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In this paper, we establish sufficient conditions for the existence of solutions for a class of boundary value
problem for fractional differential inclusions involving the Riemann-Liouville fractional derivative. The
cases of both convex and nonconvex valued right-hand side are considered. The topological structure of
the set of solutions is also examined.

Ompumano 00CMAamHi yMO8U ICHY8AHHA PO36’A3KI6 044 KAACY 2PAHUYHUX 3a0a4 04a OugepeHyians-
HUX 8KAHOHEHb 3 NOXIOHOK 0p0608020 NOPAOKY, 8KAOUaAI0UU Op0608Y noxiOHY Pimana—Jliysinasa. Pos-
AAHYMO BUNAOKU ONYKAOL MA HeONYKAOL npasoi wacmuru. TaKox U84eHO MONOAOIUHY CIPYKIYDY
MHONMCUHU PO3B’A3KIB.

1. Introduction. This paper deals with the existence of solutions for the boundary-value problem
(BVP for short) for fractional order differential inclusions of the form

D%(t) € F(t,y(t)), forae teJ, 1<a<2 (1)

y(0) =0, y(T)=0, )

where D® is the Riemann — Liouville fractional derivative, F' : J x R — P(R) is a multivalued
map, P(R) is the family of all nonempty subsets of R, and J = [0, 7. Differential equations
of fractional order have recently been proved to be valuable tools in the modeling of many
phenomena in various fields of science and engineering. Indeed, we can find numerous appli-
cations in viscoelasticity, electrochemistry, control, porous media, electromagnetic. A significant
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development in fractional differential and partial differential equations has appeared in recent
years; we refer to the monographs by Kilbas et al. [15], Podlubny [17], Samko et al. [18] and the
papers by Agarwal et al. [1], Benchohra and Hamani [2], Furati and Tatar [9], and Ouahab [16],
and the references therein. In [3], the authors studied the existence and uniqueness of solutions
of classes of initial value problems for functional differential equations with infinite delay and
fractional order. The aim of this work is the study of a BVP for differential inclusion with a
Riemann - Liouville fractional derivative.

This paper is organized as follows. In Section 2, we introduce some preliminary results
needed in the subsequent sections. In Section 3, using the nonlinear alternative of Leray and
Schauder, we present an existence result for problem (1), (2) when the right-hand side is convex-
valued. In Section 4, two results, for the case of nonconvex-valued right-hand side, are given.
The first one is based upon a fixed point theorem for contraction multivalued maps due to Co-
vitz and Nadler while the second one employs the nonlinear alternative of Leray and Schauder
for single-valued maps [11], combined with a selection theorem due to Bressan-Colombo
[4] for lower semicontinuous multivalued maps with decomposable values. The topological
structure of the solutions set is also considered in Section 5. These results extend to the multi-
valued case some results from the above cited literature, and constitute a contribution to this
emerging field of research.

2. Preliminaries. In this section, we introduce notations, definitions, and preliminary facts
that will be used in the remainder of this paper. Let C'(J,R) be the Banach space of all conti-
nuous functions from J into R with the norm

[Ylloe = sup{ly(t)] : 0 <t < T7,

and let L!(J, R) denote the Banach space of functions y : J — R that are Lebesgue integrable
with norm

