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Àíàëèòè÷åñêèé ðàñ÷åò ïðî÷íîñòè ìíîãîñëîéíûõ áàëîê ñ ïðîäîëüíîé

òðåùèíîé ñ ó÷åòîì íåóïðóãîñòè ìàòåðèàëà

Â. È. Ðèçîâ

Ôàêóëüòåò òåõíè÷åñêîé ìåõàíèêè, Óíèâåðñèòåò àðõèòåêòóðû, ãðàæäàíñêîãî ñòðîèòåëüñòâà è

ãåîäåçèè, Ñîôèÿ, Áîëãàðèÿ

Â ðàìêàõ êëàññè÷åñêîé òåîðèè áàëîê íà îñíîâàíèè êðèòåðèÿ ñêîðîñòè âûñâîáîæäåíèÿ

ýíåðãèè äåôîðìàöèè âûïîëíåí àíàëèòè÷åñêèé ðàñ÷åò ïðî÷íîñòè ìíîãîñëîéíûõ áàëîê ñ ïðî-

äîëüíîé òðåùèíîé ñ ó÷åòîì íåóïðóãîñòè ìàòåðèàëà. Ïîëó÷åííûå ðàñ÷åòíûå ñîîòíîøåíèÿ

ïðèìåíèìû ê ìíîãîñëîéíûì áàëêàì ñî ñëîÿìè ðàçëè÷íîé òîëùèíû, íàïðÿæåííî-äåôîðìè-

ðîâàííîå ñîñòîÿíèå êàæäîãî èç êîòîðûõ ìîæåò îïèñûâàòüñÿ èíäèâèäóàëüíûì íåëèíåéíûì

óðàâíåíèåì íàïðÿæåíèå–äåôîðìàöèÿ. Äëÿ ïðîäîëüíîé òðåùèíû ñ ïðîèçâîëüíûì ðàñïîëîæå-

íèåì ïî âûñîòå áàëêè îïðåäåëÿåòñÿ ñêîðîñòü âûñâîáîæäåíèÿ ýíåðãèè äåôîðìàöèè êàê

ôóíêöèÿ èçãèáàþùèõ ìîìåíòîâ è îñåâûõ íàãðóçîê, äåéñòâóþùèõ â ñå÷åíèÿõ áàëêè, ðàñïîëî-

æåííûõ âïåðåäè è ïîçàäè ôðîíòà òðåùèíû. Òàêèì îáðàçîì ìîæíî îïðåäåëèòü óñëîâèÿ

ðàçðóøåíèÿ ìíîãîñëîéíûõ áàëîê â çàìêíóòîì âèäå. Ïðåäëîæåííûé ïîäõîä ïîçâîëÿåò âûÿâèòü

îñîáåííîñòè íåóïðóãîãî äåôîðìèðîâàíèÿ è ðàçðóøåíèÿ ìíîãîñëîéíûõ áàëîê ñ òðåùèíîé.

Êëþ÷åâûå ñëîâà: ìíîãîñëîéíûå áàëêè, ïðîäîëüíîå ðàçðóøåíèå, íåóïðóãèé ìàòåðèàë,

ñêîðîñòü âûñâîáîæäåíèÿ ýíåðãèè äåôîðìàöèè.

Introduction. Multilayered materials are frequently used in structural applications

where barrier properties, strength and weight are an issue. Longitudinal (interface) fracture

is the primary concern with multilayered structures. The engineering practice shows that

this type of fracture is very often the earliest failure mode. Longitudinal fracture may

initiate from various defects induced during manufacturing process or from damages

inflicted during lifetime of the multilayered structure. Therefore, the longitudinal fracture

should be considered in the evaluation of multilayered structures for functionality and

reliability. Over the years, various studies have been reported on the longitudinal fracture

issue [1–6]. The majority of these studies has been concerned with longitudinal fracture in

beam configurations such as the double cantilever beam (DCB), the end notched flexure

(ENF), the end loaded split (ELS), and others.

