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¥Y3araabHeHi nogiHoMH Epmira,
iX BJIacTUBOCTI Ta AudepeHIliaabHe PiBHIHHA,
sike BOHH 32/I0BOJIbHSAIOTD

Vaazanvnenns xaacuunux opmozoHaIbHUX NONHOMIG, SKi 6 3a0060bHANU JiNIUHT Jupepenyianvni pieHsanns
BUUUX NOPSOKIE cneyiarvioi cmpykmypu, eusuaiu 6azamo mamemamuxie (A. Krall, J. Koekoek, R. Koekoek,
H. Bavinck, L. Littlejohn ma in.). [pu uyvomy cymmesi sumozu 6yau maxumu: Koegivicnmu 6ins noxionux nosumnmi
Oymu noLIHOMAMU NEeBHO20 CMeNnens. 610 He3aNeNCHOT 3MINHOT ma ne 3aiexcamu 610 Cmenens NOJHOMIE, Wo 3a00-
BONLHAIOMY Ui Jupepenyianvii piensmuns. Brasani ysazanvnenns 6 npausx szadanux asmopis 6y 3pobaeni oust
6CIX KILACUUHUX OPTMOZOHAILHUX NOJIHOMIE, OKpIM noainomie Epmima. [Jana poboma npucesuena y3azaivbHennio
KaacuuHux noainomie Epmima 6 onucanomy euwe cenci. llo6yodosano oupepenyianrvnuil onepamop Heckinuennozo
nopAoKY, GLACHUMU QYHKUIAMU K020 € came Ui noainomu. /[ocaioxceno psad 61acmusocmell y3azaibHeHux
noainomis Epmima, wo npumamanii KiacudnuM OPmMOo2OHAIbHUM NOJHOMAM (OPMOOHANILHICMY, Y3A2albHEHA
popmyna Podpiza, mpuunenne pekypenmmue cniegionowenis, meipna Qynxyis).

Kntouosi cnosa: opmozonanviicmy, ysazamnena gopmyaa Poopiza, mpuuienne pexypenmue cniggionouerns,
meipna Qynkyis, Ougepeniiarviuii onepamop HeckinuenHozo nopaoxy.

Y3arasbHeHi KJIaCUYHI OPTOTOHAJIBHI MOJIIHOMU, 10 33/I0BOJIbHAOTH 3BUYaliHI AudepenItiaabHi
PIBHSHHS BUIIUX TOPSI/IKIB BUTJISITY
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Zai(x)y(i)(x) A,y (0)=0, a;(x)=Y a,x", ke{23,..., e}
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J.‘[OCJIizmcyBaJH/ICH B GaraThox poboTax, cepex skux [1—4]. ¥V mux Ta inmux BizoMmux nam my06ri-
KallisIX PO3TJISJAINCS y3aTaJbHEHHS BCIX KJIACUYHUX OPTOTOHATBLHUX TOJIHOMIB, OKPIM y3a-
rajibHeHux nosinomis Epmirta. /lana po6ota sikpas nprcBsiyeHa 3all0BHEHHIO TIi€1 TPOTaTNHH.

Hutrysannsa: Makapos B.JI. ¥3aranbueni norxinomu Epmita, iX BracTuBOCTI Ta Audepenianabie piBHAHH,
gKe BOHM 3aJ0BOJbHSIOTH. Jonos. Hay. axad. nayx Ykp. 2020. Ne 9. C. 3—9. https://doi.org/10.15407/
dopovidi2020.09.003
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B.JI. Maxapos

Y3araspHEeHUMU TOJiHOMaM¥u EpMiTa mapHOTO CTeleHs 3 BUKOPUCTAHHSIM TYT i B TO/aJIb-
IOMY T03Ha4YeHb i3 [ 1] OyeMo Ha3uBaTH MOTIHOMY BUTJISITY

1

M — -1/2,M,0,_ 2 — -1/2,.2y\ 1/2 2
Hy,(x)=1L, (x%) 1+2M—\/E(n—1)! L, 7" (x%) M—\/En! L5 (x7), (1)

ne L(x) — nominomu Jlareppa. Iloninomn (1) € macmigkom nosinomiB CobosmeBa—Jlareppa

LMN (x), BBestennx i moctimkennx y poGori [1].

