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NMAPAJIEJIbHI AITOPUTMU
PO3B’A3YBAHHA JIIHINHUX CUCTEM
HA TIBPUAHUX KOMIT’IOTEPAX

Beryn. Y Hamr yac B HayIli Ta iHXKeHepii MOCTiiHO 3’ BIs-
IOTHCS] HOBI OOYHMCIIIOBAJIbHI 3324l 3 BEIMKUMH 00csATaMu
JMaHWX, 7S pO3B’SI3yBaHHS AKHX HEOOXiTHO BUKOPHCTO-
BYBATH MOTYKHI CYyNEpKOMIT I0TepHu. BifbLIicTh Takux 3a-
Jad 3BOJUTHCS JO PO3B’A3yBaHHS CHCTEM JIHIMHHX
anreOpaiuyaux piBHsHb (CJIAP).

l'onoBHi mpoGmemu po3B’sI3yBaHHSA 3amad HAa KOM-
M’I0Tepi — [e OTpPUMaHHs BIPOTITHUX PO3B’S3KIB MpH
MiHIMaJbHIX BUTPaTaX 0OYHCITIOBAIEHUX PECYPCIB.

3amaya, sika pPO3B’SA3YETHCA HA KOMII'FOTEpI, 3aBXKIU
Mae HaOMKeHl TaHi MI0/I0 BUXITHOI 3a1adi (depe3 moxuo-
Ky BHXIJIHUX JaHUX, Yepe3 MOXUOKY BBEICHHS YHCIOBUX
JaHNX B KoMITioTep Tomo). OTXe, BIACTUBOCTI
KOMIT'IOTEpHOI 3a/1a4i MOXYTh iICTOTHO BiAPIZHATHCS BiX
BJIACTUBOCTEH BHXinHOI 3amaui. BuHukae HeoOXigHICTH
PO3B’sI3yBaTH 33/1a4i 3 ypaxyBaHHSM HaOJIMKEHUX AaHUX
Ta aHaJII30M OTPUMYBAaHUX KOMI FOTEPHUX Pe3yIbTATiB.

He3Baxkarouun Ha 3HA4HI PE3yJIbTaTH JOCIHIKCHb B 00-
JIACTi JNiHIHHOT anrebpu, poOOTH B HANPSMKY MOAOJIAHHS
ICHYIOUMX TpoOJeM KOMIT IOTEPHOTO PO3B’S3yBaHHS
3a7a4 3 HAOJIKEHUMH TaHUMM, K1 I OlIbIIe IOIIH0-
JIOIOTBCSI MIPU BUKOPHCTAHHI CYYaCHUX CYHEPKOMII I0-
TEpiB, HE BTPAyarOTh CBO€] 3HAYYIIOCTI Ta MOTPEOYIOTh
MOJIANTBIIIOTO PO3BUTKY

Ha cporomHi ogHuMHM 3 HaMIPOAYKTHBHILIMX CYyIEp-
koM 'totepiB € OararosnepHi MIMD-komm’rorepu 3 rpa-
(bivanME  mpomecopamMu  (TiOpHUIHI KOMITIOTEpH), SKi
MPOTSITOM OCTaHHIX POKIB 3aiiMalOTh YijIbHi MO3HIIIT Y CBi-
toBoMy peiituary Top500 [1]. ApxiTekTypHi Ta TEXHOJIO-
FiYHI OCOOIMBOCTI I[MX KOMII'FOTEPIB JAat0Th MOXJIUBICTh
3HAYHO MiABULIMTH €(EeKTUBHICTH PO3B’S3yBaHHS 3a1ad
BEJIMKUX OOCSATIB, y TOMY YHCIHI 33Ja4 JiHiiHOI anreOpw,
IIPY BiTHOCHO HEBEJIHKHUX EHEProBUTpaTaXx.

Y poOoTi po3risialoThCsl MapaieibHi aTOPUTMH Me-
toniB ['aycca ta Xoneupkoro mist po3B’si3yBanHs CJIAP
Ha TiOpUIHUX KOMIT I0Tepax.

Ctan npodsemu. Ha croronmHimHiil 1€Hb CTBOPEHHIO
e(EeKTUBHOTO MPOTrPaMHOI0 3a0e3MeUeHHS IS PO3B’s-
3yBaHHs 3a/1a4 JIIHIHHOT anreOpu Ha Pi3HUX MapayielbHUX
apxiTeKTypax NPUAUIAETHCS BEJIMKAa yBara, ajke Ollb-
LIiCTh 33724 MaTEMaTHYHOTO MOJIEIIOBAHHS 3BOJAUTHCS 1O
PO3B’s3yBaHHS caMe IbOTO KJIACy 3a/1a4.
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HaiiBimomimii 6i6mioTeKH aNTOpPUTMIB Ta MPOTrpaM PO3B’sSA3yBaHHS 3ajad JiHIHHOT anreOpu Ha mapa-
JIENBHUX KOMIT I0Tepax (y TOMY YHCHi TiOpUIHOT apXiTeKTypH) po3pOoOISIOThHCS i KePiBHULITBOM Ipode-
copa Jlourappu (Jack Dongarra, Electrical Engineering and Computer Science Department, University of
Tennessee) B CILA. Llieto rpymoro qocaiAHUKIB HAa OCHOBI 010Ti0TeKH MaTeMaTHYHUX ONepallid Hax MaT-
pusiMun Ta Bektopamu BLAS, Ta 0i0mioTekn mporpaMm OJIOYHWX aNTOPUTMIB PO3B’SI3yBaHHSA 3aaad
migitnoi anreObpu LAPACK po3pobnserscss mporpaMHO-ajrOpUTMiuHEe 3a0e3MedeHHsT s PI3HUX
KOMIT IOTepHUX apXiTekTyp [2]. 3okpema crtBOopeHo i po3s’sisyBaHHS CJIIAP Ha KoM ioTepax
MIMD-apxitexktypu — 6i6mioreky ScaLAPACK [2], mist GaraTosiiepHUX KOMI'FOTEpiB — 010J1i0TeKH
mporpam: Core Math Library AMD (onrrumizoBana mmin mporecopu kommanii AMD) [3], Intel Math
Kernel Library (ontumizoBana mia npouecopu kommnasii Intel) [4].

3 mosiBoto y 2007 pomi neproi Bepceii mporpamHo-anapatHoi apxitektypu CUDA (Compute Unified
Device Architecture) [5] mapanensHuX 0OYUCICHB 3 BUKOPUCTAHHSM rpadiuHUX MPOLECOPIB KOMITAHIE
NVIDIA Oynu amganroBani 6i01ioTekn MareMaTHUHUX omeparliii: CUBLAS [6] — mis minsHUX MaTpHIb
ta CUSPARSE [7] anst pospimkennx marpuib. Ha ocHOBI nux 6i0miorek mij kepiBHUITBOM JloHrappu
CTBOpEHO OiOMOTEeKH MapalelbHUX alTOPUTMIB Ta TporpaMm it po3’ssyBaHHS CJIAP i3 mimsHUMEI
matpuisimu: CULA [8] — 3 BUKopucTaHHAM ofHOTO TpadiuHoro mpuckoproBada, MAGMA [9] — 3 Buko-
PHUCTaHHAM JIEKITbKOX TpadivHUX MpHCKoproBadiB. BucokoedekTnBHa Takox 0i0mioreka mporpam CUSP
[10], sixa peaitizye po3B’si3yBaHHs PO3PIIKEHUX JIHIHHUX CUCTEM ITepalliiHUMU METOJaMH Ha TiOpHIHUX
KOMIT FOTepax Ta AEsKi 1HIIi.

