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We study a system of linear singularly perturbed functional differential equations by using the
method of integral manifolds. We construct a change of variables that decomposes this system
into two subsystems: ordinary differential equation on the center manifold and integral equati-
ons on the stable manifold.
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1. Let R™ be the n-dimensional Euclidean space, C = C[—A, 0] be the space of continuous
function x : [-A,0] — R". Let us denote by z; an element of the space C, which for any fixed
t is defined as the function z; = z(t +6),—A < 6 < 0.

We denote by 7p(f) an n x n matrix whose elements are functions of bounded variation;
ni(t,0),1 = 1,4, are matrixes of dimentions n x n, n X m, m X m, m X n, whose elements are
functions of bounded variation in 6 for each ¢ and continuous in ¢ uniformly with respect to 6.

Define linear functionals in terms of Stieltjes integrals,

0 0
Loy = /[CMO(@]‘P@% Li(t)p = /[dm(t, 0)]o(0), i=1,4,
(1
0
Li(t)p = /[dnj(t,e)]cp(ge), i—o3
—A
Consider the system of linear singularly perturbed functional differential equations
d
d—f = Loz + Li(t)xy + La(t)ye, z(0) = ¢(0), 0 € [—A,0],
)
d
el = Ly(®)ye+ LaWar, y(6) = v(0), 0 € [~=A,0)

where z € R",y € R™, e > 0is a small parameter.

Linear singularly perturbed systems of ordinary differential equations were considered in
papers [1, 2], and systems with delay were studied in [3—-6] and others. In this paper we will
consider application of the method of integral manifolds to study decomposition and stability
system (2).
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2. We give some results of the theory of functional-differential equations needed later [7, §].
Define the shift operator corresponding to the autonomous equation

dx

— =1L 3
at O ®)
by the relation 7'(t)¢ = x(y). The family {T'(¢),¢ > 0} is a strongly continuous semigroup,
infinitesimal generator A is given by

2—? A<O<0
Ap = 4)
LO(@)? 0=0

The spectrum of A is only a point spectrum and consists of roots of the characteristic equation

0

det | \E — / eM[dne(0)] | = 0. 5)
—A

There is only a finite number of roots of the equation (5) in any half plane Re A > ~.

Let A = {)\1,..., \;} denote the set of roots of equation (5) such that |[Re A\| < «, and let
all the other roots lie in the half plane Re A < —a. Denote the subspace in C associated A by
P and the subspace complementary to P by (). The subspace P is finite dimensional and its
dimension is equal to .

We give a constructive description of the subspaces P and (). Consider the equation adjoint
to (3),

Y~ [ @we-o. t<o ©)
A

Denote by & = &(0), —A < 0 < 0,abasis of P,and ¥ = ¥(0),0 < § < A, a basis of the
subspace of solutions of (6), P*, adjoint to P. For elements ¢ € C[ A, 0,9 € C[0,A], w
define the scalar product by

0o 0
(. ¢) = / / B(E — 0)dmo(0)p(€)de.
—A 0

It is known [7] that the [ x [ matrix (¥, ®) is nonsingular and we can take that (U, ®) = E. Let
B denote an [ x [ matrix such that A® = ®B. The set of eigenvalues of the matrix B coincides
with the set A.

The subspaces P and () are characterised now by the relation

P={peCl-A,0]: ¢v=2T,0)}, Q={pecC[-A0: (¥¢) =0}
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Every element x; € C can be represented in the form

zp =2l + 28 = du(t) + 2, ult) = (V,z) € R, 2z € Q. (7)
Define the matrices

0, —A<6<0, 0, —eA<06<0O,
Xo(6) = Yo(0) =
E, =0, E, 6=0,

and the shift operator V' (¢, o) for the equation

dy

— = La(t)y:. 8
=L = Lt (®)
For the projections X((#) into P and @, we have the relations

x5 =o0T0), X& = Xo— X = Xo—ov7(0).

Changing variables (7) in system (2) and using the variation of constant formula [8] we get
an equivalent system of differential and integral equations,

o = Bu(t) + 0 (O)[L1(0)(@ut) + =) + La(t)ud,
b = T(t— o)z + / T(t — $)XQ(L1 () (Puls) + 2) + La(s)ys]ds, ©)

= V(L o)y + é / V(L 5)YoLa(s)(®u(s) + 24)ds.

The integrals in (9), for each 6, are understood as the integral in the Euclidean spaces R"
and R™.

Suppose that all roots of the characteristic equation for (8),

0
det | A\E — / eMdns(t,0)] | =0,
-A

lie in the half plane Re A < —2u < 0.