OproronansHicts. Cropucraemocst popmyamu (2), (3) 3 poboru |5, ¢. 193]. Toxi hopmy-
sa (1) Habyme BUTISILY

F(i’l+2) 2,2,1 F(?’l+2) 272n+1
M _ _q\n A\

3ayBaknmo, 1o st M =0 mosinomu (2) 3 TOYHICTIO 0 MYJIBTHILIIKATHBHOI cTasioi 36iraio-
ThCs 3 nostinoMamu Epmita H,y, (), 1o it 00ymoBitioe ix HasBy. Skio BBecTH pudepeHiianbHuit
oriepaTop

1 1
2—271 F(?’l+2) F(n+2) d
A=—-—||1+2M +M
n! Jr(n-1)! Jrn!  xdx

b

TO 71 TTOJIiHOMIB (2) ofiepsky€emo y3araiabHeHy dhopmyay Poapira

d" 2
HY (x)=2| ¥ Lot |.
2n(x) [e ne ]

[Toninomu (1) yTBOPIOIOTH OpTOTOHAJBHY cucTeMy (iuB. [1])

oo

L j e‘xQH%(x)Hé‘fn(x)dx+MH%(O)H%Z(O):SnymhM

\/E 2n

—oo

ne 8, ., — cumBoa Kponekepa,

n,m

2
F(n+2) o-2n
e =11+2M - (2n)l+

Jr(m-D!| (n!)
2 2
I“(n+;) o-2n+1 F(n+;)
+| M N (-1) = ]2,1_1+MW : 3
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2
Jon- 1_\/,J‘ l: Hy,_ 1(95)]

Jlst obuncieHHst OCTAaHHBOTO IHTErpajia CKOPUCTAEMOCS PEKYPEHTHUM CITiBBIHONIEHHSIM [IJIsT
nosiromiB Epmita. Y pesysbrarti micsist HeCKIaAHUX OOYUCIEHD OTPUMAEMO

\/EJZn—1 =4hy, o +16(n— 1)2 Jon-s =

= 4hy, 5 +4-16(n—=1)"hy, 4 +16*(n=1)’(n=2)" J,, 5 =

2
= —4216?’( (n=-1) )h2(n_p_1)=\/522"(2n—1)!,

= L(n-p-1)
h, =In2"n),

i popmyiia (3) Habye BULTIALY

F(n+é) F(n+;) F(n+:;)
W = 142M ————= || 1+2M ——=

SN Jr(n-1)! Jrn! |

110 36iraeTbest 3 hopmysioro (4.4) 3 [2] mist o =—

Pekypenrhe cniBBianomenss. Biromo (uB. [5], c. 161, popmyiu (7), (8)), 110 SKIIO MoJiHOMN

P(x)=3 ky )
=0

YTBOPIOIOTh OPTOTOHAJIBHY CUCTEMY, TO BOHU 33/I0BOJBHSIOTh TPUUJIEHHE PEKYPEHTHE CITiB-
BIJTHOIIIEHHS

P, (x)=(Ax+B)P,(x)-C,P,_(x), n=12...,

k k k
A = n+1,n+1’ B =A n+1,n _ n, n—1 , (5)
n kn,n ! ! kn+1,n+1 knvn
1
Cn = k—(Ankn, n—2 +Bnkn, n-1" kn+1, n—1)‘
n—1,n—1

Bapto 3aznaunty, mo Hasejgena gopmyia gt C, y (9) BiapisHsaeTbes Big BianosigHoi hopmy-
aun 'y (8) 3 pobotu [5, c. 161] Ta € Gisbi 3pyUHOTO /ISt BUTIAJKY, KOJIM BiJ[OMO TiJTbKU 3HAYEHHS
KoedillienTiB opToroHayibHux noJinomis. Kpim Toro, dopmynu (5) pators miacrasu chopmy-
JIIOBATH TaKe TBEP/>KeHHSI.