T
Iyl = / o
0

AC(J,R) is the space of functions y : J — R, which are absolutely continuous. Given a
topological vector space X, let P(X) be the set of all nonempty subsets of X. Denote by
Py(X) = {Y € P(X) : Y closed}, B(X) = {Y € P(X) : Y bounded}, P,(X) =
={Y € P(X) : Y compact}, P (X) = {Y € P(X) : Y compact and convex}, Py c,(X) =
= {Y € P(X) : Y closed and convex} and so on. A multivalued map G : X — P(X) is
convex (closed) valued if G(x) is convex (closed) for all x € X. G is bounded on bounded
sets if G(A) = UgyecaG(z) is bounded in X for all A € Py(X), i.e. sup,ca{sup{ly| : y €
€ G(x)}} < oo. G is called upper semicontinuous (u.s.c.) on X if for each zy € X, the set
G(z0) is a nonempty closed subset of X, and for each open set N of X containing G(zy), there
exists an open neighborhood Ny of xy such that G(Ng) C N, Equivalently, G is u.s.c. if the set
{r € X : G(x) C B} is open for any open set B in X. G is lower semicontinuous (Ls.c.) if
the set {x € X : G(x) N B # @} is open for any open set B in X. G is said to be completely
continuous if G(A) is relatively compact for every A € PFy(X). If the multivalued map G is
completely continuous with nonempty compact values, then G is u.s.c. if and only if G has a
closed graph, i.e., (z, — =4, Yn — Y, Yn € G(z,) imply y. € G(z)). G has a fixed point
if there is x € X such that z € G(z). The fixed point set of the multivalued operator G will
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BOUNDARY-VALUE PROBLEMS OF DIFFERENTIAL INCLUSIONS... 9

be denoted by Fiz G. A multivalued map G : J — P, (R) is said to be measurable provided
for every open U C R, theset {t € J, G(t) C U} is Lebesgue measurable in J. We have the
following lemma.

Lemma 2.1 (see [5, 10]). G is measurable if and only if for each x € R, the function ( :
J — [0,400) defined by ((t) = dist(z,G(t)) = inf{||lx —y||, v € G(t)}, ¢ € Jis Lebesgue
measurable.

The following lemma is known as the Kuratowski— Ryll - Nardzewski selection theorem.

Lemma 2.2 (see [10], Theorem 19.7 or [5], Theorem 111.6). Let E be a separable metric
space and G : [a,b] — P(E) a measurable multivalued map with closed values. Then G has a
measurable selection.

The following one is taken from [20], Lemma 3.2.

Lemma 2.3. Let G : [0,0] — P(FE) be a measurable multifunction and v : [0,b] — E a
measurable function. Then, for any measurable v : [0,b] — (0, +00), there exists a measurable
selection g, of G such that, for a.e. t € [0,1],

u(t) = go()] < d(u(t), G(t)) + v(t).

Definition 2.1. A multivalued map F : J x R — P(R) is said to be Carathéodory if

(a) the map t — F'(t,u) is measurable for each u € R;

(b) the map u — F(t,u) is upper semicontinuous for a.e. t € J;

(¢) it is L' —Carathéodory if it is further integrably bounded, i.e., there exists h € L'(J,R*)
such that

|E(t,x)||lp < h(t) for ae teJ and all x € R,
where | F(t,u)||p = sup{|v| : v € F(t,u)}.
For each y € C(J,R), define the set of selections of F' by

Spy = {v e LYJ,R) : v(t) € F(t,yt)), ae teJ}

Remark 2.1. From ([19], Theorem 5.10), we know that Sp,, is nonempty if and only if the
mapping t — {inf|jv| : v € F(t,y(t)} belongs to L'(J). It is bounded if and only if the
mapping t — ||F(t,y(t)|p = {sup|lv|]| : v € F(t,y(t)} belongs to L'(.J); this particularly
holds true when F' is integrably bounded.

Let (X, d) be a metric space. Define the Hausdorff pseudometric distance Hy : P(X) x
XP(X) — Ry U {0} by

Hy(A, B) = max{supd(a, B),supd(A,d)},
a€A beB

where d(A,b) = inf,cad(a,b) and d(a, B) = infycpd(a,b). Then (P, 4(X), Hy) is a metric
space and (P (X), Hy) is a generalized metric space (see [14]).

Definition 2.2. A multivalued operator N : X — P, (X) is called
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10 M. BENCHOHRA, S. DJEBALI, S. HAMANI

(a) v-Lipschitz if there exists v > 0 such that
Hq(N(z),N(y)) < vd(z,y), for each x,y € X,

(b) a contraction if it is y-Lipschitz with 0 < v < 1.
The following result is known as the Covitz—Nadler fixed point theorem.