Tako aKTUBHO BUKOPUCTOBYIOTHCS JJIsl pO3B’sI3yBaHHS 3a/1a4 OOUMCIIIOBAIBHOI MaTeMaTuKy Ha Pi3-
HUX TapanenbHux tatdopmax, y Tomy unciai CJIIAP, BHCOKONPOMYKTHBHI TMaKeTH Mporpam
koM toreproi Marematuku MathCAD [11], Maple [12], Mathematica [13], Matlab [14]. Ili makeTu
MporpaM MaroTh iHTep(hEHCH I CHINKYBaHHS 3 KOPUCTYBa4aMH 3a JOMOMOTOI0 CIEI[iallbHUX CHUMBOIIb-
HUX MOB, a TAKOX 3aco0u rpadiuHoi Bizyarnizamii JaHHX Ta pe3yJbTaTiB 00YHCICHb.

IIpoTe, sk Big3HAYAIOTH CHEIiaiCTH, BEIMKUN HAOip iCHYIOYOrOo MpOTpaMHOro 3abe3rmedeHHs He
BUpIIYE Y AOCTATHIM Mipi mpoOyieM JOCTOBIPHOCTI KOMIT IOTEPHHUX pPE3yJbTaTiB PO3B’S3yBaHHS 3a/ad
3 HaOmmwkeHnMu maHuMmu [15 —20]. Peamizamiss 4uceIpbHUX anTrOpUTMIB 0a3yeThcsl HAa TOYHO 3aJaHUX
JIAHWX, aHAJIi3 JIOCTOBIPHOCTI KOMIT IOTEpHHUX PE3yJbTaTiB MOKIAAAEThCA HA KOpUCTyBauiB. ToMy npu BH-
KOPHUCTaHHI IMX MPOTPaMHHUX IPOAYKTIB MOXYTh BHHHMKATH NMPOOJIEMH JOCTOBIPHOCTI KOMIT FOTEPHHX
pe3yJIbTaTIB, a /I iX aHaji3y HeOOXiqHO BOJIOIITH BIAMOBIIHUMH 3HAHHIMHU 3 MATEMATHUKH.

Kpim Toro, maTtemarnyni Mojemi ¢i3MYHUX MIPOLECIB MOXKYTh MaTH HMPUPOIHI MOXUOKH B PE3yNIbTaTI
BUMIpPIOBaHb, CIIOCTEPEKEHb, IMPHITYHICHb, TimoTe3 i1 T. . Hamami mpu muckperusamii mMaTteMaTHIHOL
Mozeni I TOXWOKH TpaHC(HOPMYIOThCS B TOXHOKH KOe(Ili€HTIB PiBHSIHB, SKi MiJUISTAIOTh PO3-
B’s3yBaHHIO. BUXiHI JaHI MaTeMaTHYHUX MOJEJeld MOXKyTh OyTH 3aJjaHi TOYHO B YMCIIOBOMY BHUTJISII
a0o mpecTaBIeHi MaTeMaTHYHUMU (GopMyiamMu. AJie 32a0KPYTIICHHS IPU BBEACHHI YHCEI Y KOMIT I0Tep Ta
o0uKciIeHHI POPMYJT TAKOXK MPU3BOAATH J0 MAIIMHHUX MOJIEJICH 3 HAOIMKEHUMH JTAHUMH.,

OpuriHaabHUMH ISl TIOPHIHMUX AITOPUTMIB, IO HPOIMOHYIOTHCSA, € KOMI IOTEpHE IOCIIKEHHS
MaTemaTuHuX BiactuBoctedl CJIAP 3 ypaxyBaHHSIM HaONMIKEHOTO XapaKTepy IaHHX Ta PO3B’sI3yBaHHS
3 aHaJi30M JOCTOBIPHOCTI OTPUMYBaHUX KOMIT IOTEPHHX PO3B’S3KiB NMPH €PEKTUBHOMY BHKOPHCTaHHI
00YHCITIOBATIBHUX MTPUCTPOIB TIOPUIHOTO KOMIT I0Tepa.

Jesiki 0c00JMBOCTI CTBOPEHHS NMapaeIbHUX AJITOPUTMIB AJs riopuanux kommn’wrepis. ['iopu-
JHI KoMIT toTepH moennyioTe MIMD- 1 SIMD-apxiTekTypu TOOTO MO€AHYIOThCS OaraTosiiepHi LEeHTPaIbHI
nponecopu (Central Processor Unit — CPU) 3 po3noaisieHoI0 nam’ATTIO Ta MaCHBHO-TIapajiebHi IPUCKO-
proBaui obumcienb — rpadiuni nporecopu (Graphics Processing Unit — GPU). Koxna apxiTekrypa nae

MOJKJIUBICTh 3[IIHCHIOBATH PI3HOTO PIBHSA po3mapajielieHHs, nmpore 0e3 ypaxyBaHHs apXITEKTypHHX Bij-
minHocTe CPU i GPU, a Takox pi3HHX CHCTEM po3lapajieieHHs] 00YUCIeHb, sIKi HA HUX BUKOPHUCTOBY-
FOThCS, HEMOXJIMBO 3a0€3I€UYNTH BUCOKY HIBUAKOIII0 FOPUIHUX aJIFOPUTMIB Ta IPOTrpam.
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s 3abe3neuerns eheKTHBHOTO PO3B’sS3yBaHHS 33/adi Ha TiOpUIHOMY KOMIT IOTEPi MPH CTBOPEHHI
QITOPUTMIB HEOOXITHO MEpe10aunTH aBTOMATHYHE BUKOHAHHS TAaKUX KPOKIB:

— moOymoBa e(eKTHBHOI BipTyaJIbHOI TOTOJOTI] 3 ONTHMAaIbHOI KUTBKOCTI OOYMCITIOBAIIEHUX €Ile-
MeHnTiB CPU a1 koHKpeTHOT 3a1aui;

— PO3IUIEHHA 33/1a4i HA OKPEMi YaCTHHH aNTopuTMYy (IMi3a7adi) Ta iX po3napaieleHHs MiX o0dmc-
moBanbHuMH eneMentamu CPU mpu BukopucTanHi rpadivHuX NpoLecopiB I BUKOHAHHS OJHOTHITHUX
MaTeMaTHYHHUX OIepalliil 3 BEIMKUMHU 00cAraMy 1aHuX,;

— JIOCTiPKEHHS MaTeMaTHYHHUX BIACTUBOCTEH KOMIT I0TEpHOI 3aad4i Ta ii po3B’sI3yBaHHsI 3 aHATiI30M
JIOCTOBIPHOCTI pe3yIbTaTiB.

Pozninenns 3aaadi Ha OKpeMi Miji3aaadi 3MiHCHIOETLCS 3 METOIO BU3HAYCHHS: TPIOPUTETIB Mig3a1ad,
Ha SKUX 00YHMCIIOBAIFHUX PECypcax iX Kpalle peali3oByBaTH 32 9aCOM BUKOHAHHSA, SKi IMi/I3a1a4i MOKHA
BUKOHATH TMapajelbHo, B SKi MOCIiJOBHOCTI iX Tpeba BHKOHYBaTH Tomo. [Ipn mpoMy BpaxoBYIOThCS
apxiTekTypHi ocobmuBocti npouecopiB CPU ta GPU, BigMiHHOCTI B opraHi3ariii mam’sTi, CACTEMH po3IIa-
paJiesnieHHs..

Poszmapanenenss mig3anad, siki He MOTpeOYyIOTh BETUKOTO Yacy, kpamie BukoHyBatd Ha CPU 3a noro-
moroto MPI (Message Passing Interface) — intepdeiicy nepenaui nosimomiuens [21]. B npomy Bunamky
mig3afgadi po3napaientoroThess Mk mpomecopamu CPU Ha oxpemi MPI-mpormecn, mo BHKOHYIOTHCS
He3anexHo. [Ipu npoMy MBHAKOII0 BUKOHAHHS adroputMmiB Ha CPU MokHa 3HaYHO MiJBUIIUTH, SIKIIO
PO3pOOIIATH iX 3 ypaxXyBaHHSIM HasiBHOI JOCUTH BEIMKOI KEII-TIaM SITi. 3 IMi€l0 METOI po3pobiIeHo O6I09HO-
LIUKJIIYHI TIOPUAHI aJrOpPUTMH, IO JA€ MOXKIUBICTh Y3TOJKYBAaTH PO3Mip OJIOKY MaTpuili 3 po3Mipom
KeIl-TaM’ sITi.