Longitudinal fracture behavior of multilayered beams subjected to four-point bending

has been analyzed by Hsueh et al. [7]. For this purpose, the classical beam theory has been

applied. Fracture has been studied in terms of the strain energy release rate. A closed form

analytical solution has been obtained by using the methods of linear-elastic fracture

mechanics. The solution is applicable to linear-elastic multilayered beam systems with any

number of layers. Also, the longitudinal fracture can occur at any interface.
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The interfacial fracture toughness of a four-layer linear-elastic beam structure has

been analyzed in [8]. It has been assumed that a longitudinal crack is located between the

second and the third layers. A formula for the strain energy release rate has been derived by

using the classical beam theory. The fracture has been studied in a function of modulus of

elasticity and thickness of the layers.

It can be generalized that linear-elastic fracture mechanics approach has usually been

used to analyze longitudinal fracture in multilayered beams. This approach is based on the

assumption for validity of Hooke’s law. However, in reality multilayered structures can

exhibit material nonlinearity. Therefore, the basic purpose of the present article is to

perform a theoretical study of longitudinal fracture behavior of multilayered beam

configurations with taking into account the material nonlinearity. The study was carried out

in terms of the strain energy release rate by using the classical beam theory.

1. Fracture Analysis with Considering the Material Nonlinearity. A multilayered

beam with a longitudinal crack located arbitrary along the beam cross-section height (the

lower and the upper crack arm thickness is h1 and h2, respectively) is under consideration

in the present article. A perfect adhesion is assumed between layers. The beam height is 2h.

The beam cross section is symmetric with respect to the z3-axis. A beam portion with the

crack front is shown in Fig. 1. The bending moment and axial force in the cross section

ahead of the crack front are M and N , respectively (the shear force is neglected, because

long beams are considered). If the crack length increases with �a, the normal stresses and

linear strains distribution in the beam cross section, TK , (Fig. 1) will change from the one

shown in Fig. 2 to that illustrated in Fig. 3. It was assumed that the mechanical behavior of

the beam layers can be described by nonlinear stress–strain curves (Fig. 4). The stress–

strain relations in the beam layers can be written as

� � �i i i� ( ), i n�1 2, , ... , , (1)

where � i is the normal stresses distribution, � i is the linear strains distribution in the ith

beam layer, and n is the number of layers. The material constants in Eq. (1) may differ for

each layer. Moreover, the stress–strain relations may also be differ for each layer. Thus, the

normal stresses distributions along the height of the multilayered beam cross section are

different in each layer as illustrated in Figs. 2 and 3.

The aim of the present paper was to develop a general analysis of the crack problem

shown in Fig. 1 with the account of the material nonlinearity. The analysis was carried out

in terms of the strain energy release rate by using the classical beam theory. In principle, the

Fig. 1. Portion of a multilayered beam with the crack front.
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analysis developed in the present paper can be applied to nonlinear elastic multilayered

beams (the analysis is applicable also for elastic-plastic behavior, if the external load

magnitude increases only, i.e., if the beam undergoes active deformation [9–12]). The strain

energy release rate is defined as

G
U

Aa

��
�

�
, (2)

where

�U U Ub a� � (3)

is the strain energy variation (whileUb and Ua are the strain energies before and after the

increase of the crack, respectively) when the crack area increases by the increment

� �A b aa s� . (4)

Fig. 2. Distribution of normal stresses and strains in the multilayered beam cross section TK (refer to

Fig. 1) before increase of the crack length.

Fig. 3. Distribution of normal stresses and strains in the crack arms cross sections after increase of the

crack length.
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Here bs is the beam cross-sectional width at the crack level (Fig. 1). Thus, Eq. (2) can be

rewritten as

G
U U

b a

a b

s

�
�

�
. (5)

The strain energy before the crack increase is defined as

U udVb

V

���� ,

( )
(6)

where (according to Figs. 1 and 2)

dV b z adz� ( ) .3 3� (7)

Here, b z( )3 is the cross-sectional width as the function of z3.