Lemma 2.4 [6]. Let (X, d) be a complete metric space. I[f N : X — P,(X) is a contraction,
then Fix N # O.

For more details about multivalued maps, we refer to the books by Deimling [7], Gornie-
wicz [10], and Kisielewicz [14]. We end this section with the definitions of fractional order
integral and derivative (see [15, 17]).

Definition 2.3. The fractional (arbitrary) order integral of a function h € L'([a,b],R") of
order o > 0 is defined by
t
ISh(t) = (1 / )*~'h(s)ds,

where v is the Gamma function. When a = 0, we write I*h(t) = h(t) % @q(t), where po(t) =
a—1

= Y@ fort > 0 and po(t) = 0 fort < 0. Note p, behaves as the Delta function when

a — 0. Indeed, it is shown (see e.g. (2.89) in [17], p. 65) that lim,_,o I*h(t) = h(t) whenever h

IS continuous.

Definition 2.4. For a function h defined on the interval [a, b], the o — th Riemann— Liouville
fractional-order derivative of h is given by

oz - (4) / (t — 5" h(s) ds,

a

where n = o] + 1 and [«] denotes the integer part of a.

3. The convex case. In this section, we are concerned with the existence of solutions to
problem (1), (2) when the right-hand side takes convex, compact values. Let us start by defining
what we mean by a solution of problem (1), (2).

Definition 3.1. A function y € AC(J,R) is said to be a solution of problem (1), (2), if there
exists a function v € L'(J,R) with v(t) € F(t,y(t)), for a.e. t € J, such that
D%%(t) =v(t), ae telJ, 1<a<2

and the function y satisfies the conditions (2).
For the existence of solutions for problem (1), (2), we need an auxiliary lemma:

Lemma 3.1 [15]. Let a > 0. If we assume h € C((0,T),R)(L((0,T'),R), then the fractional
differential equation

D°h(t) = 0
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BOUNDARY-VALUE PROBLEMS OF DIFFERENTIAL INCLUSIONS... 11
has solutions

h(t) = it P eat® 2+ ept®™, for ¢ €R, i=12,...,n

Lemma 3.2 [15]. Assume h € C((0,7),R)(L((0,T),R) with a fractional derivative of order
a > 0. Then

I®DOh(t) = h(t) + cit® 1+ et 2 4+ .. et ™"
for some constants ¢;, i = 1,2,...,n.

As a consequence of Lemmas 3.1 and 3.2, we have the following result which provides the
integral formulation for problem (1), (2).

Lemma33. Letl < a < 2andleto : J — R be continuous. A function y is a solution of
the fractional integral equation

T
- [ Gtesats)ds 3)
0
where
(t _ S)afl tafl(T o 3)a72
— , 0<s <,
v(a) (= 1)T*2y(a — 1)
G(t,s) = 4)
ta—l(T _ S)a—Q
_ <
(@— DT 2 (a—1) tss<T
if and only if y is a solution of the fractional BV P
D%y(t) = a(t), teJ, 5)
y(0) =0, ¥ (T)=0. (6)

Proof. Assume that y satisfies (5); then Lemma 3.2 implies that
. t
y(t) = it ! + et 4 —( / )* Lo (s)ds.
0

From (6), a simple calculation yields ¢, = 0 and

o(s)ds,

Ccl =

T
(oz—l)Ta 2v(a—1) /
0
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12 M. BENCHOHRA, S. DJEBALI, S. HAMANI

whence equation (3). Conversely, it is clear that if y satisfies equation (3), then by Lemmas 3.2,
3.3, equations (5), (6) hold.

Remark 3.1. The functiont € J — fOT |G(t, s)|ds is continuous on [0, 7], hence bounded.

Let

T
G* = sup /]G(t,s)\ds, teld
0

Our first existence result is based on the nonlinear alternative of Leray — Schauder type for
multivalued maps [10, 11] which we recall for the reader’s convenience:

Lemma 34. Let (X,| - ||) be a Banach space and F: X — Py (X) a compact, u.s.c.
multivalued map. Then either one of the following conditions hold:
(a) F has at least one fixed point,

(b) theset M := {z € X, x € AF(z), X € (0,1)} is unbounded.
We have the following theorem.