Ha edextuBHicTh pearnizanii mapajeqpHOrO ajirOpUTMy BIUIMBAE BUKOPUCTAHHS PIi3HHX CIOCOOIB
0o0OMiHy JaHMMHU MiX TporiecaMd. TOMY BaKIIHMBO NepeA0adynTH B aNropuTMax MoOyIOBY TOMOJOTIT 3 OIl-
TUMaNBHOI KinbkocTi MPI-niporecis, sika 3a0e3neuyBaTiMe BUKOHAHHS B3a€MO3B’SI3KIB MK MpOIECaMu
P MiHIMAJIEHUX 3aTpaTax OOYHCIIOBAIBHHUX pecypciB. Ha OCHOBI TeOpeTHYHNX Ta €KCIIEPHUMEHTATBHIX
JOCII/DKEHB B MPEJICTABICHUX ANTOPUTMAax e 3[1HCHIOETHCSI aBTOMATHYHO.

Ha Bigminy Big CPU, Ha rpadiuaux nporecopax cuctema CUDA oprani3zye 6 BUaiB mam’siTi, KOXKHA
3 SKHX Ma€ CBOE€ Npu3HaueHHs. B posnapanenensi oounciaeHb Ha GPU 37€011b1110r0 BUKOPUCTOBYIOTHCS
rinobasbHa mam’ath (global-memory) ta posmnominena nmam’steb (shared-memory). Global-nam’ste npussa-
YyeHa JUIS BCTAHOBJICHHS 3B’s13KiB MixK mporiecopamu CPU ta GPU, a Takox i 30€peXeHHs JaHUX Ha
GPU. BoHna nocuth Benmka, OBUTbHA 1 HE KEITY€EThCS.

Shared-nam’site — 11e mBHaKa nam’sitb GPU, sika BUKOPUCTOBY€EThCS JUTS TIAPaIeIbHOTO BUKOHAHHSI
obuncnens. [Ipore 151 mam’siTh ay*xe Majia y nopiBaaHHI 3 keumr-nam’attio CPU. Ha onun GPU-npouecop
JOCTYITHO BChOTO 16 KbaiT posmominenoi mam’sti. Ha shared-mam’siri 3a momomororo CUDA Moske BHKO-
HyBaTHCS IapajejbHO BeJMYE3HA KiJIbKICTh OOYHMCIIOBAJILHMX HOTOKIB. IIpyM 1IbOMYy KOXHOMY NOTOKY
CTaBUTHCSI Y BIAMIOBIIHICTD OJIMH €JIEMEHT MaTpHili a00 KOMIIOHEHTa BeKTOpa. ToMy B TiOpHIHHX anropu-
t™Max Ha npouecopax GPU nouinbHO BUKOHYBaTH MaTeMaTH4Hi omepauii HaJl BEKTOPaMHU Ta MaTPULSIMH
(ckansipHi JOOYTKH, TIEPEMHOKEHHSI BEKTOpa Ha CKaJAp, MATPUUHI omeparii), ki HoTpeOyoTh HalbiIb-
LIMX 3aTpaT KOMIT IOTEPHOTO Yacy.

KomiroBanus nanux 3 mam’siti CPU B global-nam’site GPU 1 Ha3aj BiTHOCUTHCS /10 HAHOLIBIIMX 00-
YHUCITIOBAJILHUX BUTPAT, 110 CYTTEBO 301IbIIYIOTh YaC BUKOHAHHS alrOpuTMy. ToMy B riOpHIHMX anropu-
TMax nepeadayeHo CHHXPOHHE BUKOHaHHs KomitoBaHHs ganux Mk CPU ta GPU Tta aeski o0unciIeHHS Ha
GPU, sixi MOXHa BUKOHYBAaTH HE3aJI€KHO, HAIIPUKJIIAl, MATPUYHO-BEKTOPHI oreparii.

lonoBHa YacTHHA MapajenbHOl MPOrpaMH, MO pealizye riOpUIHUN anropuT™, BUKOHYeThess Ha CPU
1 kepye obuncienHsiMu Ha GPU TakuMm ynHOM:

— Buzigerses mam’ath Ha GPU 11 30epekeHHs MaTpHIll Ta BEKTOpa;

— xomitototees Aani 3 mam’sti CPU y Buaineny nam’sitb GPU;
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— 3amyckaerbes aapo (kernel-nporpama) vHa GPU;

— 10 3aKiHYEHHIO O0YHCIICHb BEKTOP PO3B’s3Ky KomitoeTbes 3 mam’sti GPU y mam’site CPU;

— 3BUIBHACTHCSA BUAlIeHa maMm’1Tb GPU.

Cxema 30epiraHHsi Ta po3moJiJl JAaHUX MIK MPOLECOPHMMH NMPHCTPOSIMU TiOPHIHOr0 KOMII’10-
Tepa. Jochimxenns riopunHux anroputMiB po3s’sizyBanHs CJIAP i3 minpHUMH MaTpUISIMU TTOKa3ally,
0 HalOiMbII e(pEeKTUBHUMHU € OJOYHI aNrOPUTMHU SK 3 MOIIALY €(pEeKTHBHOTO BHUKOPWUCTAHHS Kell-
nam’sati Ha CPU, Tak i 3 mormsay mBUAKOAII BUKOHAHHsS apUPMETHUHUX omepauiii Ha shared-mam’sTi.
Ha mponecax CPU po3mip 070Ky MaTpUIll Y3TOJXKYEThCS 3 PO3MIpOM KeII-TlaM’siTi, a Ha MPOIecopax
GPU BuxinHuii MacuB BeKTOpa a00 MaTPUIll AUIATHCS Ha OJIOKH Tak, 100 HOTo JOBKUHA BiAMOBIIaNa po-
3Mipy 6soky shared-mam’siti. Sk mpaBuio, po3mip 6ioky Matpuii Ha GPU € kpataum 16.

B riGpuaHux anropuTMmax, mo po3risIaloThCs, BUKOPUCTOBYETHCS JBOBUMIPHHUN OJIOYHO-IMKIIYHUHA
PO3MOAIN BUXITHOI IIITBHOT MaTpulli A mopsAKy N MiX pP-mporecamu y BUrisidi [17]. Bynemo BBaxaru,
o MaTpuld A TOpsAAKY N po3jalieHa Ha KBaapaTHi OJ0kH po3mipy SxS. He BTpauaroum 3araibHOCTI
MipKyBaHb, BB)KaTUMEMO, 110 N/S — mine uncno. KpiM Toro, BBeeMo HacTyIHi OJIOYHI MPeACTaBICHHS

ManI/IHiA=(AiJ-), i,j=1..1, I=n/s:

A Ap o Ay

*

A= Aoy Azz e Ay

Ar Ap o A

ac
Aj Aj+p A.j+( p’-1)p
A:; _ A1'+pj Ai+pj+p A|+pj+(p*—1)p
AI+(q*—1) pi Al+(q*—1) pi+p AI+(q*—1) pi+(p"™-1)p

Tyr Aj —6mnok enementis Matpuui A posmipy SxS, ¢* =n\sq, p*=n\sp.
Hexaii, n=8, s=2, p=2, q=2. Toxi g marpui
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A= 8
g1 g Agg
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B . o . . _ All A'12
IbOMY BHUIIAAKY 6J'IO‘IHO-LIPIKJ'I1‘IHI/II/I po3moauT MaTpHuIll A maTtume BUI'TIS A= - « |
Por A
aec
A; _ All AlS AI _ A12 A14 A; _ A21 A23 A; _ A22 A24
1— ' 2~ ) 1= y 2= .
Asr A Ay Aay Asr A Ay Pug

OmxKe, B KOXKHOMY nporieci " MICTATBCS elleMEHTH MaTpHIli Aj , @ TAKOXK BIZIMOBIHI OJIOKM MAaTpHIIi
mpaBuX yacTHH. KOXXHMIA BEKTOp MPaBUX YACTHH PO3MOILUIIETHCS MUKIIYHO OIOKaMHU PO3MIpy P X MiX

HpoIlecaMy NEPIIOTo CTOBITYMKA «IIPOLECOPHOI peuriTku». OTxe, By MicTHTH eneMeHTH 3 HoMepamu K,
ks+1, ks+2,..., ks+s—1, (k+p)s, (k+p)s+1, (k+p)s+2, .., (k+p)s+s—1 ... ge S — po3mip
0JIOKY, 1110 JIOPIBHIOE BIAMOBIAHIM BEITUYMHI B PO3IOIII MaTPHIILI.

