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For generation of oscillations of millimeter and submillimeter wave lengths can be used "whispering gallery"
modes excited in a dielectric resonator by an azimuthally-modulated electron beam. The mathematical model of
excitation of these modes is constructed. The dispersion equation for determination of eigen frequencies of "whispering
gallery" modes is obtained, eigen waves and their norms are found. Using them, the integro-differential equations for

eigen wave amplitudes are derived.
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1. INTRODUCTION

A development of sources of electromagnetic
radiation of a millimeter and submillimeter range of
wavelength and, especially, a range above 1 THz is a
perspective and actively investigated direction. Now a
generating of oscillation of millimeter wavelength range
is provided with classical sources: magnetrons, klystrons
and back wave oscillator. However a level of radiation
power of these sources with moving towards
submillimeter wavelengths dramatically decreases [1,2].

A possibility of obtaining of powerful terahertz
radiation because of classical mechanisms transition and
Cherenkov radiations actively develops. It becames
possible due to considerable progress in obtaining short
(some tens micron and more low) high current (with a
charge to several tens nC) relativistic electron bunches.
Recently [3] it has experimentally been shown that high
levels of electromagnetic fields of the THz frequency
range it is possible to reach in a dielectric waveguide,
because of Cherenkov radiation of a powerful electron
bunch. Dielectric structures are necessary for obtaining of
such radiation with the cross-section sizes of an order of
hundreds micrometers.

As the alternative of obtaining of high frequency
radiation in paper [4] it is proposed to use the cylindrical
dielectric resonator excited by the modulated relativistic
electron bunch. The electron bunch excites high numbers
of "whispering gallery" mode with frequencies of several
tens of GHz. Thus structures with the millimeter and
submillimeter dimensions are not required.

The mathematical model of excitation of "whispering
gallery" modes by the azimuthally-modulated electron
bunch is constructed in the present work.

2. EXCITATION EQUATIONS

The investigated dielectric structure is the metal
resonator on which axis the dielectric rode is placed. The
cross-section of the dielectric resonator is shown in
figure. Resonator radius is b, its length is L, radius of a
dielectric rode is a, its dielectric permittivity is €. The
resonator is excited by the multibeam consisting of the N
of cylindrical beams, located evenly spaced on an
azimuthal angle at distance R_ from a resonator axis.

Radius of each beam is r;.
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Cross section of dielectric structure excited by N
azimuthally located bunches. In this sketch are
shown only 4 bunches

Considering the geometry of the problem, a current of
a multibeam we will write down in the form:

N
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where q, is a macroparticle charge, r,, ¢,, z, and

p

v, are its coordinates and velocity, time-dependent, N is

number of bunches. Internal summation in eq. (1) is
carried over particles of the first (k=1) bunch which are in
resonator volume Vy .

For the theoretical description of excitation of
azimuthal modes with high number, "whispering gallery»
modes, we will start with the general theory of excitation
of resonators [5]. Its application to not monochromatic
excitation of the dielectric resonator by streams of the
charged particles is implemented in the paper [6].
According to [5] we will present required electric and a
magnetic field in form of the sums of solenoidal and
potential parts [6]:

E=E'+E!, H=H',
where E' and H' are solenoidal components of an
electromagnetic field, and E'is potential electric field.
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For solenoidal components of an electromagnetic
field we search in the form of decomposition on eigen
solenoidal fields of the empty dielectric resonator:

E'=Y A(DE,, H' =-i) B(DH,;, (2)

where E_, H, are eigen solenoidal fields of the resonator

without an excitation source (here, for brevity, the index s
replaces three indexes: n (radial), m (azimuthal) and /¢
(axial)). Then for amplitudes of fields A, and B, we

have the equations [6]:
d’A, dR,  d°B,
d dt~ d?
The quantity R, in the equations (3) makes sense a

+ 0l A, =— +0’B, = -0 R,.(3)

coupling resistancen of a beam with eigenn wave of
frequency ;. It is defined as:

1y
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4nb, = [ e[E[fdV = [ [H[dV. (5)
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Eigen frequencies o, are determined from the equation:
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D, (x,y) =dD,, (x,y)/dx , F,(x,y)=dF,(x,y)/dx,
T (x)=dl(x)/dx, Y, (x)=dY,,(x)/dx,

J,(x) and Y, (x) are Bessel and Veber function of mth-

order, axial index ¢=0,1..., azimuthal index
m=0,%1....
Having solved the Maxwell equations together with

boundary conditions, for solenoidal fields we obtain:

E, =e,n(r)cos(k,z)exp(img), e, (1) = e, (1),

E = e, (0)sin(k,z)exp(ime), e, (1) =¢,, (1),

E,, =ieyy, (r)sin(k,z) exp(img), e, _,(r)=—¢,, (1), o

Hg, = h,, (r)sin(k,z) exp(ime), h, (1) = —h,(r),

H,, = hyy, () cos(k,2) exp(im@), h, _, (1) =~y (1),

H, =ihg, (r)cos(k,z)exp(ime), h, . (r) =h, (1),
where the functions describing radial dependence of

electromagnetic fields, in partial areas [ (r<a) and II
(a<r<b)look like:

124

el — Jm (kLr)
- Jm(kia) ’

1k [Tk . m’k(e-1) I, (k1)
In(kia) rax’’k3DS T (k a) |

m 1(i
g __mk, {1 In(,n) | K(e-D) J'm(km}

™72 v, (ka) a’k, DS T, (ka)
o mk =) Ty (k)
zm 21,2 e ’

a’k Dy Ik a)

N
L, =K 2 D) | mike-D In(n | )
ak’k, D] J(k,a)

rl, (k a)

