is a positive interval in
reals and o € [0, 7). Clearly, when @ = 0, (1) reduces to the following form:

T2

w(t) — R()a(t — p)]' + / Pl Oalt— O)dc = 0 for t> 1

T1

whose oscillatory nature has been investigated in [2]. Note that a similar situation appears when
o = 0, thus we suppose that ¢ > 0 holds for the rest of the paper.
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66 T. CANDAN, B. KARPUZ, 0. OCALAN

The neutral differential equation with concentrated delays, which corresponds to (1), has
the form

[z(t) — R(t)z(t —p)] + Pt)z(t —7) — Q(t)z(t —0o) =0 for t > t. ()

Oscillation and nonoscillation of this equation has been investigated in the literature extensi-
vely (see [S—11]). Also the neutral difference equation corresponding to (1) is of the form

Alz(n) — R(n)z(n — p)] + P(n)z(n —7) — Q(n)z(n—0) =0 for n €N,

which has been discussed in the papers [6, 12, 13]. We refer the readers to [1, 3] for the funda-
mental results of the oscillation theory.

The results of this study are motivated by the fundamental results on neutral differential
equations involving concentrated delays with positive and negative coefficients.

As it is customary, by a solution of (1), we mean a function z € C([tp — max{p, 72}, 0),R)
such that z(t) — R(t)x(t — p) is continuously differentiable for all ¢ > ¢, and identically sati-
sfies (1) on [tg, 00). A solution of (1) is called nonoscillatory if it is eventually of constant sign;
otherwise, it is called oscillatory.

2. Preliminaries. In this section, we give some known results in the literature, which will be
used in the latter sections.
Consider the following first-order delay differential inequality

)+ At)z(t—7) <0 for t > t, (3)

where A € C([tp,0),RT)and 7 > 0.
Theorem 2.1 ([3], Theorem 2.3.1). Assume that

t

1

lim inf / A(p)dp > —.

t—o0 e
t—r1

Then (3) has no eventually positive solutions.

Theorem 2.2 ([7]. Theorem 1). Assume that

AT t+1

/A(,u) In<e / AN)dA  dpu = oo and /A(,u) du > 0 for all large t.
" t

Then (3) has no eventually positive solutions.

Now consider the second-order delay differential inequality
2'(t)+ At)z(t) <0 for t >ty 4)
with A € C([tg, ), RT).
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Theorem 2.3 [4]. Assume that

t—o00

T 1
liminft/A(,u)du > 1
t

Then (4) has no eventually positive solutions.

3. Main results. This section is dedicated to the study of (1) under the following primary

assumptions:
(A1) H € C([tg,00) X [11,72],RT) defined by H(t,s) := P(t,s) — Q(t — o, s), is not identi-
cally zero,

_ f» Q=0 e R=0,
(A2) p1 = { min{m — o, p}, otherwise, and py = { max{7y, p}, otherwise.

Throughout the paper, we assume that (A1) and (A2) hold.

Lemma 3.1. Assume that

t T2
R(t) + / /Q(u, ¢)dldu <1 for all large t. (5)

t—o 11

If x is an eventually positive solution of (1), then the companion function z defined by

2(t) = x(t) — R(t)z(t — p) — / /Q(u, Qz(p—(+o)dCdp for t>to+p2, (6)

t—o T

satisfies
Z(t) <0 and =z(t) >0 for all large t.

Proof. Let x be an eventually positive solution of (1). Then there exists a t; > t( such that
x(t — p2) > 0 and (5) hold for all ¢ > ¢;. From (1) and (6), we obtain

(1) = [e(t) — R(yz(t - p)) — ( / / Q. c>x<u<+a>d¢du) -

t—o 11

T2 T2

— [(t) - R(t)(t - p)) - / QU O(t —  + 0)dC + / Q(t — 0. (t — )¢ =

— - [ Hute - ¢ <0 ()

for all t > t;. Therefore, eventually nonincreasing z is either eventually positive or negative.
Suppose that z is eventually negative. Thus there exists a to > ¢; such that z(¢) < 0 for all
t > to. Now we have the following possible cases.
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(C1) Let « be unbounded. Then there exists T' > ta + ps satistying (T") = max{z(t) : t €
€ [t2, T]}. From (5) and (6), we see that

T 1o
o) = A1)+ RO(T =)+ [ [ QuQhal =+ )i <

T—0o T1

T T2
gm»+Rm+//@mww#mnsmwm@x

T—0o T1

which yields a contradiction because of z(t2) < 0.