Komn’wtepne nociaigxennss maremaTudnux Bjaactusocreii CJIAP 3 HabanxkeHMMHU JaHUMU Ta

aHaJI3 J0CTOBipHOCTI pe3yabTaTiB po3B’sizyBaHHsl. Po3riisgaeMo po3B’s3yBaHHS CHCTEMU JIIHIMHUX
PIBHSIHB 13 IIUIEHOK HEBUPOKESHOIO MATPHIICIO Ta HAOIMKCHUMU TaHUMU

Ax=Db. 1)
ToOTo enemenTH MaTpuni A Ta BEKTOpa IPaBoi YaCTHHH D MaroTh JesiKi 30ypeHHs 1010 BUXIJHOI 3a1a4i
AX=b, )
1110 BU3HAYAIOTHCS (hOPMyIaMu:
|A-Al=[sA]<EAlAl,  [6-b]=[ab]<Ey o] ®

I[pu 1pomy mepeabadaeThes, MO CTPYKTypa MaTpHIli BUXigHOI 3a1a4i (2) i 30ypenoi 3amadi (1), (3)
HE 3MIHIOETBCS, TOOTO, SKIO BHUXIJHA MATPHUIlI € CHUMETPUIHOIO, TO i 30ypeHa 3aIHIIAETbCI CUMETPHY-
HOIO0, SIKIIIO BUXiJTHA — CTPIYKOBAa, TO i 30ypeHa — CTpiYKoBa i T. II.

Orxe, pu po3B’si3yBanHi CJIAP 3 HaOmmKeHNMH BUXITHIMH JaHUMH HEOOXiTHO PO3TIISIATH IUTHH
KJac cucteM piBHHB (1), (3), 10 MalOTh JOCUTH MIUPOKY MHOKHHY (POPMAITEHO JOIYCTHUMUX PO3B’SI3KiB.

OTtpumytour pe3yiabTaTH po3B’si3yBaHHs 3amadi (1), HeoOXimHO ouiHUTH 30ypeHHS PO3B’S3KY B 3a-
JNIeXHOCTI Bij 30ypenns Buxigaux nanux (3). He 3aBkau 6nm3bKicTh eneMenTis Matpumb A i A Ta mipa-
BUX wacThH b i b 3a6esmeuye nocrartHiO Gu3bKicTh po3B’s3KiB. Hampukiax, mpu peskomy 36ypeHHi
B MEXax TOYHOCTI €JIEMEHTIB MaTpwili i/a00 MpaBoi YaCTWMHW HECYMiCHOI TOYHOI cuctemu (2) 30ypeHa
cucrema (1), sIKy OTpEMaHO B KOMIT IOTEPi, MOXKE BUSIBUTHUCS CyMiCHOIO 1 HaBnaku — cymicHa CJIAP moxe
MePETBOPUTHUCS Ha HecyMicHy [16, 17, 22 — 25].

IToxuOky po3B’s3Ky AX =X — X, OB’S3aHOIO 3 HAOJIM)KEHUM HaJaHHSAM BUXIJHHUX JAaHUX, HA3UBAIOTh
CMAIKOBOIO. [T 3HAUCHHS 3aJI€KUTh SIK BiJ] IOXHOOK BUXITHUX JAHUX (3), Tak 1 Biji BIACTHBOCTEH MaTPHIIb
BUXiJTHOI (2) Ta 30ypeHoi (1) cuctem.

Po3B’s30k X cuctemu piBHSAHB (1), 110 OTPUMY€ETHCSI HA KOMIT'IOTepi, OyZAeMO Ha3WBaTH KOMII IO-
TEPHUM PO3B’SI3KOM 3ajadi, SKUH (depe3 MOXUOKM 3a0KpYIJIEHb MJaHUX, METOAY PO3B’SI3yBaHHS
1 KOMIT'FOTEPHHX OOYHCIICHb) BiIPi3HAETHCS BiJ TOYHOrO (MaTeMaTH4HOTro) ii po3B’s3Ky. PisHuI mux
pO3B’a3KiB AX = X — X — 00UYHCITIOBaJIbHA MTOXHOKA.

Takum yrHOM, po3B’si3yBaHHS CJIAP 3 HAOMIKEHNMY BUXITHIMH JAaHUMH Ha KOMIT I0TEpi MMOJISTae B
JIOCITIJDKeHHI MaTeMaTHYHHX BiacTiBocTed 3aiadi (1), (3), BU3HAYEHHI OJHOTO 3 JOIMYCTHMHUX PO3B’S3KiB
1€l 3a/1a4i Ta B OIiHII MOXHOOK (CIagKoBOT 1 00YMCITIOBAILHOT) OTPUMAHOTO po3B’si3ky [16, 17, 22].
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Hocnimxenns BaactuBocteit CJIAP 3aramom 0asyerbcsi Ha OLiHII YMciIa 0OYMOBIEHOCTI MaTpHIi,
3HAYEHHS SIKOTO OOUHCIIOETHCS B Mpoleci (pakTopu3alii MaTpULli OXHUM 3 MPSIMUX METO/IB, HAPUKJIA,
LU -dakropu3anii metomom ["aycca 3a Takoro cxemoro [17]:

A=LU, 4)
n
Al = m?lel‘aij‘ ) (5)
i=
Ulw=e, (6)
Uy=w, @
Lv=y, (8)
Uz=v, 9)
condA = [ Al [z], /]|yl (10)
n n n
|Al,= m?x;\au\, ||Z||1=_le|2i|, ||y||1=_Z£|yi|- (11)
1= 1= 1=

OOuncnenHs: BiAMoBinHUX HOpM MoxHa peanizyBat Ha CPU. B xoxnHomy MPI-mponeci na CPU
BUOMPAETHCSI MAKCUMaJIbHA 3 HASSBHUX Y HHOMY BEKTOPHHMX HOPM, MICIISl IBOTO 3a JIOTIOMOTOI0 BiJIMOBI/I-
Hux MPI-dyHKiii BUOUpaeThes iX MaKCUMaIbHA BEJIMYHHA 3 YCiX TPOIECIB.

Jnst po3B’sizyBaHHSL cucTeMH (6) iCHYe CHeliajJbHUN alrOpuTM, SIKHH BPaxoOBYE CTpaTeriio BHOOpY
KOMIIOHEHT BEKTOpa € Mpu po3B’si3yBaHHi cuctemu [ 17]. HaBememo #oro.

1. Tloxmagemo

e =1, lej/un'

2. Jna k=2,...,n obuncmoemo

k-1

tj:ZuinWi, j:k,...,n-
i=1

3. Jlust ABOX MOXKIIMBOCTEH BHOOpY €, TOKIIaJaeMo
e =sign(—t,), e =-¢e;.
4. OOYHCITIOEMO JBa PO3B’SI3KH:
w, = (e —t ) u,, W, =(e —t)/u,.