348 M. O. PERESTYUK, I. M. CHEREVKO

This condition and the way the roots of equation (5) are partitioned give the following
estimates [7, 8]:

1Pt < Kpele A

9

T()p"| < KoeTotAP| ¢ <0,
(10)
T ()| < Kpe AR ¢ > 0,
V(t,0)¢| < Kzec@9¢|, t > o,
where K1, Ko, K3 > 0, > 8 > 0,0 € C[-A,0],¢ € C|—eA,0].

3. Definition. A set of points M C R x R' x Q x C[—¢A,0] is said to be an integral mani-
fold of system (9) if for each ¢ € (0,e9] and any point (to,uo, zt,,yt,) € M it follows that
(t,u(t), ze,yt) € M forallt > to, where (u(t), z¢, y:) is a solution of system (9) with initial values
(th UQ5 2ty yto)'

Theorem 1. Let estimates (10) hold and

Ligl < vlel, 1209l < vigl,  [La@gl < vigl, v > 0. (11)
Then for all sufficiently small <, v, system (9) has a central manifold represented in the form
a2 = Hy(O)u, yr = l(0)u,
where Hy(0) : R — Q, hy(0) : R' — C[—¢A, 0] are linear bounded operators.

It is not difficult to prove this theorem similarly to [4] using the iteration process

t
HO =0, H"' = [ Tt —8)XE[L1(s)(® + H™) + La(s)h™" U, (s, t)ds,
t t 0 s S

—00

¢
/ V(t,s)YoLa(s)(® + H})Up(s,t)ds, n =0,1,..,

— 00

hy =0, hith =

™ |

where U, (t, s) is the fundamental matrix of the equation

du
i B+ UT(0)(L1(t)(® + H) + La(t)h)]u(t).

Let us find differential equations for the functions Hy, h;. Introduce the following notati-
on: W is a set of continuously differentiable functions ¢ € C[—cA,0]; E; is a set of fuctions
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H, : Rt > C [—A,0], Es is a set of functions h; : Rl — C [—eA, 0] that are continuously
differentiable in ¢, . For ¢ € W, we define the operator

dy

—eA <0
20 eA <6 <0,

D(e)p = ,

Consider the following system for the functions H; € Fy, hy € FEo:

C?u + Hy[B + W7 (0)(Ly (£)(® + Hy) + Lo(t)hy)]u

= A(Hyu) + XQ[L1()(® + Hy) + Lo(DheJu, 6 € [-A,0],

(12)
%u + hy[B + UT(0) (L1 (t)(® + Hy) + Lo(t)hy)]u
— D(e)(huu) + é}/{)L4(t)(<I> +Hu, 6 € [—A,0],
where u(t) is a solution of the Cauchy problem
= 1B+ WO ()@ + H) + La()h)lu(t),
(13)
u(o) = uyp.

Theorem 2. The functions Hy, h, determine a central manifold of system (9) if and only if
H, € Ey, hy € Eo, and they satisfy system (12) forallt € R, ug € R

Proof. Let u(t) be a solution of the Cauchy problem (13). Then the functions z; = Hyu,
y+ = hyu are solutions of the second and third equations of system (9),

Huu(t) =T(t — o)Hyug + /T(t - S)X(?[Ll(S)((I) + Hy)

+ La(s)hslu(s)ds, 6 € [-A,0], (14)

hyu(t) =V (t,0)heug + i/V(t, $)YoL4(s)(® + Hs)u(s)ds, 0 € [—eA,0].

Differentiating the first equation of system (14) on the right with respect to ¢ at t = o for
fixed 6 € [—A, 0]. For the derivate of the left-hand side, we obtain

d 0H,

%wm@] = &uwﬂﬂw+wqm@NM®+Hﬁ+MQMM%. (15)

t=0
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Denote by X (¢) the fundamental matrix of solutions of equation (3) such that X (¢) = Xy(t),t €
[—A,0]. Let us now make use of the relation 7'(¢t) Xy = X (¢t + 6), —A < 6 < 0. We have that
the function T(t)Xg2 = T(t)[Xo — ®¥T(0)] is continuous for ¢ > 0. It follows that

o+t
lim © / T(t+ 0 — ) XQ[L1(5)(® + H,) + Lo(s)hyJu(s)ds

t—0 t
g

= XZ[L1(0)(® + H,) + La(0)houg. (16)

Then, by the definition of the operator T'(¢), for the right derivative of the first term in
right-hand side of the equation, we get

d

Z(T(t = 0)Hyuo)| = A(Hyuo). (17)

t=o
It follows from (15)—(17) that the functions Hyu, hyu satisfy the first equation of system (14)
fort = o,u = up and all # € [—A, 0]. Analogously, we proved that these functions satisfy the
second equation of system (14) for all § € [—cA, 0].