(C2) Let x be bounded. That is L := lim sup,_,,, () < oo. Thus there exists an increasing
divergent sequence of reals {¢, }°° ; satisfying lim, . z(§,) = L. Let {n,}5°, be a sequence
of divergent real numbers satisfying x(n,) = max{z(t) : t € [§, — p2,&, — p1]}. Clearly, we
have lim sup,,_, . #(n,) < L. Thus from (5) and (6), we have

&n T2
x@»=z@»+R@MA@—pH—/‘/ngmw—<+amwﬂg

fn_o' T1

En T
< 2(t2) + R@o+/ /mmon £() < 2(t2) + (1)

En_o' T1

for all n € N. By taking upper limit on both sides of the above inequality, we obtain L <
< z(t2) + L, which yields a contradiction and therefore the proof is complete.

We obtain contradictions in both of the possible cases (C1) and (C2). Therefore z is eventual-
ly positive.

Lemma 3.1 is proved.

We state below the first main result of the paper.

Theorem 3.1. Assume that (5) holds and
T2
() + /H(t, Ot —C)dc <0 for t> 1o
T1

has no eventually positive solutions. Then every solution of (1) is oscillatory.

Proof. Suppose to the contrary that (1) has an eventually positive solution z. From Lemma 3.1,
we obtain z > z > 0 eventually. Substituting z into (7), we see that the desired inequality holds
and leads to a contradiction with the positive nature of z.

Corollary 3.1. Assume that

t T2
lim inf / /H(,u, ¢)dldp > é (8)

t—o0
t—11 T1
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or
0o T2 pt71 T2
| [Hmgaunie [ [rOdcnG du= o,
T1 © T1
9
471 T2
/H(u,()d(du > 0 for all large t.
t T

Then every solution of (1) is oscillatory.

Proof. Assume on the contrary that (1) has a nonoscillatory solution. Without loss of generali-
ty, we assume that x is an eventually positive solution on [t1,00). Then we have by Lemma 3.1
that z(t) is positive and nonincreasing for all t > t5, where t > ¢ is sufficiently large. Consi-
dering (6) and (7), we see that

0:%w+/HmQW—OMz%m+/wau—mmz

> (1) + /HwO% At — ) (10)

for all t > t,. But in view of (8) or (9), the inequality (10) has no eventually positive solutions
by Theorem 2.1 and Theorem 2.2. This is the contradiction which completes the proof.

Almost all of the results for the oscillation of the neutral differential equation with concen-
trated delay (2) makes use of the condition

t

R(t) + / Q(pn)dp <1 for all large ¢,
t—7+0o

which can be regarded as the analogue of (5). For instance, see [3] (Theorem 2.6.1) and [8]
(Theorem 3.1).

Remark 3.1. Consider (1) with @ = 0. In this case, Corollary 3.1 still improves [2] (Theorem
1) by dropping the condition

oo T2

[ [ Puciacan = .

Now we give the following example.

Example 3.1. Consider the following neutral differential equation with distributed delays:

3
[z(t) — e 2™ x(t — 7)) +/ {egaz(t — () — eyt —CHm)| dC =0 for t>0. (11)

™

N
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Here R(t) = e 2", p = 7, P(t,s) = €, Q(t,s) = e *" 0 = 71,71 = 57/2 and 7» = 3.
Hence we have

t 3w
e 2T 4 / /eC_A‘“dCd,u . [e—% +7r(e§ — 1)} <1 forall t>0

and

lim inf / / (1- 6_4“) eSdCdp = gwe_%” (647r —1) <e%7r — 1) >

Therefore every solution of (11) is oscillatory by Corollary 3.1. Direct substitution shows that
x(t) = e'sin(t) is such an oscillatory solution.

Lemma 3.2. Assume that

t T2
R(t) + / /Q(,u, ¢)d¢du > 1 for all large t. (12)

t—o T

If x is an eventually positive solution of (1) and the second-order differential inequality
17
2" (t) + /H(t, Q)d¢ | z(t) <0 for t >t (13)
P2
71

has no eventually positive solutions, then

Z(t) <0 and =z(t) <0 for all large t.

Proof. Let x be an eventually positive solution of (1). Say z(t — p2) > Oforall ¢t > ¢;. As
in the proof of Lemma 3.1, we have 2/(t) < 0 for all ¢ > t9, where ¢t > t;. Thus z2(¢) is of
constant sign and (7) holds for all ¢ > t3, where t3 > t,. We shall prove that z(¢) < 0 for all
t > t3. On the contrary assume that z(¢) > 0 for all t > ¢3. Now set M := min{xz(t) : ¢t €
€ [ts — pa,t3]}/2 > z(t3)/2 > 0. We claim that z(t) > M for allt > ¢35 — ps. If not, there exists
T > tgsuch that z(t) > M forallt € [ts — p2,T) and z(T") = M. From (6) and (12), we see
that

T T2
#(T) = =(T) + R(T)a(T — p) + / / QUi Q) — ¢ + 0)dCdps >

T—o T1

T 1o
> (R + [ [ Quuodcan | = M = a()