KZ

poo K| Tmin)  mPkik(e—1) 1, (k1)
k| Ja(ka)  rak’kiDS (ki) |
Il _Fm(Kf,Kb)

M F_(xa,kb)’

o __ K| Fy(erkb)  mkC(e=1) @y, (xr,kb)
o « | F,(ka,kb) rac’k’ DS, @, (xa,kb) |’

Com =~ 3

@ mk, { 1 F, (kr,kb)
K

s K(e—1) @ (kr,kb)
r F,(xa,xb) axk? D¢ @, (xa,kb) ’

9
i mk, k*(e—1) @, (kr,kb) ®

A’k DS, @, (ka,kb)
n _ mk| 1F, (xr,kb) N mk?k(s—l) CD;n(KI‘,Kb)
akk’ DS, @, (ka,kb) |

r F (xa,«b)

m
K2

om

g _k {F;n(m,xb) L mkik(e=1) (I)m(KI‘,Kb):|
K b

k| F, (xa,kb) ra’k} DS, @, (ka,kb)
k J'm(kLr) _E(I);Il(Ka,Kb)
k, J,(ka) k@ (xa,xb)

D —
where: D}, =

For record simplification everywhere in (7)-(9) indexes
n, ¢ are skipped.

Using found eigen functions (8) and (9), and also
expression for current density (1), for the quantity R,

after simple transformations, we obtain:

Rs = an/{ = RnN/,Sm,N + R;Nﬁam,—N ’ (10)
N
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From eq. (3) and eq. (10) follows that amplitudes of
fields A, and B satisfy to relations:

A =B 0, form=N

nm/ nm/ —

(12)
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Using the property (12) for a components of a solenoiddal
electromagnetic field we obtain the expressions:

E, =2 | Apnclea (r) cos(k,z) cos(Ng + oy, ),

n,/
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H; = ZZ(IBM I (r) sin(k,z) sin(N@ + By, ),
H{ =" By fhox (1) cos(k z) sin(Ng+B,x, ).
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The equations (3),(5),(6),(11),(13), together with
relativistic movement equations completely define self-
consistent dynamics of excitation of "whispering gallery"
modes by azimuthally modulated electron bunch at any
law of beam particle movement. In the case, when
transverse movement of beam particles is negligibly
small, the formula for the coupling of a beam with a wave
can be considerable simplified. Really, taking in the eq.
(11) vy =V, =0 and r,=const, ¢, =const, we

obtain:

N —iN
R =— 2 QpVpen(r)e " cosk,z (1) . (14)
N peVy

pe

In last formula we can make summation over transverse
distribution of particles. For this purpose it is necessary to
express radius of particle 1, through radius of the centre

of a separate bunch and its position relative to this centre
(see figure) and use the addition theorem of cylindrical
functions. Having made integration by transverse particle
positions for homogeneous distribution of particle density
we finally obtain:

_ 2NQ, Fy(xR_,kb)

nN/( —

(k1) D v, (Dcosk,zy(t)

Pyxr, Fy(xa,kb) <z,

(15)

where: Q, is a total charge of all macroparticles in a

plane which is perpendicular to the movement direction of
particles, and summation is carried out over all such
charged sheets, being in the resonator.

Potential electric field can be found at solving of the
Poisson equation by well-known electrostatic methods.
For example, it can be found by the method applied for
excitation of the multizone resonator by bunches [6]. This
field is localized in beam volume, and effect weeakly on a
dynamics of relativistic electron bunches. Therefore, in
the first approximation, we can neglect the numerical
calculations of the potential field.

1.CONCLUSIONS

The obtained self-consistent system of the excitation
equations of the dielectric resonator by electronic
multibeam allows to investigate process of growth of
electromagnetic fields, a spectrum of oscillations and
saturation power levels.
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MATEMATHYECKASI MOAEJIb BO3BYKAEHUS 3JIEKTPOHHBIM ITYYKOM MO/
"INENMYYIEA 'AJIEPEX" B IWJINHAPUYECKOM JUIJIEKTPUYECKOM PE3OHATOPE

K.B. I'anaiioviu, 10.®. J/lonun, A.I. Ilonomapés, 1O.B. Ilpoxonenxo, I.B. Comnukos

ITocTpoeHa Mmartemarnueckas MOJENb BO30OYXKIEHUS MOJA «uerndylneil ranepew». [loiaydeHo ancrepcnoHHOE
ypaBHEHHeE, OIpeesioniee COOCTBEHHbBIE YaCTOThI ATUX MOJI, HalIeHbl COOCTBEHHBIE BOJIHBI M MX HOPMBI. Mcromnb3ys
uX, TIOJIy4eHO UHTEeTpo-auddepeHnnansHoe ypaBHEHHE s aMIDIUTY] BO30Y>K1aeMbIX BOJH.

MATEMATI/I‘IHA M__OI{E.JIL 3BYIXKEHHS EJIEKTPOHHUM ITYYKOM MO/I
"IHENOYYYOI T'AJIEPEI" Y HUWJITHAPUIYHOMY AIEJEKTPUYHOMY PE3OHATOPI
K.B. I'anaiiouy, 10.®. Jlonin, A.I. Illonomapuwos, FO.B. Ilpoxonenxo, I'.B. Comnikoe

[ToOymoBaHa MaTeMaTH4YHA MOJIENb 30YIKSHHS MOJ «IIernouydoi rainepei». OTpuMaHo AuCIepCiiiHe PiBHAHHS, IO
BU3HAYa€ BJIACHI YacTOTH IIMX MOJ|, 3HAWJeHI BJIACHI XBWIi i IX HOpMH. BukopucroByroum iX, OTpuMaHe MHTErpo-
mudepeHniiHe piBHAHHS IS aMILTITY T 30y KYBaHUX XBHUIIb.
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