Conversely, let a pair of functions (Hy, h;) be a solution of system (12). We must prove that
the functions H,u, hsu satisfy the second and the third equations of system (9).

Consider the expression

Q = Hyu— T(t — o) Hyup — / T(t — $)XQUL1(s)(® + H,) + La(s)hyJu(s)ds.  (18)

If ¢ : [0,00) — C[—A,0] is a continuously differentiable function, then for¢t > 0,60 € [—-A, 0],
the following equality holds [9]:

o) =Tt~ 0)p(o) = [Tl =9) |5~ apls)] as. (19)

Using formula (19) with ¢(t) = H;u(t) we can write expression (18) in the form

Q- / T(t - 5) [CZ(HUu(s)) — A(H,u(s)

g

— XZ(L1(s)(® + Hy) + La(s)hs)u(s) | ds.

From the first equation of system (12), we have that 2 = 0. Thus, the functions H;u, hyu satisfy
the second equation of system (9). Similarly, it can be proved that these functions satisfy the
third equation of system (9). This completes the proof of the Theorem 2.
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4. Let us cange the variables in system (9),
ze =z — Hw, 4= ye — . (20)

Using the formulas

t

Hyu — T(t — o) Hyug = /T(t — 9 [d

I (Hsu(s)) — A(Hsu(s))} ds,

o

hew — V (£, 0)hotio = / Vit s) [js(hsu(s)) _ D(a)(hsu(s))] ds

g

and equation (12), we get the following system for the new variables,

% = [B + 9T(0)(L1(t)Hy + Lo(t)he)]u(t) + T (0)[L1(t) 2 + La(t)71),
Z=T(t—0)z, + /T(t — )[(XE — H, 0T (0))(L1(5)zs + La(s)7s)]ds, (21)

o

g = V(t,0)5s + % / V(t,5)[YoLa(s)zs — ehsUT(0)(L1(s)Zs + La(s)is)ds.

Theorem 3. Let estimates (10) and condition (11) of Theorem 1 hold. Then for all sufficiently
small €, v, system (21) has a stable manifold represented in the form
U(t) = G(ta zt, gt)7 (22)
where G : R x Q x C[—eA,0] — R'is a linear bounded operator.

To prove this statement we can follow the scheme of [10] used to prove the existence of
stable manifold for ordinary differential equations.
Consider the system of integral equations,

[e.e]

mwz—/wwmﬂwm@a+m@mw

5= T(t— o)z, + / T(t — $)[(XS — HaWT(0))(L1(5)Zs + La(s)7s)]ds, (23)

w:V@®%+i/VWMnm@%—mN%MM@%+M®%W&

g
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It is not difficult to establish the existence of solution of system (23) using the method of
successive approximations. Substituting ¢ = ¢ in (23), we obtain a representation of the integral
manifold

o0

w = G(0,%0,5) = — / U, )T (0)[L1(5)2:(0. %) + Lo()gu(0, o)lds,  (24)

where the functions z;(o, Z,), (0, ¥, ) satisty the second and the third equations of system (23).

Remark. For any solution (u(t), Z;,y;) of system (21) belonging to stable manifold (22)
there exist the constants M > 0,0 < § < « such that we have the estimate

()] + 1z + [5e] < Me (juo| + 26| + 19al), ¢ > 0. (25)
Changing variables in (21),
u=u—G(t,z, 7). (26)

We get the following system:

W = B+ WO L) He+ Laho)Ja),
5= T(t— o)z, + / T(t — $)[(X@ — HyUT (0))(L1(5)2 + La(s)7s)lds, 27)
0

t

g =V(t,0)ys + é / V(t, 5)[YoLa(s)zs — ehs U7 (0)(L1(s)2s + La(s)7s))ds.
0

System (27) consists of ordinary differential equation on a central manifold and integral
equations on a stable manifold. Relations between systems (9) and (27) are given by the follo-
wing:

u=1u+G({t,Z,0), 2z =72+ Hu, y =y + hu. (28)

The solution of system (21) on the stable manifold is governed by the functions (G(¢, z, 9+, Zt, Ut )
and, for this solution, inequality (25) holds. Then with transformation (28) we obtain a reducti-
on principle for system (9).

Theorem 4. Let estimates (10) and condition (11) hold. Then for all sufficiently small ¢, v,
system (9) by means of tansformation (28) reduces to the form (27). The zero solution of system
(9) is stable (asymptotically stable, unstable) if and only if stable (asymptotically stable, unstable)
is the zero solution of the system

du

o = B+ YTO)(La(t)He + Lo(t)he)]a(t) (29)

on the central manifold.
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Theorem 4 allows to reduce the study of stability of the initial singularly perturbed differential-
functional system (9) to an analysis of system of ordinary differential equations (29) which is
regular and has no lag in the argument.
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