T—o 71
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which is a contradiction. Now let L := lim;_,, z(¢) and consider the following cases.
(C1) Let L = 0. There exists a T > t3 satisfying z(t) < M /2 for all ¢ > T. Then we have

t+p2
1 M 1 M 1

z(t) > M = — —2p9 > — —(t+ps—T >/z)\d/\

® w2 gt o [

forallt € [T,T + pol.
(C2) Let L > 0. Since 2/(t) < 0, we have z(t) > L for all t > t3. From (6) and (12), we
obtain

ot) > L+ Bt)att—p)+ [ [ Qu Ol ¢+ o)dgdu >

t—o T

t T2
> L4 R(t)+//@(ﬂ,odgdu M>L+M

t—o T

for all t > t3, which by induction yields to
z(t) >nL+M for all t>t3+(n—1)p2 and n €N,

and thus lim;_, z(t) = oo. Therefore there exists a T' > tg satisfying x(¢) > 2z(T) for all
t > T. Hence

t+p2

7
sttt 2(\) dA

2(t) > 22(T) > (T) >

1
P2 P2
T

forallt € [T,T + pa].
Combining the cases (C1) and (C2) ensures existence of a t4 > t3 satistying

() > —y(t+ p2) (14)
P2

forallt € [t4,t4 + p2], Where

t
(1) ::/z()\)d)\ for ¢ > 1.

tq

Note that y is positive and increasing. Now we claim that (14) holds for all ¢ > ¢4. If not, there
existsa T > t4+py such that (14) holds forall ¢ € [t4,T) and 2(T") = y(T+p2)/p2. Considering
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(6), (12) and (14), we get

T T2
oT) > 1)+ — | ROWT = p+)+ [ [ QUuOptn—C+pto)dcdn | =
T—0o 71
1 T 1o
> (1) + — | ROUT) + (T =+ ) / / QUu, Odedp | >
T—0oc 11
. T+p2 1 T 7
> — T/ AN+ R<t>+T_/ / QUu, Q)dC du | y(T) >
(T 1
> / N AN +y(T) | = —y(T + pa) = (D),
T

which is a contradiction. Hence, (14) holds on [t4, c0), which implies
1 1
z(t—¢) > p—y(t —C+p2) > p—y(t) for all ¢ € [m, 7] and t > {4. (15)
2 2

Theny > 0,y = z > 0and y” = 2’ < 0 hold on [t4, 00). By taking (15) into account and
substituting y into (7), we obtain

T2
0> y"(t) + 1/H(t, Q)d¢ | y(t for all ¢ > ty,
P2

T1

which shows that (13) has an eventually positive solution. This contradiction proves the claim
that z is eventually negative.
The following is another main result of the paper.

Theorem 3.2. Assume that

t T
R(t) + / /Q(,u, Q)dCdp =1 for all large t (16)
t—o T
and (13) has no eventually positive solutions. Then every solution of (1) is oscillatory.

Proof. For the sake of contradiction, let z be an eventually positive solution of (1), then the
companion function z is eventually positive by Lemma 3.1 while it is eventually negative by
Lemma 3.2.

Corollary 3.2. Suppose that (16) holds. If

oo T2

liminft [ [ H(u ¢)d¢du > 22, (17)
/]

t—o00 4
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then every solution of (1) is oscillatory.

The conditions

t

R(t) + / Q(p)dp =1 for all large ¢t (18)
t—7+0
and
lim inft/ [P() — Q(u— 7+ 0)] du > %7 (19)
—00

t

which are analogues of (16) and (17), respectively, appear in recent results for the oscillation
of the neutral differential equation with concentrated delays (2), see [8] (Theorem 3.2), [10]
(Theorem 3.1) and [11] (Theorem 1), see also [10] (Theorem 3.1), where (18) is still required
but instead of (19) the following is assumed

00 7

/[Pm Q7+ o) exp 1/[P<<> Q=T+ 0) dC Y du = oo
to p2 to

We would like to mention that the condition (18) is replaced with a weaker one in [9] (Theorem 1).
Now, we proceed with an example.

Example 3.2. Consider the following neutral differential equation with distributed deviating
arguments:

[x(t)ix(t1)]/+l/4{<t21ﬁ+i>x(tg)ix(tgﬂ) dC=0 for ¢35 (20)

In this equation, R(t) = 1/4, p = 1, P(t,s) = 1/(t?>\/s) + 1/4, Q(t,s) = 1/4,0 = 1,7, = 1
and 5 = 4. Then we have

4

1/

+
t

dCdu =1 forall t>5

=
| =

Lo~

and
oo 4

. 1
hgg(l)glft//NQ\/Zd(du—2>l.
1

t

Therefore every solution of (20) is oscillatory.