The strain energy density, u0, is equal to the area enclosed by the stress–strain curve

[13–16] (Fig. 5). Therefore, the strain energy density can be written as

u di i0

0

�� � � �
�

( ) , i n�1 2, , ... , . (8)

The curvature, �3, of the multilayered beam cross section and the neutral axis

coordinate, z n3 3
, which are needed to solve the integral in Eq. (8), were determined from

the equilibrium equations of the cross section (Fig. 2):

N dAi i

Ai

i n

i

� ��	
�

�

� ,

( )1

(9)

M z dAi i

Ai

i n

i

� ��	
�

�

� 3

1

,

( )

(10)

where

dA b z dzi � ( ) .3 3 (11)

In order to facilitate the solution of integrals in Eqs. (9) and (10), � is replaced (see

Fig. 2) as follows

� �� �3 3 3 3
( ).z z n (12)

Fig. 4. Nonlinear stress–strain curve.
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Thus,

N z z b z dzi n

z

z

i

i n

i

i

� �



�	
�

�

� �[ ( )] ( ) ,3 3 3 3 3

1
3

3

3 1

(13)

M z z z b z dzi

z

z

i

i n

n

i

i

� �



�	
�

�

� �
3

3 1

3

1

3 3 3 3 3 3[ ( )] ( ) , (14)

where coordinates z i3 and z i3 1
 are defined in Fig. 2.

Unknown values �3 and z n3 3
can be obtained by solving Eqs. (13) and (14) as an

algebraic system for the particular stress–strain relations (for this purpose, if necessary, the

MatLab computer program may be used).

The strain energy (6) takes the form of

U a u b z dzb i

z

z

i

i n

i

i

�



�	
�

�

� 0

1

3 3

3

3 1

( ) . (15)

In Eq. (15), u i0 are functions of z3 [after solution of integrals (8), � should be

replaced by �3 3 3 3
( )z z n� , in order to express u i0 via functions of z3 to facilitate the

solution of integrals in Eq. (15)].

The strain energy, Ua1
, in the lower crack arm after an increase in the crack length

can be obtained via Eq. (15). However, z3, z n3 3
, and n should be replaced by z1, z n1 1

,

and nL , respectively. Here, z n1 1
is the neutral axis coordinate of the lower crack arm cross

section, and nL is the number of layers in the lower crack arm. A similar replacement can

be achieved via Eqs. (13) and (14), in order to determine the neutral axis coordinate and the

curvature of the lower crack arm, �1. Also, M and N in Eqs. (13) and (14) should be

replaced by M1 and N1, respectively [M1 and N1 are the bending moment and axial

force in the lower crack arm cross section behind the crack front (Fig. 3)]. Therefore, the

strain energy in the lower crack arm takes the following form:

U a u b z dza i

z

z

i

i n

i

iL

1

1

1 1

0

1

1 1�



�	
�

�

� ( ) . (16)

Fig. 5. Strain energy density.
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The next step of the analysis was to determine the strain energy in the upper crack

arm, Ua2
. For this purpose, z1, z n1 1

, �1, nL , N1, and M1 were replaced by z2, z n2 2
,

�2 , nU , N 2, and M 2, respectively (Fig. 3) in Eqs. (13), (14), and (16). Here, z n2 2
is the

neutral axis coordinate of the upper crack arm cross section, and nU is the number of

layers in the upper crack arm (it is obvious that n n nL U� 
 ). The bending moment, M 2,

and the axial force, N 2, in the upper crack arm cross section behind the crack front were

expressed in function of M, N , M1, and N1 by considering the equilibrium of the beam

cross section (Figs. 2 and 3), i.e.,

N N N2 1� � , (17)

M M M N h h N h hC C C C2 1 12 2 1
� � 
 � � �( ) ( ). (18)

Therefore, the strain energy in the upper crack arm can be written as

U a u b z dza i

z

z

i

i n

i

iU

2

2

2 1

0 2 2

1

�



�	
�

�

� ( ) . (19)

The strain energy after the increase of the crack is derived by summation of Eqs. (16)

and (19), i.e.,

U U U a u b z dz a ua a a i i

z

z

i

i n

z i

iU

i

� 
 � 




�	
�

�

1 2

2

2 1

1

0 1 1 0

1

� �( )

z

i

i n iL

b z dz
1 1

1

2 2




�	
�

�

( ) . (20)

The final solution is obtained by substitution of Eqs. (15) and (20) into Eq. (5), i.e.,

G
b

u b z dz u b z dz u b z dz
s

i i i

z

z

i i

i

� 
 �



�1
0 1 1 0 2 2 0 3 3

3

3 1

( ) ( ) ( )

�

�

�

�

�

�

	�	�	


�

�





�

�
�
�

111 2

2 1

1

1 1 i n

z

z

i

i n

z

z

i

i n

i

iU

i

iL

. (21)

Equation (21) indicates that the solution does not depend on the crack advance, �a.