Theorem 3.1. Assume the following hypotheses hold:

(H1) F : J x R — Pep cv(R) is a Carathéodory multivalued map.

(Hz) There existp € L>®(J,R) and 1 : [0,00) — (0, 00) continuous and nondecreasing such
that

|E(t,u)|lp < pt)Y(Jul) for te€J and each u € R.
(Hs) There exists a constant M > 0 such that

M

yGin 7

where
p" = lpllze.
Then problem (1), (2) has at least one solution on J.

Proof. In order to transform problem (1), (2) into a fixed point problem, consider the multi-
valued operator N : C(J,R) — P(C(J,R)) defined by

T
N(y) = ¢h e C(J,R) : h(t) = /G(t, s)v(s)ds, v € Sky
0

where the Green function G(¢, s) is given by (4). Clearly, from Lemma 3.3, the fixed points of
N are solutions of (1) —(3). We shall show that N satisfies the assumptions of Lemma 3.4. The
proof will be given in four steps. First, since Sg,, is convex (because F' has convex values), then
N(y) is convex for each y € C(J,R).
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BOUNDARY-VALUE PROBLEMS OF DIFFERENTIAL INCLUSIONS... 13

Step 1: N maps bounded sets into bounded sets in C(J,R). Let B,» = {y € C(J,R) :
lyllo < n*} be a bounded set in C(J,R) and y € B,-. Then, for each h € N(y) andt € J,
there exists v € S, such that, by (H2) we have

T
/ (t,8)|v(s))|ds < p* G ([[ylloo)-
0
Thus
|hlloo < p*G*(n®).

Step 2: N maps bounded sets into equicontinuous sets of C(J,R). Let ti,ty € J, t; < ta, By
be a bounded set of C'(J,R), y € By« and h € N(y). Asin Step 1, we have

T
|h(t2) / (t2,s) — G(t1,s)][v(s)|ds + p™(n™) sup /G ta,5) — G(t1,s)| ds.
0

As t; —> t9, the right-hand side of the above inequality tends to zero. As a consequence of
Steps 1, 2 together with the Arzéla— Ascoli theorem, we conclude that N is completely conti-
nuous.

Step 3: N has a closed graph. Let y, — vy, hn, € N(y,) and h,, — h.. We need to show that
h« € N(ys). hn € N(yn) means that there exists v, € Sp,, such that, for each ¢t € J,

T
/Gtsvn ds.
0

We must show that there exists v, € Sg,, such that, for each ¢ € J,

T
/Gtsv*
0

Since F(t, -) is upper semicontinuous, for every ¢ > 0, there exists ng(e) > 0 such that for every
n > ng, we have

vn(t) € F(t,yn(t)) C F(t,y«(t)) +eB(0,1), ae. te .
Since F'(-,-) has compact values, there exists a subsequence v, (-) such that
Un,, (1) = vi(+), as m — oo

and then
ve(t) € F(t,y«(t)), ae teJ

ISSN 1562-3076. Heninitini koausarnns, 2011, m. 14, N> 1



14 M. BENCHOHRA, S. DJEBALI, S. HAMANI

Since
T T
ha(t) —/G(t,s)v*(s)ds < ha(t) = b (D] + | /G (1, 5)v. (s)ds| <
0 0
T
< |ha(t) = by, ()] + /G (t, 9)|vn,, (5) — v(s)| ds|,
0

our claim follows from the Lebesgue dominated convergence theorem.

Step 4: A priori bounds on solutions. Let y be such that y € AN(y) for A € [0,1]. Then,
there exists v € Sk, such that, for eacht € J,

T
< /G(tv $)p(s)e(ly(s))ds < p*G*([[yloo)-
0

Thus
[yl
— = < 1.
P*G*Y([|yll)

Condition (7) implies that ||y||~ # M. Given
U= {y € C(J7]R) : HyHOO < M}7

there is no y € AU such thaty € AN(y) for some A € (0,1). Moreover, the operator N : U —
— P(C(J,R)) is upper semicontinuous and completely continuous. Therefore, with Lemma 3.4,
we deduce that N has a fixed point y in U, a solution of problem (1), (2).