5. Jlyst BUGOPY OJTHOTO PO3B’SI3KY i3 W, Ta W, 0OYMCIIIOEMO:

=€ —t, to=e —t, =t +ugxwg, t]=0+u;xw, j=k+1..n.

n n
6. OOYHCIIOEMO BEIHMYMHU Z‘tﬂ Ta Z ‘t;‘ 1 mopiBHIOEMO iX. SIKIIO TIepina BeTrMYuHA Oijbla 3a

JPYTY, TO HOKJIAAAEMO Wy = Wj , Y IPOTHIEKHOMY BUIAIKY W, = Wi .

[Tpu psiaxoBiii cxemi 30epiraHHst MaTpUIIi UT obuncienns ennuns t i tf,tlf JIETKO pOo3Mapaseio-
10Thest Mik Tponecamu CPU. Skmo x U’ 36epiraeThcs y BiAMOBIZHOCTI 3i CTOBMYMKOBOIO CXEMOIO,
TO peaizallis OMMCAHOTO AITOPUTMY HMOPOIKYE HMOCIIIOBHY mporpamy. CHUTyallis €m0 MOKpallyeThes,
SIKIIO 00YKCIeHHs BennyuH {j, tJT,tJT, (j=k+1,...,n) BUKOHYBaTH OJHOYACHO Ha JBOX mpouecax CPU.

Po3p’sizyBanns cuctem (7) —(9), 3 orisimy Ha cnoci® 30epiraHHs MaTpuIll, TaKoK e(eKTHBHilIe
MoykHa pearnizyBati Ha CPU.
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[Ticnst Bu3HaueHHs yuciia oOyMoBieHOCTI 3a (Gopmymamu (10), (11) B mporieci pearnizamii Toro 4u
1HIIOTO MPSIMOTO METOAY 3AIMCHIOETHCS TEepeBipKa KOPEKTHOCTI MOCTAHOBKM 3aJayi Ta OOYUCIIOETHCS
OLIIHKA yCIaKoBaHOT MOXUOKH. Ko 3HaueHHs CONdA B KOMI'IOTEpi 3aJOBOJIbHSIE YMOBI:

1.0+1/cond A=1.0, (12)

TO MaTPHL BBA)KAE€ThCS BUPOKEHOIO y MEKaX MAIIMHHOI TOYHOCTI. SIKI0 MaTpuLs He KiIacugikyeTbes
3a (12) six BUpOKEHA, ane
Ea xcondA>1,

TO 33/1a4a BBAKAETHCS HEKOPEKTHO IOCTABJICHOIO MPHW 3aJaHiil TOYHOCTI €IEMEHTIB MaTpHIli, TOMy HE
MO’KHa TapaHTyBaTH JIOCTOBIPHICTh OOYMCIEHOTO PO3B’SI3KY.
Bepxast Mexa “BiTHOCHOI” yCIIaKOBaHOI MOXHUOKHU PO3B’ 3Ky BU3HAYAETHCS 32 POPMYIIOIO:

M: E ScondAxM, E, <1,

%I 1-E,
ne X — TOYHHMH po3B’s30K cucreMH (2), X — Tounumit po3B’ssok cucremu (1), (3), E,, E,— Makcuma-
JIBHI BiTHOCHI MOXWOKX €JI€MEHTIB MAaTPHIIi Ta MPaBOi YaCTHHH BiAMOBIAHO. Sk mpaBmIio, iX BKazye KOpH-
cryBad. B inmomy Bunanky E, =E, =macheps, ne macheps — Haiimenme B KoM 1oTepi YHMCIIO 3 ILIa-
BAIOYOI0 KOMOIO, JUIS SIKOTO BUKOHY€EThCsl yMoBa: 1+ macheps > 1.

Omninka 00YMCITIOBAIbHOT MOXWOKH BUKOHYETBHCS 32 1JICEI0 iTEpaIlifHOTO YTOYHEHHS OTPHUMAaHOTO
po3B’sa3Ky [17], OJIMH KPOK SKOTO peaii3yeThesi ClIOCO00M HAKOMUYCHHS CKASIPHOTO TOOYTKY 3a CXEMOIO:

r® —p— Axx®
AxAX®) =),
X(s+]_) — X(S) +AX(S)1 S :01:L 2, e

Orinka 004YMCITIOBAILHOT MOXUOKHU PO3B’A3KY BU3HAYAETHCS 3a (OPMYJIO0
Ey <[],

ne XYW — Ha6nmkenns TouHoro PO3B’S3KY, SIKE OTPHUMAaHO 3a OJIH KPOK iTepalliifHOr0 yTOUHEHHSI.

Tiopuanmii anroputm LU-paxropusanii merogom I'aycca. Anroputm LU -daxropuzanii marpuui
cucremu Buny (1) mpuBomute matpuiro A 1o Burmsainy A=PLU, ne P — BekTop mepecTaHoBOK,
L — HIDKHS TpUKYTHA MaTpHLs (3 OAWHULSIMU HA TOJIOBHIN AiaronHani), U — BepxHs TPUKyTHA MAaTPHLI.

Kopotko omumiemo 3Buuaiinuii Giiounmii anroput™ LU -dakropusamnii 3 BUOOPOM MakCHMalbHOTO
eneMenTa (JUis OJHOIpOLIeCOpHOTro KoMt otepa) [17]. Bynemo BBaxkaty, 1o Matpuus A HOpsSaKy N po-
3MiJIcHa Ha KBaJapaTHi OJokM po3Mmipy SxS. He BTpayaroum 3araJbHOCTI MipKyBaHb, BBa)KaTHMEMO,
mo N/s — mine yucno.

Ha k-omy kpomi anroputmy (K =1,2,...) miaMaTpHiio Ak (miaroHajbHUIA OJIOK MaTpuili A) Topsi-
Ky r=n—(k—1)S, sika MiCTHTh OCTaHHI I PAIKIB1 I' CTOBIYHUKIB MaTpHili A, PEICTABUMO y BUIJISII:

(An AQJ: P[Lu 0 j[u qu: P(Lnun Ly, j

AZl AZZ L21 L22 0 U22 LZlull I-21U12 + LZZU 22

ne 6ok Aj; Mae po3Mmip SxS, 610k A, —posmip Sx(r—Ss), 6mok Ay —posmip (F—S) xS, Onok Ay, —
(r—s)x(r-—s).
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CnovaTKy MpoOBOAMMO HOCIIOBHICTh TayCCOBHX TMEPEeTBOPEHb [22] Haa yacTUHO MaTpui (puc. 1),
AKa CKJIanaeThes 3 6nokiB A, T1a A, , 3a GopMyIamu:

Aim
lim = —"- lij = a5 — limay; » (13)
Amm
nei=1s, m=1s, j=m+Llr.
Uo T
Ajy Ap LI:JJ‘II Un
La ' Lp! -
AwI An IL: An

PUC. 1. Cxema peanizauii 6mounoro anropurmy LU -daxropusanii
Takum yvHOM, OTpUMAeMo 1Bi miamatpuui Ly, ta Ly . Jdani o6uucmoemo ninmarpuni Uy, ta Ay,
(ocTaHHS 3amuCyeThesl Ha Micte Ay, ):
-1
U = (1) A, (14)
Pop = Py = LpUpp = LUy, - (15)
O6umncIeHHs TOBTOPIOIOTHCS, 301IbIIYIOUH 3HaYeHHs. K Ha OJMHMINO Ta PO3MIISAIalud 00K Ay SK
iAMAaTPHULIIO Al
Posrnsinemo peanizanito ribpuanoro anroput™my LU -daxTopusauii Ha apxitektypi g CPU + g GPU
(9 — kinbKicTh OOUUCTIOBATIBHUX MPUCTPOIB). Po3ramryemo marpuiro y CPU ribpuaHoro komm’otepa ta-

* - - . . . . see
KUM 9MHOM, 00 Ayj € By, 1e | ta j — fekapToBi KOOPAMHATH Ha PELIITLI KOMII IOTEPHOI TOMOJIOT, po-

J >
3mipy Px(. He BTpauaroum 3arajpHOCTI, MPHIyCKaTHMEMO, 0 M=n/(Spq) — mije uuciao (SxS—
po3mip Ostoky mMatpwii, N — kinbkicte MPI-miporiecis).