Also, it can be observed in Eq. (21) that the nonlinear solution can be found by using the

bending moments and axial forces in the beam cross sections behind and ahead of the crack

front. It is clear that Eq. (21) can be also applied to beam cross sections with two axes of

symmetry.

Beams with rectangular cross-section are used very often in the engineering practice.

For a rectangular cross section of width b and height 2h, Eq. (21) can be rewritten as

G u dz u dzi i

z

z

i

i n

z

z

i

i n

i

iU

i

iL

� 
 �




�	�	
�

�

�

�

0 1 0

11

2

2

2 1

1

1 1

u dzi

z

z

i

i n

i

i

0 3

1 3

3 1

.



�	
�

�

(22)

The curvature and the neutral axis coordinate can be found after substitution of

b z b( )3 � in Eqs. (13) and (14). Also,

h hC � , h
h

C1

1

2
� , h h

h
C2 1

2

2
� 
 (23)

should be substituted into Eq. (18).
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2. Investigation of the Multilayered DCB. Equation (22) was applied to investigate

the nonlinear fracture behavior of the DCB multilayered configuration (Fig. 6). There is a

longitudinal crack of length a located arbitrarily along the beam height (the lower and

upper crack arm thickness being h1 and h2, respectively). The beam cross section is a

rectangle of width b and height 2h. The loading consists of two transverse forces, F,

applied to the crack arm ends as illustrated in Fig. 6.

It was assumed that the beam layers mechanical behavior can be described by

power-law stress-strain relations, i.e.,

� �i i i

n
H i� 1

1 , i n�1 2, , ... , , (24)

where � i is the normal stress distribution, � i is the linear strains distribution, H i1 and

n i1 are material constants in the ith layer of the beam. It should be specified that

0 11� �n i .

The lower crack arm curvature, �1, and the neutral axis coordinate, z n1 1
, were

determined from the equilibrium Eqs. (13) and (14). For this purpose, N � 0, n nL� ,

b z b( ) ,3 � and � � �i n i n
n

z z H z z i[ ( )] [ ( )]3 3 3 1 1 1 13 1

1� � � were substituted in Eqs. (13)

and (14). The solutions of the integrals in Eqs. (13) and (14) were found as

N b
H

n
z z z z

i
n

i
i n

n
i n

n
i

i i�



� � �


 
1 1

1
1 1 1

1
1 1

1
1

1

1

1

1

1

�
[( ) ( ) ] ,

�
�
�

��

�
�
�

��
�

�

	 0

1i

nL

(25)

M b
H

n
z z z

i
n

ii

n

i n
n

i

iL

i�



�
�
�

��
� �

�




	 1 1

11

1 1 1
2

1

1

1

1

2

�
[( ) ( � 



z n
n i

1
2

1

1) ]






� � �




H z

n
z z z z

i
n

n

i
i n

n
i n

n
i

i i
1 1 1

1
1 1 1

1
1 1

1

1

1

1

1

1

1

�
[( ) ( )



�
�
�

��

1
] , (26)

where M Fa�� is the bending moment in the lower crack arm behind the crack tip (Fig. 6).