Theorem 3.1 is proved.

4. The nonconvex case. In this section, two existence results for problem (1), (2) are given
when the right-hand side takes nonconvex values.

4.1. A first result.

Theorem 4.1. Assume that
(Ha) F : J x R — Pg,(R) is integrably bounded and F(-,u) : J — Pey(R) is measurable
foreach u € R.
(Hs) There exists | € L*(J,R) such that d(0, F(t,0)) < [(t),a.e.t € J and
Hy(F(t,u), F(t,w)) < l(t)|lu—1u| for every wu,u € R.
If further
=G < 1, ®)

then problem (1), (2) has at least one solution on J.
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Proof. For each y € C(J,R), the set Sg, is nonempty by (#4) (see Remark 2.1). By
Lemma 2.2, F' has a measurable selection. We shall show that N satisfies the assumptions of
Lemma 2.4. The proof will be given in two steps.

Step 1: N(y) € P,(C(J,R)) foreach y € C(J,R). Indeed, let (y,)n>0 € N(y) be such that
yn — yin C(J,R). Then, y € C(J,R) and there exists v, € S, such that, for eacht € J,

T
/Gtsvn ds. 9)
0

By Assumption (#,4), the sequence v, is integrably bounded. Moreover F' has compact values.
Then by the Dunford-Pettis theorem (see [13], Proposition 4.2.1), we may pass to a subsequence,
if necessary, to get that (v,,),en converges weakly to v in LL (J,R) (the space endowed with the
weak topology). Define the linear operator

v : LYJ,R) — C(J,R)
by (yv)( fo s)ds. The Ascoli— Arzéla lemma implies that «y is completely conti-

nuous. As a consequence (vn)neN admits a subsequence (vy, )ren such that y(vy,, ) converges
strongly to y(v) in C(J,R). Passing to the limit in (9) with n = ny, as & — +oo, yields that, for

eacht € J
T
= /G(t,s)v(s)ds,
0

hence y € N(y) and N (y) is closed.
Step 2: There exists v < 1 such that

Ha(N(y), N(@)) < lly —Yllo, for each y,y € C(J,R).

Lety,y € C(J,R) and hy € N(y). Then, there exists v; € Sg, such that for eacht € J,

T
/Gtsvl s, ae. te.Jd
0

From (#5), we deduce

Ha(F(t,y(t)), F(t,5(t)) < 1(H)]y(t) —y(t)]-

Hence, there exists w € F(¢,y(t)) such that

fon(t) — wl < 1OlyE) — @), ¢ e .

Consider the multivalued map U : J — P(R) defined by
U(t) = {w e R : |oi(t) —w| < U(#)[y(t) —g(H)[} == Bui(t), (1)),
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where v(t) = (t)|y(t) — y(t)|. Assumptions (H4) and (Hs5) imply that the multimap ¢ —
— F'(t,y(t)) is measurable. Since v; and 7 are measurable, Theorem I11.4.1 in [5] tells us that
the closed ball B is measurable. Moreover, the set V(t) = U(t) N F(t,y(t)) is nonempty. Indeed,
taking the measurable function v = 0 in Lemma 2.3, we obtain a measurable selection u of
F(t,y(t)) such that

u(t) = vi(®)] < d(vr (1), F(t,5(t) < (1)

Then v € U(t), hence u € V(t), proving our claim. Finally, since the multivalued operator V'
defined by V(¢) = U(t) N F(t,y(t)) is measurable (see [5, 10]), there exists, by Lemma 2.2, a
function which is a measurable selection for V. So vy(t) € F(t,7(t)), and for each t € J,

v (t) — w2 ()] < UL [y(t) —H(L)].