JBoBumipHuit 6nouynnii anroputM LU -dakropusanii marpuii Ui riOpUIHOTO KOMI'IOTEpa BUKO-
HYETBCS B TAKOMY TOPSIIKY:

1) B MPI-niporieci Ha CPU mpoBiZHOTO CTOBITYMKA TPOILIECOPIB PEIIITKH BUKOHYEThCS MO H(iKallis
onokiB Ay Ta Ay (puc. 1) 3a popmyioro (13). [IpoBoauThCS MONIYK MaKCUMAJILHOTO eJleMeHTa (00MiH

PANKIB Y BUIIAJKY, SKIO0 MAaKCHMAIBHUI €JIEMEHT BHSBUBCS HE y TIPOBITHOMY ITPOIIECi);
2) nposigaum mporiecoM Ha CPU 00YHCITIOETHCSI 0OEpHEHA ITiAMATPHIIS Ly1. Ockinbku G6mok Ajq

MTOBHICTIO PO3TAIIOBaHUIA B OJTHOMY TpoIieci, 0OOMiHIB 3 IHITUMH IIPOLIECaMH HE BiJOYBa€EThCS,
3) obepHeHa migMaTpuns Ly; po3cuiiaeTbes BCiM IpolnecaM MpoBigHOTO psaka npouecopis CPU;

4) y mponecopax GPU mpoBigHOro psaKa MapaielbHO BHKOHYIOTHCS Omeparlil Haja Omokamu
MaTPHIb Lﬁ ta A, 3a popmynoro (14), orpumyroun 610k Uy, (puc. 1);

5) mporecr Ha CPU mipoBiAHOTO psiIka PO3CHIIAIOTH MPOIEcaM BEPTHKAIBHO (BHU3 1 BBEPX) OJIOKH
U, , a IpolecH MPOBiJHOTO CTOBITYMKA — FOPU3OHTAIIBHO (BIIPABO 1 BIiBO) Onoku Ly, (puc. 1);

6) y nmponecopax GPU nmpoBoantbcs Mopudikamis yacTuH Ay, 3rinHO dopmyn (15). O6uucneHHs
MPOBOAATHCS Ticist Toro, sk koxkeH mporec CPU ckomitopae Ha GPU BiamoBifHi 4aCTMHM MacHBIB
Agz s Lp1, Uga;

7) micyis BUKOHAHHS 00YMCIICHB TOPIT ,522 kormitoroThest 3 GPU y Binnoeiaai nmporecu Ha CPU.
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Jlnst epeKTHBHOTO BUKOHAHHS OTepalliii Haj MaTpuisiMu Ta Bekropamu Ha CPU BuKopucTaHO Biamo-
BigHi mporpamu 6i6moTexu mporpam Intel MKL [4], a ma GPU — 6i6mioreku iporpam CUBLAS [6].

Tiopuanuii axroputm LL™-pakropuszanii merogom Xoueuwbkoro. Ilpu poss’ssysanni CJIAP Bu-
ny (1) 3 CUMETPUYHOIO JTOJATHO O3HAYCHOI MATPUIICIO alITOPUTM LL -(hakTOpU3aIlil 3BOIUTH MATPHIIIO
Ao Buny A= LL" , e L — HIDKHSA TPUKyTHA MaTPHIIA, LT BEPXHS TPUKYTHA MaTpPHLISL.

PosrnsiHeMo O0YHMIA aNTOPUTM LL -(hakTopu3aIlii A OJHOIPOILECOPHOTO KOMITtoTepa. [lpum
poMy OyleMo BBaKaTH, o0 MaTpuili A Ta L mopsaky N po3aisieHi Ha KBaapaTHI OJIOKH poO3MipoM
SXS.

Ha k-omy kporii anmroputmy (K =1,2,...) migmartpuiio Ak (miaroHanpHHHA OJ0K MaTpuii A) Topsia-
Ky r=n—(k—1)xsS, sika MICTUTb OCTaHHi I' PSIKIB Ta I CTOBIYMKIB MaTpuili A, 3alUIIEMO y BUIIISII

[All A;—lj:(Lll Y J[Ijl—l L;lj:[l_lll_-lrl Lllel j
]
A21 A22 L21 L22 0 LZZ L21 L-Il—l L21 L12—1 + L22 L-;Z
ne 610k A, Mae posmip SxS, 610k A, — Sx(r—s), 610k Ay — (r—S)xs, 6mok Ay, — (r—s)x(r—s).
Jns peanizanii 3BHYAfHOrO OJOYHOTO aNrOPUTMY Ha KOXKHOMY K-Kpolli HEOOXiHO BHUKOHATH
HacTymnHi aii [22]:
- L0 -(haxropu3allig miaAMaTpuLi Aj;, OTPUMYIOUYH MiAMATPUIO Ly, :

Ay =Lyl (16)
— wmoaudikanig maMaTpuni Ly, :
~ -1
Ly = L21<L11) ; (17)
— oOuncieHHs miaMarpuui A, :
X ~ T T
Agy = Agy — Lyl =Ll . (18)

Takum umHOM, Ha K-omy kpomi (k=12,..) orpumyemo Moau¢ikoBaHy yacTuHy Martpumi L.

Ha HacTymHuit KpOK Mepexoumo 3 TiaMarpuneo A,, (puc. 2).

An |
. o
Lo E:> Lo

|
|
A:ﬂ A
|
|
|

PUC. 2. Cxema peadizanii 6JIOYHOTO aJrOpUTMY LL -(akropuzarii

PosrnsiHemo peanizanito riOpuaHOTO aIrOPUTMY LU -hakropu3anii Ha apxitekTypi g CPU + g GPU
micyst OIOYHO-IMKIIIYHOTO PO3MOJiTy MaTpulll cucTeMu MiK mpouecamu Ha CPU Takum dmHOM, 100
A:; €PBj, e i Ta j — nexkapToBi KOOP/IMHATH HA PEILITII KOMIT IOTEPHOT TOMOJIOTii po3mipy Px( .

Ha koxxnomy k-omy kpoui anroputmy (K =1,2,...) BUKOHY€TBCS Taka IMOCIIJOBHICTB JTil:

1) mposiguuit MPI-npouec na CPU, mo mictuts migmarpuito (0110k) A, BUKOHYE 11 hakTopu3aliio
3a opmynoro (16), onepxyroun maMaTpuno Ly, ;
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-1
2) TpPOBIAHUI MPOIEC PO3CUIIAE OOCPHEHY MTiIMATPHUIIIO (LL) BCIM IpoIecaM I10 BEPTHKAI;

3) Bci nporecopu GPU mpoBiTHOTO CTOBIMYKMKA HE3aIEKHO OJMH BiJl OJJHOTO MOIU(IKYIOTh BiImo-
BiIHI yacTHHH MaTpulli L, (mamems L,; Ha puc. 2) 3a dopmyrnoro (17). O64ncaeHHS MPOBOAATHCS Micisa

Toro, sk KoxkeH npouec Ha CPU ckomiroBas BinnoBiaHy 4actuy L, Ha GPU. Otpumani B pe3ynbTaTi
obumcnens nopuii Ly, komirorotecs 3 npouecopis GPU naszan no npouecis CPU;

4) mpouecu Ha CPU nmpoBiJHOTO CTOBIMYMKA PO3CUIIAIOTH BCIM MPOIEcaM 10 TOPU30HTaII OJIOKU Ma-
Tpuui Ly, Ta HE3a/IeKHO BHKOHYIOTh iX TPAHCIIOHYBAHHS, OIEPKYIOUH Ly, ;

5) kosxen nmpouecop GPU He3anexHO 0WH BiJl OTHOTO BUKOHYE MOJ(DiKaIlito CBOIX MOPLIH migma-
Tpuli Ay, 3a dpopmynoro (18), orpumyroun ,&22 . O0umcIeHHs MPOBOJATHCS MICTs TOTO, K KOXKEH Mpo-
nec CPU ckomniroa Ha nponecop GPU Bianosinni yacTuay MacuBiB Ay, , Lyy, Ly, . OTpumani B pesyins-

TaTi 00YKMCIICHb MOPIIil '522 KOMIioThes 3 nporecopiB GPU y Bignosinui nporecu CPU.