It is clear that at n i1 1� and H Ei1 � (here E is the elastic modulus) Eq. (24)

transforms into Hooke’s law. This fact was used here to verify Eq. (26). For this purpose,

n i1 1� , H Ei1 � , and nL �1 were substituted in Eq. (26). This yields the known formula

for the curvature of a linear-elastic homogeneous beam

Fig. 6. The DCB multilayered configuration.
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�1

1
3

12
�

M

Ebh
. (27)

Equations (25) and (26) can be solved with respect to �1 and z n1 1
by using the

MatLab software program (at n i1 1� ). Then, �1 and z n1 1
are substituted in Eqs. (12) and

(24). After that, the strain energy density derived via Eq. (8) is reduced to

u
H z z

n
i

i n
n

i

i

0

1 1 1 1
1

1

1

1

1
�

�






[ ( )]

,
�

i nL�1 2, , ... , . (28)

The upper crack arm curvature, �2, and the neutral axis coordinate, z n2 2
, were

determined also from Eqs. (25) and (26). For this purpose, nL , �1, and z n1 1
were replaced

with nU , �2, and z n2 2
, respectively. Then, the MatLab computer program was used to

solve Eqs. (25) and (26) with respect to �2 and z n2 2
. The strain energy density was

obtained by Eq. (28). For this purpose, �1 and z n1 1
were replaced with �2 and z n2 2

,

respectively, i.e.,

u
H z z

n
i

i n
n

i

i

0

1 2 2 2
1

1

2

1

1
�

�






[ ( )]

,
�

i nU�1 2, , ... , . (29)

The strain energy ahead of the crack tip is zero in the DCB. Therefore, Eq. (22) was

rewritten as

G u dz u dzi i

z

z

i

i n

z

z

i

i n

i

iU

i

iL

� 





�	�	
�

�

�

�

0 1 0 2

11 2

2 1

1

1 1

. (30)

Finally, the strain energy densities Eqs. (28) and (29) were substituted in Eq. (30) and

the integrals were solved. It was obtained

G
H n

n n
z z

i i

i ii

n
n

i n
n

L

i�

 


�
�




	 1 1

1 11

1

1
1 1 1

1 2
1

1

1

( )( )
[( )� i iz zi n

n
 
� � 
2
1 1

2

1

1( ) ]




 


�
�




	 H n

n n
z z

i i

i ii

n
n

i n
n

U

i i1 1

1 11

2

1
2 1 2

1 2
1

2

1

( )( )
[( )� 
 
� �2

2 2
2

2

1( ) ].z zi n
n i (31)

Equation (31) expresses the strain energy release rate in the DCB multilayered

configuration with taking into account the material nonlinearity by using a power-law

stress–strain relation Eq. (24).

It was substituted nL �1, nU �1, n i1 1� , H Ei1 � , and h h h1 2� � in Eq. (31) for

verification. It was obtained

G
M

Eb h
�

12 2

2 3
, (32)
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where M Fa� . Equation (32) coincides with the expression for the strain energy release

rate in the linear-elastic homogeneous DCB when the crack is in the beam midplane [1],

which is an indication for correctness of Eq. (31).

Another verification of Eq. (31) was performed by analyzing the nonlinear fracture in

the DCB multilayered configuration with the help of the J-integral [17–20].

The J-integral was solved by using an integration contour, �, that consists of the

beam cross sections behind and ahead of the crack tip (Fig. 6). It is obvious that the

J-integral value is other than zero only in segments A1 and A2 of the integration contour

(segments A1 and A2 coincide with cross section of the lower and upper crack arm,

respectively). Therefore, the J-integral solution was obtained by summation:

J J JA A� 

1 2

, (33)

where J A1
and J A2

are the J-integral values in the integration contour segments A1 and

A2 , respectively.

The J-integral in segment A1 was written as

J u p
u

x
p

v

x
dsA i xi yi

z

z

i

i

1

1

1 1

0� � 

�

�
�

�

 
!

�

�

�

��



cos ,"
#

#

#

#
�	

�i

nL

1

(34)

where u i0 is the strain energy density, " is the angle between the outwards normal vector

to the contour of integration and the crack direction, pxi and p yi are the components of

the stress vector, u and v are the components of the displacement vector with respect to

the crack tip coordinate system xy, and ds is a differential element along the integration

contour �.

The J-integral components in segment A1 were written as

p Hxi i i
n i�� ��� �1

1 , p yi � 0, (35)

ds dz� 1 ,
#

#
� �

u

x
z z n� � �1 1 1 1

( ), and cos ,"��1 (36)

where �1 and z n1 1
were determined from Eqs. (25) and (26).