Teopema. Hexaii 3adaro dei nocridosnocmi{k, ,¥o_i, (R, ,_o}n—y Mmaxi, wo

kn1n71 knn72
A, >0, k*’ - 2220, k=12,..., k_ =0.

n+1, n+1 n,n
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T00i noxinomu (4), siki micmsmo auuie napui abo auwe Henapui cmeneni x, 6yoymv ymeoprosamu
0pPMOZOHANLHY cucmeMmy Mool i MitbKu mooi, Koau ix KoepiyieHmu U3HAUAMbCsL 34 Popmyramu

n
n n-2m-2 kdmer g[ 2Ak n-1
_ m+ _
Ryt neoms = T1 Apk2m+2,0_ 2 C J—— Rymit 1 m=1, 2’---’[ 5 :|
p=2m+2 0
- IT 4
k=2m+2

Hagememo 11e oHy KopucHy (GopmyJy s o6urcAeHHsT KBagpara HOPM OPTOTOHAIBHUX
MTOJIIHOMIB, TIPO SIKi ¥iZie MOBa B TEOPEMI:

p+1A

TG

h, =|P, || jp(x)] (x)do(x)= H

p=0 p+1

3ayBasKuMo, 110 yMOBM TeopeMu OyAyTh BUKOHYBAaTHCh, SKIIO YJeHH TOCTiZOBHOCTI {k, ,}q

oo

kn, n—2

JIOJIATHI, YJIeHN TOCTITOBHOCTI {k, , 5} o BII'€MHI, a MOCJIiIOBHICTD §— € MOHOTOHHO

nn n=2
3pOCTa04o0Io0.

Jlnst nosrinomis L% M0

(x) MaTuMemo

1
MT | n+—
(1) L 2MT(n+1) NG i Y M '
i [ r(n- 1>'] o =G| e Y]

(6)

1 1
2MT [ n+— MT| n+—
(-n" 1)41 3 2 2
wno=T——|n—— ||zl = || 1+ -
-1 2) 207 2 Jr(n-1)! Jrn!

.. . 92 . o .
Jaumi migcrasasemo (6) y (5), 3aMiHI0OEMO X Ha X~ i B Takuii crocib OTPUMYEMO PEKyPEHTHE
CIIBBiTHOMIEHHS /IJIsT y3araJbHEHUX MoJiHOMIB Epmita. 3a3HaumMo, 1Mo M aTUdJieHHe PeKy-
peHTHe criBBifHOMIEeHHs st osiHoMiB CobGoseBa—Jlareppa, sike I'PYHTYETHCS Ha PO3KJIaji
x2L:11/ M ’O(x) y JiHifTHY KOMOIHAIi0 TOJIHOMIB L;i/f’M O( x), Lni/f M ’O(X), OyJI0 oziepIKaHO
B po6oTi [2]. OcTaHHE, MIJISIXOM 3aMiHU X Ha X~ , IEPETBOPIOETHCS HA TI' ITUYJIEHHE PEKYPEHT-
He CIIiBBIIHOIIEHHS /IJIsI y3arajbHEeHUX MMoJiHOMIB EpMmiTa, sike uepe3 Horo rpomis/ikicTb, MU
TYT He HaBOJMMO.

Kopucryiounch pesyibrataMiu 3arajabHOI Teopii OpTOTOHATIBHUX MOJIIHOMIB, i3 (5), (6) Jer-
Ko ozepskatu hopmyay Kpucroddens—lapby (aus. [5], c. 162, bopmya (10)), siky uepes ii
TPOMI3/IKWIT BUTJISI/T MU TAKOK TYT HABOIUTH He OyIEMO.

MudepeHnuiaapHe piBHAHHA. 3amuileMoO CIOYaTKy AudepeHiliagbHe PiBHSHHS I y3a-
rajgpHeHuX nosriHoMiB Jlareppa L;i/ %M ’O(x), sike € yroureHHsiM opmy (4), (5) 3 poboru [1] y

BUIIAJKY ocz—%, N =0. Maemo

Mza (x)y‘”(x)my”(x){l—x)y (x)+ny(x)=0, xe(0,) (7)
=0
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), () :

i+j+1 = 1=
2( ol _l_]xf, J=t.i =12 ®)

§ ”

ay(x)=ay(n,-1/2)= n‘", n=01,...