VY nporpamax, 1o peaizyloTh FiOpUIHUE aIropuT™M LL -pakTopu3aIlii, sl BAKOHAHHSI MaTPUYHO-
BEKTOPHUX omeparliii Bukopuctani nporpamu Intel MKL ta CUBLAS.

AJTopuTMH pO3B’SI3yBaHHSI TPUKYTHHX cucTeM. [ poss’szyBanust CJIAP Bumy (1) mpsamum
METOJIOM, ITiCIIsl TPOBeeHHs (haKTopr3allii BUXiTHOI MaTPHUIl, HEOOXiTHO PO3B’SA3aTH JBI CUCTEMH 3 TPH-
KYTHUMH MaTPHULISIMU.

Hanpuknan, micna LU -pakropusanii MaTpuii po3s’s3yI0TbCS TaKi CUCTEMHU:

— Ly=b 3 HwkHBOIO TpuKyTHOIO MaTpuieto L (1fo 3amady 4acTo Ha3MBaIOTh MPSIMOIO MMiJCTAHOB-

KOI0 200 MPSMUM XOJIOM);

— Ux =Yy 3 BepxHBOI TPUKYTHOIO MaTpuniero U (3BOPOTHI Xif).

KinpkicTh omnepaniii, mo 3arpadaeTsecsi A1 PO3B’sI3yBaHHS TPUKYTHUX CHCTEM 3HAYHO MEHINA, HiX
Ui (hakTopu3allii MaTpHIli, TOMY IIi 3a7adi e()eKTUBHO MOXKHA pealli3yBaTH, PO3Napalieiodl 00YKC-
nenns mume Ha CPU ribpugHoro komm’totepa. B mporpamax, mo peanizytoTh JaHi TiOpUAHI aJrOpUTMH,
pO3B’SI3yBaHHS TPUKYTHUX CHUCTEM BHUKOHYETHCS 3a JOMOMOIOI0 BIJMOBIIHUX MporpaM Oi0mioTeKu
Intel MKL.

ExcniepumeHTaNbHE AOCTIIZKEHHS TIOPUAHUX AJITOPUTMIB. ATpoOarliro 3anpornoHOBaHUX T10pH/I-
HUX aliTOPUTMIB MpPOBEIEHO Ha cymnepkomir’'toTepi riopumHoi apxitektypu CKIT-4, BUKOpHUCTOBYIOUH
pi3HY KUTbKicTh mponiecopaux By3imiB CPU Ta rpadiuyHuX mprCKOPIOBaYiB 3 TAKMMHU TEXHIYHUMHU XapaKTe-
puctukamu [26]: CPU — Intel(R) Xeon(R) CPU E5-26700, taktoBa uactota 2.60 GHz, mBHaKicTh
8 GT/s, xem-mam’sitb 20 MB, y By3nmi: 2CPU mno 8smep + Hyperthrefding = 32 snpa,
Max Memory Size 384 GB; GPU - Nvidia Tesla M2050, mam’sats 3 GB, mikoBa NpOIYKTHBHICTh
515 Gflops.

Ha rpadikax (puc. 3) mokasaHo MPHCKOPEHHs po3pobieHoro riopuaHoro amroputmy LU-daxro-
pu3aliii npu po3B’si3yBaHHI Ha pi3Hiil riopuanii apxitektypi g CPU + g GPU (g — kiibkicTh 00uHCITIO-
BaJIbHHUX €JIEMEHTIB) JIIHIITHUX CHCTEM i3 IIUIbHUMH MAaTpUIIMU pi3HOro mopsiaky (8192, 10240, 16374).

Sk BuaHO 3 rpadikiB, s 33124l HEBEJIIMKOTO HOpsAKy (8192) npuckopeHHsS 0OYNCIICHD JCIIO0 CIaae
npu 30UIbIIEHHI KUIBKOCTI mpouecopiB g0 4 Ta 8. lle MOSACHIOEThCS HEIOCTATHIM 3arlOBHEHHSIM
GPU-nporiecopiB npyu BHKOHAHHI MaTPUYHO-BEKTOPHUX OMepaliii Ta 30LIbIICHHAM KOMYHIKaI[IHHUX
3B s3kiB Mibk CPU ta GPU. Ajie 3 pocTOM MOPSIIKY MAaTPHUIll MPUCKOPEHHS CYTTEBO 3POCTAE MPH 301J1b-

LIeHH] KinpKocTi mpouecopiB. lpu po3s’s3yBanni CJIAP nopsaxy 16374 na apxirextypi 8CPU +8GPU
OTPUMAHO TPUCKOPEHHS NpUOIM3HO B 6 pa3 y MOPIBHAHHI 3 MPHUCKOPEHHSIM Ha apXiTeKTypi
1CPU+1GPU .
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: V.
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g — —8192
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— 10240
5 16374
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0 T T T 1
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PUC 3. Ipuckopenns riopuanoro onounoro amroputmy LU -paxropusanii na CKIT-4

AHaNOTiYHI pe3ylbTaTd OTpUMyeMO 1 mpu po3B’syBaHHi CJIAP riOpuaHuMm anropuTrMom
LL -pakTopwu3zariii Ha CKIT-4.

BucHoBku. Y po0OTi 3aporioHOBaHO HOBIi TiOpHUIHI ABOBUMIPHI OJOYHO-IIMKIIYHI alTOPUTMH IS
po3B’s3yBanHs CJIAP i3 IIiTPHUMEH HEBUPOKEHHMH MATPHUIIMH Ha OaraTosiepHUX KOMII I0Tepax
MIMD-apxiTekTypu 3 rpadiYHIMH TPUCKOPIOBaYaMHM, SKi MependadaroTh KOMIT IOTepHE OCITIHKEHHS
MaTeMaTHYHUX BIACTUBOCTEH 3a/javi 3 HAOIKEHIMH JaHUMH Ta OIIHKY IOCTOBIPHOCTI pe3yNbTaTiB.

Po3po6neni ridpumHi anropuT™MHU YBIHIILTN 10 CKiIaxy 6i01ioTekn mporpaM 3 0OYUCITIOBAIEHOI MaTe-
matuku Inparlib G, mo ¢ynkmionye nwa cynepkomm’iotepi CKIT-4 Ta BHUKOPHCTOBYETHCS TIPH
PO3B’sI3yBaHHI MIPUKJIaTHUX 33/1a4.

VY nopanemomy nepeadavyaeTbCs CTBOPEHHS 1HTEJIEKTYalbHOI CHCTEMH KOMIT IOTEPHOI MaTeMaTHKH
JUISl aBTOMAaTHYHOTO BHOOPY €(EeKTUBHOTO aJrOPUTMY, TOMOJIOTII MapajeIbHOr0 KOMII'IOTepa, a TaKoXK
PO3B’sI3yBaHHS JIHIHHUX CHCTEM 3 PI3HOIO CTPYKTYPOIO MAaTpHIb Ha TiOpUIHUX KOMI IOTepax, BUKOPH-
CTOBYIOUH ITporpamu 3 6i6miorexu mporpam Inparlib_G.
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Beenenne. B Hacrosiee BpeMsi B Hayke U MH)KEHEPHH MOCTOSIHHO TOSBIJISIOTCS HOBbIE BBIUUCIUTENbHBIE
3a71a4u ¢ OOMBIIMMHU 00bEMaMH JAHHBIX, Ul PELIeHHsS KOTOPHIX HEOOXOIMMO HCIONB30BaTh MOIIHBIE CYNEep-
KOMITBIOTEPBI. BOJIBIIMHCTBO TaKMX 3a7ad CBOAMTCSA K PEIICHUIO CUCTEM JIMHEHHBIX alreOpandeckux ypaBHe-
Huid (CJIAY). I'maBHbIMU IIpoOneMaMH peIleHus 33/1ad Ha KOMIIBIOTEpE SIBISACTCS MOTydEeHHE TOCTOBEPHBIX
pelIeHuii ITPU MMHUMAJbHBIX 3aTpaTaxX BBIUMCIUTEIbHBIX pecypcoB. OnHAaKo 3ajgauya, KOTOpas pelIaeTcs
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[IAPAJIEJIBHI AJITOPUTMU PO3B’SI3YBAHHS JIHIMHUX CUCTEM ...