After substitution of Eqs. (28), (35), and (36) in Eq. (34), the J-integral solution in

segment A1 was written as

J
H n

n n
z zA

i i

i ii

n
n

i n

L

i

1

1

1

1 1

1 11

1

1
1 1 1

1 2
�


 

�

�




	

( )( )
[( )� n

i n
ni iz z1

1

12
1 1

2
 
� �( ) ]. (37)

The J-integral solution in segment A2 was found also by Eq. (37). For this purpose,

nL , �1 , and z n1 1
were replaced with nU , �2 , and z n2 2

, respectively:

J
H n

n n
z zA

i i

i ii

n
n

i n

U

i

2

1

2

1 1

1 11

2

1
2 1 2

1 2
�


 

�

�




	

( )( )
[( )� n

i n
ni iz z1

2

12
2 2

2
 
� �( ) ]. (38)
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The J-integral final nonlinear solution is obtained by substitution of Eqs. (37) and (38)

into Eq. (33), i.e.,
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The fact that Eq. (39) coincides with Eq. (31) is a general verification of the strain

energy release rate nonlinear solution of Eq. (21) derived in the present paper.

Conclusions. The longitudinal fracture behavior of multilayered beams was studied

theoretically with taking into account the material nonlinearity. An analysis was developed

for the strain energy release rate by using the classical beam theory. Each beam layer may

have different thickness. The crack may be located arbitrary along the beam height.

Moreover, the stress–strain relation itself may be different in each layer. It should be

mentioned that the strain energy release rate was expressed in a function of the bending

moments and axial loads in the beam cross sections ahead and behind the crack front,

which enables nonlinear fracture investigations of multilayered beams to be carried out in a

closed analytical form. The analysis reported in the present article contributes towards the

understanding of longitudinal fracture in multilayered beams experiencing material

nonlinearity.

Ð å ç þ ì å

Ó ðàìêàõ êëàñè÷íî¿ òåîð³¿ áàëîê íà îñíîâ³ êðèòåð³þ øâèäêîñò³ çâ³ëüíåííÿ åíåðã³¿

äåôîðìàö³¿ âèêîíàíî àíàë³òè÷íèé ðîçðàõóíîê ì³öíîñò³ áàãàòîøàðîâèõ áàëîê ³ç ïîç-

äîâæíüîþ òð³ùèíîþ ç óðàõóâàííÿì íåïðóæíîñò³ ìàòåð³àëó. Îòðèìàí³ ðîçðàõóíêîâ³

ñï³ââ³äíîøåííÿ ìîæíà âèêîðèñòàòè äî áàãàòîøàðîâèõ áàëîê ³ç øàðàìè ð³çíî¿ òîâ-

ùèíè, íàïðóæåíî-äåôîðìîâàíèé ñòàí êîæíîãî ç íèõ ìîæå îïèñóâàòèñÿ ³íäèâ³äóàëü-

íèì íåë³í³éíèì ð³âíÿííÿì íàïðóãà–äåôîðìàö³ÿ. Äëÿ ïîçäîâæíüî¿ òð³ùèíè ç äîâ³ëü-

íèì ðîçòàøóâàííÿì ïî âèñîò³ áàëêè âèçíà÷àºòüñÿ øâèäê³ñòü çâ³ëüíåííÿ åíåðã³¿

äåôîðìàö³¿ ÿê ôóíêö³ÿ çãèíàëüíèõ ìîìåíò³â ³ îñüîâèõ íàâàíòàæåíü, ùî ä³þòü ó

ïåðåòèíàõ áàëêè, ðîçòàøîâàíèõ ïîïåðåäó ³ ïîçàäó ôðîíòó òð³ùèíè. Òàêèì ÷èíîì

ìîæíà âèçíà÷èòè óìîâè ðóéíóâàííÿ áàãàòîøàðîâèõ áàëîê ó çàìêíóòîìó âèãëÿä³.

Çàïðîïîíîâàíèé ï³äõ³ä äîçâîëÿº âèÿâèòè îñîáëèâîñò³ íåïðóæíîãî äåôîðìóâàííÿ ³

ðóéíóâàííÿ áàãàòîøàðîâèõ áàëîê ³ç òð³ùèíîþ.
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