Let us define for a.e. t € J,
T
ha(t) = /G(t, s)va(s) ds.
0
Then, forae.t € J

i (t) = ha()] < GEllUllzelly = Tlloo < LGy = Ylloo-

Hence
1h1 = h2llee < [lU[2eeG™ |y — Yl oo

By an analogous relation, obtained by interchanging the roles of y and 7, we get

Ha(N(y), N(@)) < UGy = Ylloo-

Finally, condition (8) implies that N is a contraction and thus, by Lemma 2.4, N has a fixed
point y, solution to problem (1), (2).
Theorem 4.1 is proved.

4.2. A second result. Now, we present a result for problem (1), (2) in the spirit of the
nonlinear alternative of Leray— Schauder type [11] for single-valued maps, combined with a
selection theorem due to Bressan—Colombo [4] for lower semicontinuous multivalued maps
with decomposable values. Details on multivalued maps with decomposable values and their
properties can be found in the book by Fryszkowski [8]. Let A be a subset of J x R.

Definition 4.1. (a) A is called L ® B measurable if A belongs to the o-algebra generated by all
sets of the form I x D where I is Lebesgue measurable in J and D is Borel measurable in R.

(b) A subset A C L'(J,R) is decomposable if for all u,v € A and for every Lebesgue
measurable set I C J,ux; +vx 1 € A, where x stands for the characteristic function.

Let F : J x R — P(R) be a multivalued map with nonempty closed values. Assign to F'
the multivalued operator F : C(J,R) — P(L'(J,R)) defined by F(y) = Sp, and let F(t,y) =
= Spy(t),t € J,y € C(J,R). The operator F is called the Nemyts’kii operator associated to F.

ISSN 1562-3076. Heninitini koausarnns, 2011, m. 14, N> 1



BOUNDARY-VALUE PROBLEMS OF DIFFERENTIAL INCLUSIONS... 17

Definition 4.2. Let F : J x R — P(R) be a multivalued function with nonempty compact
values. We say that F' is of lower semicontinuous type (Ls.c. type) if its associated Nemyts’kii
operator F is lower semicontinuous and has nonempty closed and decomposable values.

Lemma 4.1 [4]. Let X be a separable metric space and let E be a Banach space. Then every
Ls.c. multivalued operator N : X — Py(L([0,T], E)) with nonempty closed decomposable
values has a continuous selection, i.e. there exists a continuous single-valued function f : X —
— LY(J,E) such that f(x) € N(z) for every x € X.

Let us introduce the following hypotheses:

(He) F : [0,T] x R — P(R) is a nonempty compact-valued multivalued map such that:

(a) the map (¢t,u) — F(t,u) is L ® B measurable;

(b) the map y — F'(t,y) is lower semicontinuous for a.e. t € [0, 7.

(H7) F is locally integrably bounded, i.e., for each ¢ > 0, there exists a function h, €
€ LY([0,T],RT) such that

|F(t,u)|lp < hg(t), for ae. te[0,7] and for y € R with |u| <gq.

The following lemma is crucial in the proof of our main existence theorem. The second one
is the classical Nonlinear Alternative of Leray and Schauder for single-valued mappings.

Lemma 4.2 [7]. Let F : [0,T] x R — P(R) be a multivalued map with nonempty, compact
values. Assume that (He) and (Hr) hold. Then F is of Ls.c. type.

Lemma 4.3 [11]. Let X be a Banach space and C C X a nonempty bounded, closed, convex
subset. Assume U is an open subset of C with 0 € U and let G : U — C be a a continuous
compact map. Then

(a) either there is a point u € OU and X € (0,1) with u = \G(u),

(b) or G has a fixed point in U.

Theorem 4.2. Suppose that Assumptions (Hz), (Hs), (He), (Hr7) are satisfied. Then problem
(1), (2) has at least one solution.