Ha KOMIIBIOTEPE, BCETa UMEET NPUOIMKEHHbIE IaHHBIE 110 OTHOLUIEHHIO K UCXOAHOH 3a1aull (13-3a IOTPEIIHO-
CTH UCXOIHBIX JAHHBIX, M3-3a IOIPELIHOCTH BBOJIA YUCIIOBBIX JAHHBIX B KOMIBIOTED U T. I1.). Takum oOpazom,
MaTeMaTHYECKUE CBOMCTBA KOMIIBIOTEPHOH 3a/1audl MOTYT CYLIECTBEHHO OTJIMYAThCS OT CBOMCTB UCXOAHOH 3a-
Jaul. Bo3HukaeT HeOOXOIUMOCTb pellaTh 33a4d ¢ Y4eTOM NPUOIIKEHHBIX JaHHBIX, a TAKKE aHAIU3UPOBATh
HOJTy4aeMble KOMIIBIOTEPHBIE pe3yabTaTbl. HecMOTps Ha 3HauMTeNbHbIE PE3yabTaThl UCCIEI0BaHUN B 00J1aCTH
JIUHEWHOH anreOpsl, pabOTHl B HANpPaBICHUU IPEONOICHHS CYIIECTBYIOLUIMX MIPOOIEM KOMIIBIOTEPHOIO pelle-
HUA 3aad C NpUOIMKEHHBIMU JaHHBIMY, elle Ooblle yCYTyOJSIOTCS NPH KCIOJIb30BAHUU COBPEMEHHBIX
CYIIEPKOMIIBIOTEPOB, HE TEPSIOT CBOEH 3HauMMOCTU U TpeOylOT NanbHeimero passutus. Ha cerogns camble
BBICOKOIIPOM3BOUTENbHBIE CYIEPKOMIIBIOTEPHI — 3TO HapajlIeIbHble KOMIBIOTEPHI ¢ IpaUUECKUMHU IIPOLEC-
copaMH. ApPXUTEKTypHblé U TEXHOJIIOTMYECKHE OCOOEHHOCTH H3THX KOMIIBIOTEPOB JAl0T BO3MOXKHOCTb
3HAUUTENNBHO MOBBICUTH 3(Q(EKTUBHOCTh pelleHus 3a4ad OOIbIIMX 00BEMOB IIPU OTHOCUTENIBHO HEOOIBIIMX
3HEpro3arparax.

Ieab padotsl. Pa3paboTaTs HOBBIE NapalIeNIbHbIE AITOPUTMBL PEIICHUS CUCTEM JIMHEHHBIX anreOpande-
CKUX YpaBHEHMH C NpUOMMKEHHBIMU JaHHBIMHM Ha CYHNEpPKOMIIBIOTEpax ¢ IpaduuecKuMH IpoLeccopaMy,
JUIL aBTOMAaTHUYECKOM HACTPOHKH ajropurMa Ha 3(Q(eKTHBHYIO apXUTEKTYpy KOMIBIOTEPAa M BBISBICHHBIC
B KOMIIbIOTEpE MaTeMaTH4eCKHe CBOICTBA 3a/]auH, a TAKKE €€ PEIICHUE ¢ OLEHKaMU JOCTOBEPHOCTH MONIydIEH-
HBIX PE3YJIbTATOB.

Pe3yabTaThl. OnucaHa METONOJIOTHS CO3AHUS NApaJUIENIBHBIX AITOPUTMOB U CYIEPKOMIIBIOTEPOB
¢ TpaMUECKUMH IPOLIECCOPAMH, PEANTU3YIOIINX HCCIIEIOBAaHUE MaTEMaTHYE€CKUX CBOMCTB JIMHEHHBIX CHCTEM C
IpUONIKEHHBIMU JIaHHBIMUM U PELIeHHE ¢ aHAaJIU30M JOCTOBEPHOCTH IOJIYYEHHBIX Pe3ylIbTaToB. IIpuBeneHbI
Pe3yabTaThl BEIYUCIUTENIBHBIX SKCIIEPUMEHTOB Ha cynepkomibiorepe CKUT-4.

BriBoabl. Co3aHbl NapaiienbHble alrOPUTMbI A1 UCCIEJOBAHUS U PEIICHUS JIMHEHHBIX CUCTEM C IIPH-
OMDKEHHBIMU TAaHHBIMU HA CYNEPKOMIIBIOTEPax ¢ rpaguueckuMy mpoueccopaMu. YHCIEHHbIE SKCIIEPUMEHThI
IpU HCHONB30BAHUM HOBBIX aJITOPUTMOB IIOKa3alM CYIIECTBEHHOE YCKOPEHHE BBIUMCIECHHII C rapaHTueit
JIOCTOBEPHOCTH MOJTy4aeMbIX PE3yJIbTaTOB.

KniodeBble cjloBa: CUCTEMBbl JIMHEHHBIX alreOpaMdecKuX ypaBHEHUM, TMOpUIHBIM aqroput™, NpHOIU-
JKEHHbIE JaHHbIE, JOCTOBEPHOCTh PE3YIbTaTOB, KOMIBIOTEPHL C IPAUUECKUMHU IIPOLIECCOPAMH.
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Introduction. At present, in science and technology, new computational problems constantly arise with
large volumes of data, the solution of which requires the use of powerful supercomputers. Most of these prob-
lems come down to solving systems of linear algebraic equations (SLAE). The main problem of solving prob-
lems on a computer is to obtain reliable solutions with minimal computing resources. However, the problem
that is solved on a computer always contains approximate data regarding the original task (due to errors in the
initial data, errors when entering numerical data into the computer, etc.). Thus, the mathematical properties of a
computer problem can differ significantly from the properties of the original problem. It is necessary to solve
problems taking into account approximate data and analyze computer results. Despite the significant results of
research in the field of linear algebra, work in the direction of overcoming the existing problems of computer
solving problems with approximate data is further aggravated by the use of contemporary supercomputers, do
not lose their significance and require further development. Today, the most high-performance supercomputers
are parallel ones with graphic processors. The architectural and technological features of these computers make
it possible to significantly increase the efficiency of solving problems of large volumes at relatively low energy
costs.
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The purpose of the article is to develop new parallel algorithms for solving systems of linear algebraic
equations with approximate data on supercomputers with graphic processors that implement the automatic ad-
justment of the algorithms to the effective computer architecture and the mathematical properties of the prob-
lem, identified in the computer, as well with estimates of the reliability of the results.

Results. A methodology for creating parallel algorithms for supercomputers with graphic processors that
implement the study of the mathematical properties of linear systems with approximate data and the algorithms
with the analysis of the reliability of the results are described. The results of computational experiments on the
SKIT-4 supercomputer are presented.

Conclusions. Parallel algorithms have been created for investigating and solving linear systems with ap-
proximate data on supercomputers with graphic processors. Numerical experiments with the new algorithms
showed a significant acceleration of calculations with a guarantee of the reliability of the results.

Keywords: systems of linear algebraic equations, hybrid algorithm, approximate data, reliability of the
results, GPU computers.
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