[udepenitianbae piBHSAHHS /IS y3araJibHeHUX TOJiHOMIB Epmita H%(x) 0/IEPIKYEMO TILJISI-
XoM TizicTanoBku B (7), (8) x? samictp x. Y pe3yabTaTi OTPUMAEMO

1 dy<x>)+(2_x ) 1y

s 7 d ——+ny(x)=0, xe(0,00),

MZa (D' (x)+> (

=0
(1 dY
D'=|——|.
(2x dx)
Teipna ¢pyukuis. Ckopucraemocs dopmyJioo (aus. [5], ¢.190, hopmymna (21))

() =e'x 2 [ed" 2 ], tx)dr, (9)
0

ne J,(z) — dynxkuisa beccens neprroro poxy nopaaky o . /lna oxepsxanHsa TBipHOI PyHKILI 1715
y3araJbHeHuX nosinoMis Epmita Ham Gye moTpibHuii Takuii Hac1iok i3 popmyu (9):

-1/2) (-1/2)
Iz 0)= ;(,)n'L (x )F( /2

a L
=e'x 4! tZF( +1/2)r a2 Exyde =

=e'x 4Je G ——— /1 (2\/5)0%—

: r(n 1/2)
1 o 1
=e'x 4 [t {\/;eZt(i— erfe(/zt ))+%} Joip(2ex)dt.
0 T

Tyt erfc(z) — momarkosa dyukiis moxubok. Jlami 3 (1) matumemo

F(z,x)= Jn Z 1/2) 2n(x) fz 1/2) 51—1/2)(x2)2n+
oo o0 2 2
+2M Y nL YD)z - MY LY P (62" =n f YD (2, x7) - 2Mzx xp(z" ]
n=0 n=0 (1-2)"? z—-1
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IMincymku. ¥ Bumajky ysaraabHEeHUX MOJTIHOMIB EpMiTa HETapHOTO CTeTeHs PO3TJISIIa€ThCs
TakKe 300pasKeHHS:

ey (20) = (=1)" 22" ool 2 M%) =

=(-1)" 22" plx | [1+4M L2+ M—="2 —LV}(xH)[=

SVm(n—1)] Jim

F(n+2J r n+§) JT1
=|1+4M—~—=L_|H M—~—22%1 q ,
+ 3\/E(n—1)! 2n+1(x)+ \/EnY dx[x 2n+1(x):|

[lyg bOro BUMIAJIKY MAIOTh MicIle BCi aHAJIOTIUHI pe3yJibTaTH, 1110 1 /i BUMIAJIKY y3araJibHEeHUX
rosiiHoMiB EpMiTa napHoro creress, siki BUKJaJieHi BUIIe.
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THE GENERALIZED HERMITE POLYNOMIALS, THEIR PROPERTIES,
AND THE DIFFERENTIAL EQUATION WHICH THEY SATISFY

The generalizations of the classical orthogonal polynomials satisfying higher-order linear differential equations
of a special structure were studied by a number of authors (A. Krall, J. Koekoek, R. Koekoek, H. Bavinck,
L. Littlejohn, and several others). The essential requirements were the following. The coefficients of the deri-
vatives must be polynomials of some degree of the independent variable and not dependent on the degree of
the polynomials satisfying these differential equations. Such generalizations in the works of the above-men-
tioned authors were made for all classical orthogonal polynomials except for the Hermite polynomials. This pa-
per deals with a generalization of the classical Hermite polynomials in the above sense. We construct a differen-
tial operator of the infinite order whose eigenfunctions are these polynomials. A number of properties of the
generalized Hermite polynomials that are characteristic of classical orthogonal polynomials (orthogonality,
generalized Rodrigues’ formula, three-term recurrence relation, generic function) are investigated.

Keywords: orthogonality, Rodrigues’ generalized formula, three-term recurrence relation, generating function,
differential operator of infinite order.
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