Proof. (Hs) and (H7) together with Lemma 4.2 imply that F' is of lower semi-continuous
type. Then, from Theorem 4.1, there exists a continuous function f : C([0,7],R) — L'([0,T],R)
such that f(y) € F(y) forally € C([0,T],R). Consider the problem

‘D%(t) = f(y)(t), forae. teJ, 1<a<2 (10)

y(0) =0, y(T) =0 (11)

If y € AC([0,T],R) is a solution of problem (10), (11), then y is a solution to problem (1), (2).
Problem (10), (11) is then reformulated as a fixed point problem for the single-valued operator
Ny : C([0,T],R) — C([0,T],R) defined by

T
Ny (9)(t) = / G(t,s) f(y)(s) ds,
0
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where the functions G is given by (4). Using (#2), (#H3), we can easily show (using similar
argument as in Theorem 3.1) that the operator N; satisfies all conditions of Lemma 4.3, which
completes the proof of Theorem 4.2.

5. Topological structure. In this section, we present a result on the topological structure of
the set of solutions of problem (1), (2).

Theorem 5.1. Assume that (H1)— (Hs) hold. Then the solution set for problem (1), (2) is
nonempty and compact in C(J,R).

Proof. Let
S ={y € C(J,R) : yis solution of problem (1),(2)}.

From Theorem 3.1, S # &; thus we only prove that S is a compact set. Let (y,)nen € S, then
there exists v,, € Sy, such thatfort € J

T
gMﬂ:/G@@%@@,
0

where the function G(¢, s) is given by (4). From (H2), we can prove that there exists a constant
M > 0 such that

lynlle < My, for every n > 1.

As in Step 2 in Theorem 3.1, we can easily show that the set {y,, : n > 1} is equicontinuous
in C(J,R). By the Arzéla— Ascoli theorem we can conclude that there exists a subsequence of
{yn} and still denoted again by {y, }, such that y,, converges to some limit y in C'(.J,R). We shall
show that there exists v(-) € F(-,y(-)) such that

T
mﬂ:/cmgm@w
0

Since F'(t,.) is upper semicontinuous, then for every ¢ > 0, there exists ng(¢) > 0 such that for
every n > ng, we have

vn(t) € F(t,yn(t)) C F(t,y(t)) +eB(0,1), ae. teJ
Since F(.,.) has compact values, there exists subsequence vy, (.) such that
Un,, () = v(.), as m — oo

and
v(t) € F(t,y(t)), ae te.

Moreover
[0 (8)] < p(1), ae. €.
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By the Lebesgue dominated convergence theorem, we conclude that v € L'(.J,R) which impli-
esthatv € Sp,. Thus

T
y(t) = /G(t, s)v(s)ds, t e J,
0

thatisy € S. Hence S € P, (C(J,R)), as claimed.

6. An example. As an application of our results, consider the fractional differential inclusion

D%y(t) € F(t,y), ae. teJ=1[01, 1<a<2 (12)

y(0) =0, ¥'(1) =0, (13)

where F'(t,y) = {v e R: fi(t,y) <v < fa(t,y)} and f1, fo - J xR — R are two single-valued
functions. Assume that for each ¢ € J, the function f;(¢, -) is lower semicontinuous (i.e., the set
{y € R: fi(t,y) > u} is open for each u € R), and that for each ¢ € J, the function f>(t, )
is upper semicontinuous (i.e., the set {y € R : fo(t,y) < p} is open for each p € R). Assume
further that there are p € L(J,R*) and ¢ : [0,00) — (0, 00) continuous and nondecreasing
such that

max(|f1(t, y)|; [f2(t,9)]) < p@)¢(|yl), teJ and yeR.

From (4), the Green function G is given by

(t _ S)ozfl tafl(l _ S)a72

Y@ la—Dnla—1) 2S5t
G(t,s) =
_ (1 - 5)* 7 s
(o —1)y(a—1) t<s<1

Then, simple computations show that

1
@ | @-D2a—1)

1
G* = sup /!G(t,s)\ds :te 0,1 p =
0

It is clear that F'is compact and convex valued, and it is upper semicontinuous (see [7]). If there

exists a constant M/ > 0 such that
M

— > 1

then all the conditions of Theorem 3.1 are met. As a consequence, BVP (12), (13) has at least
one solution y on J.
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