4. Iterative results. In this section, we advance the results given in the previous section by
using a recursive method.

ISSN 1562-3076. Heaninitini koausarnna, 2012, m. 15, N2 1



74 T. CANDAN, B.KARPUZ, 0. OCALAN

To this end, we need to introduce

1 n =0,

)

t
Hy(t) = R(t)H,_1(t — p) + / / Q(u, Q) Hp—1(pp — ¢ +0)dCdu, n €N
t—o !

Lemma 4.1. Assume that assumptions of Lemma 3.1 hold. Then, for any n € N, z is an
eventually positive solution of the inequality

o' (t) + /H(t, C)ZHk(t —Qz(t—¢)d¢ <0 for t>t. (21)
o k=0

Proof. From Lemma 3.1, we see that there exists a ¢; > to such that z(¢) > z(¢) > 0 and
Z'(t) < 0 hold for all ¢ > ¢;. We claim that there exists an increasing divergent sequence of
reals {£,}5°, C [t1,00) satisfying

2(t) > Hi(t) 2(1) (22)
k=0

forallt > &, and n € N. We use mathematical induction. For n = 1, we see from (6) that

£(t) > 2(t) + R(t)=(t — p) + / / QUus )z — ¢ + o) dC dp >

t—o T

Y

S URY W ITRSE M EUES SUACRE

t—o 11

forallt > & > t; + p2. Now suppose that (22) holds for some n. Then we have

£(t) = 2(t) + R(t)x(t — p) + / / Qs Qe — ¢ + o) dC >

t—o 11

> 2(t) + R(t) ) Hi(t = p)=(t — p)+
k=0

t T n
[ [ QO Hali ¢+ 0)ala— ¢ + o) dsC =
k=0

n t T2 n n+1
> (14RO Y - o)+ [ [ QuOS Huln = ¢+ o)dCdn |20 =3 Hult)=(o),
k=0 k=0 k=0

t—o 11
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forallt > &,41 > &, + p2, which shows that the claim is also true for (n + 1). Substituting (22)
into (7), we see that z is an eventually positive solution of (21).

Lemma 4.1 is proved.

The last main result of the paper is the following.

Theorem 4.1. Assume that assumptions of Lemma 3.1 hold and there exists ng € N such that
T2 no
+[HEOY Bt - Oalt=Qdc <0 for ¢ 24
k=0

has no eventually positive solutions. Then every solution of (1) is oscillatory.

Proof. Proof is trivial and is omitted.
As an immediate consequence of Theorem 4.1, we have the following corollary.

Corollary 4.1. Assume that there exists ng € N satisfying

hmlnf//H,u(ZHk,u CdCdu>f

t—711 T1
or
00 T2 T T
| [ Hoc ZHk# Q) d¢n //Hu Hy(A— Q) dCdA p dps = oo,
to T1 no T
t+711 T2

no
H(u, C)Zﬂk(ﬂ_ ¢)dCdu > 0 for all large t.
t 7 k=0
Then all solutions of (1) are oscillatory.
As an application of Corollary 4.1, we present two simple examples below.

Example 4.1. Consider the following neutral differential equation with distributed delays:

x(t)—zx(t—1)]/+/2[<1+g) x(t—()—éx(t—(’—i—l) dC=0 for t>5 (23)
1

For this equation R(t) = 3/8,p = 1, P(t,s) = 1/t +1/8,Q(t,s) = 1/8,0 = 1,77 = 1 and
75 = 2. Then we have

H(t,s) =

Ly
t

1
and H,(t) = o0 for n e N,

-

and so
L(n) = 1li f d dp =11 L L
1m1n Cdu = “5eim ) 30
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Note that L(0) < 1/e, while L(1) > 1/e. Hence every solution of (23) is oscillatory by
Corollary 4.2.

Example 4.2. Consider the following neutral differential equation:

2

13 ' 11 1

— — — 4 — — - — — = > 5.

x(t) 16x(t 1)] —I—/ [(t —|—2> z(t— Q) 16x(t C—I—l)] d¢ =0 for t>5. (24)
1

For this equation R(t) = 13/16, p = 1, P(t,s) = 1/t + 1/16, Q(t,s) = 1/16,0 = 1,1 = 1

and 75 = 2. Then we have

7

Ht,s) = > and  Hy(t) — (> for neN,

16 8

and so

t 2 1 7 n 7 k 7 (n+1) 7
Lin) == 1itrg(i>gf//<u i 16) 3 (8) ac dys = (1 _ (8) ) .
11 k=0

e —

One can check that L(n) < 1/eforn = 0,1,...,12, while L(13) > 1/e. Hence every solution
of (24) is oscillatory by Corollary 4.1.
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